Whenever, one does conpl ex cal cul ati on you shoul d check your results
by calculating limts where the answer is known.

Letting t—0 we get

; 2 2

1+(L) t? z1+l(i) t?

\ m,C 2\ myc

Vet , am1 , x=1F as expected
m, m, 2m,

Letting t— o we get
v—=Cc and x-—ct asexpected

Digression to 4-Vectors
What is an ordinary vector in 3-dinensional space?

A vector has many |levels of conplexity and is a very abstract

mat hemati cal object. A vector is a nmathenatical (geonetrical) object
that is representable by two nunbers in two di nensions, three nunbers
in three dinmensions, and so on. One characterization is to specify
its magnitude or length and orientation or direction - imagine that
it is adirected line segnent. As we shall see, quantum nechanics
will be fornulated in terns of vectors, but they will not be directed
I ine segnents.

The Standard Language of Vectors

As we said, in ordinary space, we can represent a vector by a
directed line segnent(an arrow). A straightforward property of a
vector is nultiplication of the vector by a scalar (a real nunber)

C=c¢A. In this case the nmagnitude of the vector changes and the
direction stays the sane (it mght reverse if a<0).

Now gi ven two vectors as shown bel ow

=

A

@y

we define the sumand difference of the two vectors or the general
property vector addition by the diagrans shown bel ow

>y
+
@y
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>y
|
@y

Clearly vector addition as defined above, i.e.,

|
w!

o

D=A-B=A+(-B)

+

yields a new vector in each case. This new vector can have both a
different direction and a different magnitude than either of the two
vectors that are used to create it.

These two properties allow us to define a |linear conbination of
vectors as C=aA+B, which is also a well-defined vector.

Al though this is a perfectly good way to proceed, it will not allow
us to generalize the notion of a vector beyond ordinary space, which
is an arena that will turn out to be nmuch too confining in our effort

t o understand quantum nechanics | ater.

We need to fornul ate these sane concepts in another way.

Consi der the vector shown bel ow
y

X
ey 1 Ax

In this figure, we have al so defined two special vectors, nanely,
€ = unit(length = 1) vector in x - direction
€, = unit(length = 1) vector iny - direction
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In terns of these unit vectors we can wite
A=AR AR

A&, = vector of length A, inthex - direction

wher e

A/éy = vector of length A, inthey - direction

and the sum of these two vectors equals A because of the rule for
addi ng vectors that we stated earlier.

W now defi ne
A, = component of vector A inthe x - direction

A, = component of vector A inthey - direction

Fromthe diagramit is also clear that

A =Acosa and A =Asina
wher e

A = length of the vector A = Af+'°\/2
(by Pythagorous theorem

We can then redefine vector addition in terns of conponents and unit
vectors as foll ows:

A=Ag + AR
B=B)((::-X+Byéy
A+B=(A+B)& +(A +B)§
A-B=(A-B)& +(A-B)g

i.e., we can just add and subtract conponents.

We now define an inportant new nmat hemati cal object using unit
vectors. It is the scalar or inner product and its synbol is a .
(dot). We define this operation with a set of rules involving the
unit vectors:

&8 =1-8§

&8 -0-8-8

or

. 1 =]

el-ej=6”={ o = Kronecker delta
0 I =]

The inner product satisfies the follow ng rel ati ons;
() (&) = o &
(o8 +8,)- (B8 +m8,) = BB -& +amé &, + B8, -8 +mé, &,
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Usi ng these defining relations we can determ ne the scal ar product
any two vectors as follows

A= A8 +AR

B=B& +Bg

A-B=(A& +A8) (B& +Bg)
-AB& & +ABgE §+ABE & +ABS §
= AB 1)+ AB/(0) + AB(0) + AB(1)
= AB +AB,

A-A=AA +AA =A +A = A =normof A
A= A- A = length of the vector A

We note that

Now | ooki ng at the di agram bel ow we can derive anot her inportant
result.

y
>
A
Ay :
X
1 .
/A SRR R B
By : ;
0n )\ 5
. 0p :
X
Ay B X
W have
A-B=AB, +AB, = AB(cos(6,)cog6,) +sin(6,)sin(6,))
= ABcog(6, - 6;) = ABcost
so that

A-B = ABcosH
= (length of A)(length of B) cos(angle between A and I_5>)
= (length of A)(length of Binthedirection of A)
= (length of A)(projection of B onto the direction of A)

Ther ef ore, we have

Page 82

of



B=A—-0=0—A-A=A? ashefore
B perpendicular(orthogonal) to A— 6 = % =90°—> A-B=0
or viceversa

if A-B=0,then Aisorthogonal to B

If two vectors satisfy A-B=0, then they are said to orthonornal =

orthogonal . If a vector satisfies A-A=1, then it is said to
normal i zed to one.

We al so have for any vector

A=Ag +Ag,

A8 = (,A&éx + Ayéy)-éX = A, = X - component
A-§ = (A&éx + Ayéy)éy = A, =y - component
A=(A-8)8 +(A-§)8

Generalizing to 3 dinensions we have
A=Ag +AS +Ag = any vector in the vector space

where the set of three orthonormal vectors {éx,éy,éz} are called a basis

for the vector space (any vector can be witten as a |inear
conbi nati on of the basis vectors) and we have

. (L 0= o
‘e = l1,] = X¥,2Z

The nunber of required basis vectors is the nunber of nunmbers needed

to characterize a general vector = the dinmension of the space.

The entire collection of vectors we can generate froma basis set is
call ed a vector space.

So inthis room | would need 3 nunbers to characteri ze each vector.
This roomis a small part of a 3-dinensional vector space, which is
call ed the universe at an instant of tine.

Conpl etely renoving (x,y,z) fromour notation(because it |limts us to a
maxi mum of 3 di nensi ons) we have

so t hat



A= JE:Ajéi - i(éj ’A)éj

=1

Returning to the Discussion of 4-Vectors

—

Consi der a vector A representing sone physical variable. Using
cartesian unit vectors we can wite

A=Y AG

The conponents of the vector A =123 are its representation in a

gi ven coordi nate system W nust choose a coordi nate systemin order
to define the unit vectors. The coordi nate systemis not an essenti al
part of the physics however. W can just as well use any other

coordi nate systemto define unit vector and the vector A.

In particular, we consider another coordinate systemw th the sanme
origin, but rotated fromthe first system In another coordinate
systemwe would wite

A=Y Ag,
) Z 1 I
Note that the vector A has not changed; only its representation

(conponents) in the new system (new basis) has changed. W relate the
two representations (conponents) as foll ows:

EAé =EAlié'i

€ Y AG=8 Y A& =Y A& E YA =A,

A= SAE )
The coefficients (€,-§) are nunbers that are deternmined by the specific
rotati on. They are independent of the vector A. W now redefine a

vector:

A vector in 3 dinensions is a set of 3 nunbers {A}

(components) which transform under a rotation
of the coordinate system according to

A= SAE 4

Any quantity which is unchanged by a coordinate transformation is
called an invariant of the transformation. Since the principle of
relativity requires that the results of physical theories (physical
| aws) be independent of the choice of coordinate system (nust be
inertial however), all physical |laws nust involve only invariants.

The dot product of two vectors is a scalar. Scalars are nunbers that

are i ndependent of our choice of coordinate system This gives us a
met hod for constructing invariants. W can show that the dot product
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produces an invariant as follows:

o) () g

- > ABS; =Y AB=A'B

1] I
In particular, the normor |ength-squared of a vector, A?=A:
scal ar invariant. W now define a rotation.

A, is a

A rotation is any transfornmation which
| eaves r?=7-T=x*+y*+Z invariant

I n M nkowski 4-di nensional spacetinme we define vectors in a different
manner. Both the ordinary space 3-di nensional and the M nkowski

4-di mensi onal vector definitions are special cases of a nore general
definition. The ordinary 3-dinensional definition corresponds to
Eucl i dean geonetry.

In M nkowski 4-di nensi onal spacetinme we wite the spacetine 4-vector
in this way

S=(ct,x,Y,2)
and the scal ar product of the vector with itself (its norm as

§-§=ct’-x*-y*-7Z° (note the mnus signs)

This is a scalar invariant under Lorentz transformations(it is the

spacetine interval). In fact, any set of 4 numbers A=(A,A.A.A)
represents a M nkowski 4-vector if its normdefined by

A-Am A2 - A P2 A

is a scalar invariant. In addition, if a set of 4 nunbers is a
4-vector then the conponents transform between franes via the Lorentz
transformations as

Ro=7(A - BA)
Ri=7(A - BA)
A=A
A=A

for relative notion along the 1-axis.

It is in this sense that spatial and tinme variables are not distinct
entities but are sinply different conponents of the sane vector and
transforminto each other under Lorentz transformations.

This corresponds to a non-Euclidean geonetry.

Anot her 4-vector is dS=(cdt,dx,dy,dz) since it is the difference of two
4-vectors. Hence, its norm

ds’ = c*dt® — dx® — dy’ - dz®
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is a Lorentz invari ant
2

A related quantity of great inportance is dr2=(i|:i2 (dividing an

invariant by an invariant nmeans that we still have an invariant). In
particul ar,

dr? = dt® - C—:I;(dx2 +dy® + dz%)

Consi der a di spl acenent dS between two events on the worldline of a
nmoving particle. In the rest frame of the particle, dx=dy=dz=0 and
hence

dr = dt

in the particle rest franme (the events are separated only by tine).
dr is the tinme interval between the two events neasured in the rest
frame and is thus the proper tinme. It is a Lorentz invariant.

Time Dilation (the easy way)

Consi der and observer at rest in x,y,zZ,t' system In this systemthe
proper tine between two events is dr=dt'. In the XxYy,zt system noving

wWth velocity Vv relative to the first frame, the tine interval
bet ween the sanme two events is given by

dt? ——(dx +dy? + dz%)

But dr is an invariant or its value is the sane in all frames. W
t heref ore have

dt'? = dt® - C—lz(dx2 +dy® + dz%)

(AN Ldx\® dyyt dzy?

‘a) "t eElla) Tl Tl
LY
¢y

Therefore, dt=ydt'which is the tine dilation fornul a.

We did not need to introduce hypothetical experinents or discussions
of sinmultaneity to obtain this result. That is an exanple of the
power of using 4-vectors.

O her 4-Vectors

Usi ng dS=(cdt,dx,dy,dz) and dividing by the Lorentz invariant dr vyields
anot her 4-vector

E_( ﬂ%ﬂ%)—u 4 — vector velocity

Its normis an invariant so it can be calculated by in any frame. W
pi ck the rest frame where
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i =(c,0,0,0) — u* = ¢* = invariant

For a nmoving particle where the Xxy,zt system noves with velocity -v
relative to the rest frame of the particle we have dt=ydr and thus

Since the rest mass m, is a Lorentz invariant, mu is a 4-vector with
di mensi ons of nonmentum We define the 4-nmonentum as

_ _ E .
P=”BU=”U4©V)=(E,@
W al ready saw t hat
2 _(E\ _ o _ nec? —invariant
p—\C}—p-JmC—HWHWW

Since the variables Eandp are conponents of a 4-vector the nust obey
the Lorentz transformations

E_L(E_p)
c },\ ﬁpx)
—_— E)
px_y\px c)
Py=p
pIZ= pZ

You will use these relations in Physics 8 to prove that a nmagnetic
field is observed in franmes noving relative to fixed charged
particles whereas only electric fields are observed in the rest frane
of the charged particles. Magnetic fields are a consequence of

special relativity!!

Finally we confirmour identification of the energy. W define the
4-vector M nkowski force as

¢_____(dmnp dp\

dr \ dr 'dr/

If dt is the time interval in the observer’s frame corresponding to
the interval of proper time dr, then dt=ydr and we get

dp
dt

7= (dwnp E) E_

dr )

Wth this construction, the 4-nmomentumis conserved(constant) when
the 4-force is zero. This corresponds to energy and nonent um
conservation. If the 4-force is zero in one frane then it is zero in
all frames and hence if energy and nonentum are conserved in one
frame they are conserved in all franes. In New onian physics
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|E.\7=%
dt

where E = total energy. Let us | ook at the corresponding quantity in
4- di mensi ons

2
dymyc _E.y

=y () -y (e) -7

\dt’/

Now t he scal ar product is an invariant and thus we can evaluate it in

the rest frame of the particle. In this frane F-Vv=0 since v=0. W
al so have

dyme® _ L (avy _
a MM 7O

since v=0. Therefore

2
E. =dwnp .
dt

as we indicated earlier. In this sense the nonentum and energy
variabl es are not distinct entities but are sinply different
conponents of the same vector and transforminto each other under
Lorentz transformations.

A Further CGeneralization

We can generalize the scalar product to any nunber of dinensions and
any type of geonetry. W have

A'B=iigijABj

=1 J=1

where g, is the so-called netric object. W can represent it by a
matri x. In ordinary 3-di nmensional space we have

(1 0 0

[g]=Lo 1 0|—=g =9,
0 01
and hence

A-B=NAB=AB
In M nkowski 4-space we have

(1 0 0 0

-1 0 O

-] ° °J
0O 0 O
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and hence
A-B=A-B

In the theory of gravitation (general relativity) we have

(QOO(X,Y,Z,t) 901(X’yaz’t) goz(X’yaZat) 903(X,y,2,t)\
(g]- Go(x¥.21)  Gu(x¥.21) Gu(XY.Z1) (X Y.Z1)
On(X,Y,Z21)  Gu(X,Y,21)  Gu(X,Y,Zt)  Oxu(X, Y, 21)
O(X,Y:Z1)  Gu(X,Y,Z1)  Gn(XY,Z21)  Os(X,Y,Z1)

and clearly the world is considerably nore conplicated (left for a
seni or sem nar).

Now back to special relativity.

2
Let us return to the relations (%) - p*=mic® and

that if v=c, then E=pc and m,=0. Therefore, particles with zero

rest mass exist. They always nove with the speed of light. Even
t hough the have no nass they do have energy and nonentum An exanple
of such a particle is the photon, the particle of light.

Radi ati on Pressure

When |i ght (photons) which carries nmonmentum and energy reflects off of
a surface it transfers nonentum and energy to the surface. Since a
change in nonentum corresponds to a force and a force on a surface
area corresponds to pressure, light exerts radiation pressure on any
reflecting surface. If we have normal incidence on the surface, then
the total change in the photon nmonmentumis

Ap=2p=2E
c
If there are n photons per unit area per second, then the total
: . E I
nmonent um change per second per unit area is pressure=2n—=2— where
c c

l=nE is the intensity of the light (the power per unit area). The
average intensity of sunlight falling on the earth surface is

~1000W/m* =1000 J/m’-sec. The radi ation pressure on a mrror is then
pmsane=2%==7x104N/nF. This is very small (atnospheric pressure is

10°N/m?). On a cosmic scale, however, this radiation pressure is
large, that is, it is able to help keep stars from col | apsi ng under
their own gravitational forces.

How big nmust the sail of a light-sail starship be to work
effectively?

Suppose that the sail material has the property massper m”=pkg and
that the ship has a mass of M kg. A crude cal culation goes like this
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2
pressure at distancer fromsun = 7 x 10‘4(reaf—“‘) N/m?
r

2
forceon sail = pressurex area= 7><10‘4/reaf—th\ A

\r )
of Y\
force 7%x10 \—r } A

acceleration=a = =
total mass M + pA

Suppose we have a sail with an maxi rum area = USA = 10° m’. For
r=nxr,,, p=10° M=10°, o =fractionof areaused we get

2
7x10°4( 1) 10%¢

\n of o \(1)° m
a= _7x104 %\ (= . Os<as<l ., n=1
10° +10°«x X \1+a/\n) sec? =a= =

The acceleration will drop bel ow 0.0001g for a=1 when n=20000 or

we are at a distance of 20000 earth radii or about 2x10” miles from
the sun. This is about 0.03 |ight-year. Depending on what we did
earlier we could have a sizable speed by this point.

The Power of 4-Vectors

We now illustrate the power of 4-vectors. W consider a photon with
E hv h . .

energy E=hv and nonmentum p=—=—=x traveling in the x-y plane at
cC ¢

an angle ¢ with the x-axis. The 3-nmonmentumis
b=h—cv(cos¢,sin¢,0)

and the energy-nonentum 4-vector is
. hv .
p=?(Lc08¢,sm¢,0)

I n anot her systemnoving relative to the first with velocity v al ong
the comon x-x' axis the energy-nonentum 4-vector is

hv'

p= T(l cos¢',sing',0)

Now t hese two frames are related by the Lorentz transformation such
t hat

E hv (E (hv hv \

— ==yl =c =yl —_B—cos

c ¢ ¢ fo’pX/ "\"¢ & c ¢/
whi ch says that

V= yv(l— p COS¢)
or
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VAR y J1-p?

v =71—/>’cos¢ B 1- B cosg

This is identical to our earlier result for ¢=0 and vy=v and v =v,.
Qur derivation give an additional result however. In a direction

perpendicular to the Iine of relative notion, ¢=%, we get

Vo =Vol-B%, which is called the transverse Doppler effect and is due
to time dilation.

Hi gh Energy Particle Physics

A special reference franme is the center of mass or zero nonmentum
systemfrane. It is very useful when discussing high energy particle
reactions.

We consider a collision between two particles with rest masses

m, and m,. W assune that particle 1 is noving with velocity U in
the | aboratory systemand that particle 2 is at rest in that system
We have the energy-nonmentum 4-vectors

= \ 5 (B2 500
pl—\ c ,pl,0,0/ and pz-\ . ,0,0,0}

and the total energy-nonentum

= E,+E
P=p1+p2=( lC z,pl,0,0)

In a new frame noving along the x-axis wth speed V we have

VE+E\
P -r(p-LE*E)
S L
-1/2

2
wher e F=(1—\é—2)

In the center of mass system V=V, and P=0. This says that

p,c”
V. =—rF1r
M E +E,

The energy avail able for physical processes such as the production of
new particles or inelastic events is the total energy in the center
of mass system E'. In the center of nass systemthe total energy-
nmoment um 4-vector is

(E' 000
¢ 009

We can find E'by using the fact that the norm of the energy-nonentum
4-vector is invariant
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(EV _(BE+BN
\c) V¢ )R
or
E'”=E} +E} +2EF, - pic’ = B + E} + 2EE, - (Ef - mic’)
=mic’ +2EE, + E]
We have
g\ -1/2
E,=ymc® and E,=mc® y=(1—%)
Therefore
E = (ym, + m,)c* = total energy in laboratory system
and

E'=(mf+m§+2ymlmz)1/2c2
The fraction of energy avail able for physical processes is

(M2 +m2 +2ymm,)"
ym +m,

E_
E
For the special case m =m,=m we have
E ]2
E 1+y

At |low velocity or | ow energy of the incident particle (the one that
is noving), we have

y=1— % =1— all energy available

In this case, nost of the energy is rest energy and kinetic energy is
uninportant. In the high speed or high energy limt we have

E_ |2 _ |2’
E Jh_ﬁz \ E
mc

Thus, the useful fraction of energy decreases as E;Y?. For exanple, in

a 300 GeV accelerator (1 GeV = 10°eV =10°x1.6x10™ J=1.6x10"°J) an

accel erated proton (mc®=1GeV) colliding with a hydrogen
target (protons) has

R

E_ . 2 oo
E  \300
or only 25 GeV is available for reactions!!! W will show howto fix

this up shortly.

Let us | ook at production reactions in another way. Suppose that we
have two particles that interact wwth each other(one is at rest --
the target) and produce N final particles. The high energy avail able
fromthe incident particle is converted into mass of newy created
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particles. W ask the question: What is the mninmum energy needed by
the incident particle in order to produce the final state of N
particl es?

In the initial state we have

(EC ,pim,o,o) +(m

2 2 2 2 4
Einc=pincC +Mm;,.C

nc

target

¢.0,0,0)-( EC Mg P,,0.0)

In the final state we have

i N
= Yp| whee Ef=pic®+mic’ , i=1234,...,N
c

Now, the norm of the energy-nonentum 4-vector is invariant in tine
and across different frames. Therefore

normin | aboratory before = normin center of nass after

This gives
2

S|

E 2 i,CM N
(%"'mtargetc\ -pi = MT '(Epi,cm)

N
By definition, however, zgﬁum|=0- After sone al gebra we have
=1

(i Ei’CM)2 - (mimcz)2 - (mta,getcz)2

E- — 1=1

Iinc

2

2m.._.C

target

N
This is a m ni num when ZSE“N I's a mninmumor when

or all the particles are at rest in the center of mass system after
the collision (what are they doing in the |aboratory system.

Therefore the m ni num energy needed by the incident particle (this is
called the threshold energy) is

(i m‘°2)2 (M) = (Me?)’

2

Einc,threshold =

2m.. .C

target
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For exanple, consider the reaction p+p—p+p+x+mx+mxr where a proton
is incident on another proton producing two protons and three p
nmesons. The threshold energy is

(2m, +3m, )} - 2m? ¢ m vom, Lom) .
L 2m, )

p

Ep,threshold =

2mp

Clearly, this is a very non-intuitive answer!!!

Now | et us consider the difference between a particle accel erator
where one particle is accelerated and collides with a second particle
at rest (as above=l aboratory systen) and two particle accelerators
where each particle is accelerated in the sane way (colliding
beans=center of nass system). W have

Si ngl e Accel erator

E - E, +m,c® _
( toflab ’ptotanab) - (%’pl) ’ Ei = pfcz + me4

Col lI'i di ng Beans

(Etotal cm 1btotal cm} = \Z_CE'O) , E= energy of each particle

In the first case the accel erator nust produce energy E, and in the
second case each accel erator nust produce energy E.

The two accel erators are equival ent (sane energy avail able for
physi cal processes) if

2
E, +m.C®
c !

Al gebra gives the result

E-= %Jmfc“ +mic* + 2m,c°E,

| f we consider the case of very high energy accel erators where
E,>>mc> we have

E- %JZmzczEl

Suppose we want to build a single 10 TeV accel erator (1TeV =10°GeV) so

that E, =10"GeV. This is very difficult to design and requires the
devel opment of significant new equipnent ($3$$$$9).

If instead we build two snaller accelerators and use themin the
col liding beans configuration, then we get the sane avail abl e energy
with
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_ % J2E, = /5000 = 71GeV

whi ch we al ready know how to build. In fact, if we use an old single
accelerator of this size that already exists, we then only have to
build one small new accel erator ($9%).

H gh Energy Col lisions

Earlier we discussed | ow energy collisions between particles using
conservation of energy and nonentum Let us | ook at the sanme
processes at high energy. We consider a collision in which the
incident particle has zero rest mass (photon) and the target particle
is at rest. If the target particle is an electron, then this if the
so-called Conmpton Effect. The process |ooks |ike

y E

The photon nonentumi s 5. After the collision the photon is
c

scattered through an angle 6 with energy E and the electron recoils
at an angle ¢ with velocity 4. The final electron energy is

2 _ M
E. =y (umgc v
C2
Conservation of energy gives E,+mc’=E+E,. Conservation of nonentum
gives (x and y directions)

& = Ecosé? + pcosg
c ¢

m

0= < in6 — psing
wher e

p=ymi or E?=p%?+ngc

W want to elimnate reference to the electron and find the new
photon energy(that is what is detected in the experinent).

&._
c

E E, E 2 (Ey E .\

—C0S6H + PCOS$ —> PCOSP = —> — —cosh — p’ cos’ ¢ = | — — —cosH

c pCosp = peosp ="~ P P=1e )
2

=%sin6— psing — psin¢=%sin6—> pzsin2¢=%sin28
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Addi ng these equations we get
p’c® = E2 - mic* = E; - 2E,Ecosf + E?
Usi ng the energy conservation equati on we have (after al gebra)

E,
1+( E )(1— cosf)

my,c*

The first thing to note is that E>0. This neans that a free el ectron
cannot absorb a photon conpletely; there will always be a scattered
phot on of sonme energy. If we convert to wavel engths using

E-hv=h<
A
we get
A=Ay = L(1— cos6)
m,C

The shift in wavelength at a given angle
[

i s independent of the
i nci dent photon energy. You will do this e

s
xperinment in Physics 14.

Doppl er effect as a Collision with Photons

W consider an atomwith a rest mass of M, . If held stationary and
the atomemts a photon of energy hv, , then its rest nmass nust
change (it is |osing energy)

M',c* = M,c* - hv,

Suppose that it is noving as shown in the top part of the figure
bel ow and then emits a photon as shown in the bottom part of the
figure.

E
a :
M (0]
El
pl
hv
Mo

M, c? u
E = yM,c* = —2 = p=yMu=—— =
1-— 1-—

7 oc 7o
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After em ssion, the atomhas energy E and nomentum p while the
em tted photon has
E,=hv=pcC

Conservation of energy and nonentum says t hat

E=FE +hv
. hv
p=p+—
c

Therefore
E2-p2c® = (E-hv)> — (pe - hv)? = M2c* = (Myc? ~ v, )|

Sone al gebra gives

2M,C* - hv,
=Vo——
2(E - pe)
But
2 [~ _
E-pc= MC (1 Y) = M,c? je-u
. @2\ ¢/ \c+u
Vo
Thus,
2 —
vov, 2M,c® - hv, =V0(1_ hvoz) §C+u
oM. €U 2M,c*)\Vc-u
“Vc+u

h :
The termzwro2 represents a decrease in the photon energy due to the
Cc

0
recoil energy of the atom For massive atons, this is negligible and
t hus

V=v, | ——
“ec-u

which is the standard Doppl er fornula.

We note for the future that we have shown that two conpletely
different pictures of |ight, wave and particle, | ead exactly to the
sanme prediction for the shift in the frequency of radiation froma
novi Nng source.

The Mass of a Photon

Pul sars are col |l apsed stars that emt regular bursts of energy at
repetition frequencies from30 to 0.1 Hz. The are coll apsed stars
with intense nmagnetic fields that are rotating rapidly. The pulsar in
the Crab nebula has the a frequency of 30 Hz and pul ses in the
optical and x-ray regions, as well as at radio frequencies. The

pul ses are extrenely sharp and their arrival tines can be neasured to
an accuracy of mcroseconds or better. Experinentally, the radiation
fromthe pulsar at all different wavel engths seens to arrive

simul taneously (or all within the experinmental resolving tine).

Let us use this data to set a limt on the rest nmass of the photon.
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It takes |ight about 5000 years to arrive at the earth fromthe Crab
nebul a. Suppose that signals at two different frequencies travel wth
a small difference in speed, Av, and thus arrive at slightly

different tinmes, T and T+AT. Since T=£, where L = distance to the
\
Crab nebul a, we have

V=£—>AV=—L2AT—>ﬂ=—£
T T \Y; T

No such velocity difference has been observed, but by estimating the
sensitivity of the experinent we can set an upper limt on the
quantity Av.

AT can be neasured to an accuracy of about 2x10°sec and using
T=5x10° years=1.5x10" sec we have

~ 10—14

_|AT] 2 %1073
| T 15x10%

Av
C

where we have assuned that v=c.

Now we translate this limt on Avinto alimt on the possible rest
mass of the photon.

| f the photon had a nonzero rest nmass, the velocity of |ight would be
different fromec. If we et m represent the rest mass of the photon,

p
then we woul d have
E = ymc?

| f we assunme that the photon energy frequency relation E=hv is still
valid, then we have

2 1 Va vZ
()? = (me] —7 =5 =113
o

wher e hvo=mpcz. v, plays the role of a characteristic frequency for

t he photon. hv, is the rest energy of the photon. If v,=0, then we
have v=c. O herwise the velocity of |ight depends on frequency.

Now consi der two frequencies v, and v,. W then have

c c Vi v
1 Av 1 1
S AV(20)=2—=V{| 5 -
) ]

For observations made in the optical regions we can use
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v, =8x10"Hz(blue) and v, =5x10"Hz(red)

Then we have

Av 1 1 1 /1 1
2x10 %28V 222 o 2 (L2
* T O(v,f vlz) 10%\5*  g)

v, <107 Hz

This gives and upper |imt to the photon rest mass of

p

m = % <10%kg
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