For the other observer, the length is the spatial separation is along
a line of sinultaneity for the prined observer

1_

L= X=X, = 7 (% = %) - Be(ty - 1,)) = L25(L0 - 0.6(0.6)) = 0.8= L = &
Y

What is the spatial separation between events 1 and 2 for the prinmed
observer? Does it have any physical neani ng?

Time Dilation
Suppose the clock is at rest in the prined frame. Then the rel evant
events representing on the worldlines of the ends of an object are
(x,,ct';)=(0.0,0.0) and (x,,ct',)=(0.0,2.0) for prined observer
Then for unprined observer we have
AX=y(AX +BCAt') =y , CAt=y(CAl'+BAX )=y —time dilation

Note the change in signs in the Lorentz transformati ons when we go
fromthe primed to the unprined coordi nates. Wy?

Let us now return to the k-factor. Qur original k-factor assunption
says that, if the unprined observer is sending out signals every T
seconds and the prined observer is receiving themevery T' seconds

where T'=KkT, then we have the rel ationship

f'=i=i=1f= C_Vf
T KT k V\c+v

bet ween the frequency f as neasured in the unprined franme and the
frequency f' as neasured in the prined frame. The case above
corresponds to the two observers noving away from each other. In this
case f'<f and hence the prined observer sees the wavel ength increase
(wavel ength = A=c/f), which is the fanous "red shift"

| f they nove towards each other, then v—=-v or k—1/k and the
frequency increases (wavel ength decreases) and we get a "blue shift".

This is called the relativistic Doppler effect for |ight.

Let us look at the inportant Doppler effect in nore detail.

The Doppl er Effect

Sound and t he Acoustic Doppler Effect

Sound travels through a nedium such as air with a speed w. This speed

is determ ned by the properties of the nediumand is independent of
the notion of the source. W consider a source of sound that is
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nmoving with velocity v through the nediumtowards an observer at
rest. We assunme for sinplicity that the observer (detector) lies
along the line of notion of the source.

\ w
source detector

<—L->

As shown in the diagram we represent the sound wave as a regul ar
series of pulses. These pul ses are separated in tine by an anount

1 .
To=F where f, is the frequency of the sound fromthe source.
0
Inatine T the sound travels a distance wTlT, and if the pulses are

separated by a distance L, the nunber reaching the detector is w_l:l'
The rate at which pulses arrive is

number

V_Ii/ = frequency ( ) of sound at the detector = f,

To determine L, we consider a pulse emtted at t=0 and a second
pul se emtted at t=t,. During the interval 7, the first pulse travels

a distance wr, in the nediumand the source travels a distance vr,. As
shown in the figure below the distance between the pulses is given by

L = wr, - vr, = (W= V)T, = (w-v)
0
and
1 .
fy = fo—v for amoving source
1_ .
w

\%
—

M vt

-
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For an approaching source, v>0 and thus f,>f,. For a recedi ng source,
v<0 and thus f;<f,.

If the source is at rest and the detector is noving (as shown bel ow)
the situation is different.

\Y
w
source detector

<—L->
The speed of the pulses relative to the detector is w+v. The rate at
whi ch the pul ses arrive is

W+ V
L

: : w
Since the source is at rest, L=w:r0=f— and thus
0

fD

fo = f,(1+ %) for amoving detector

The two results are not symmetric. They are approxinately the sane

for small < since ~1+Y in that case. If we know f;, then we can
W 1-V w

w
tell whether it is the source or the detector that is noving!!

This is so because the speed of sound is not a universal constant,
but only has a definite value relative to the nmediumwhere it is
pr opagati ng.

Li ght and the Rel ativistic Doppl er Effect

Suppose a light source flashes with period r0=fi inits rest frame

0
and that the source is noving towards the observer(detector) with

velocity .
Vv
light source detector

—»L e
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Due to tinme dilation, the period in the detector rest frane is 7=yz,.

Since the speed of light is a universal constant, the pul ses arrive
at the detector with speed c. As shown in the diagram bel ow the

frequency of the pulses is fD=wE, where L is the pul se separation in

the detector frame. Since the source is noving towards the detector
we have (see di agram bel ow)

of -

—»L -

L=cr—Vr=(C—WT=(C—WWh=V(C;W
0
and
2
Jl—vz |
fo_f C _f ‘;‘C+V
D 0 1_¥ OVC_V

Here f, is the frequency in the detector frame and v is the relative
velocity of the source and the detector. It does not matter which one
is actually noving!!

This result is just the red shift fornula we started with earlier, as
expect ed.

Now consi der the spacetine di agram bel ow. W have two observers in

relative notion and the unprinmed observers is sending signals to the
pri med observer at regular interval (separated by atine T).
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ncT
A
X =p ct
ncT ’
pulse 2 2cT
4
2cT ,
cT
pulsel ~---- ;fx’(
cT g

’

The reception of the last pulse occurs at the point of intersection
of the lines
X =c(t-nT)
X = fct
or at
cnT X penT

1-p 1-p

n pul ses are sent out by the unprined observer in nT seconds and thus
the period is T seconds and the frequency is 1/T.

n pul ses(sane nunber) are received by the prined observer in nT'
seconds and thus the period is T' seconds and the frequency is 1/T'.

Now, the reception point also corresponds to
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ct'=y(ct - x) = }’(%— /i_cr};)

2
= yenT 11_ P~ ner- yenT(1+ )

Usi ng
ot
1- 2
we get
7o HBryr
V1-p

which is the standard Doppler effect for Iight.

How Do W Talk to Each Qther in this New Relativistic Wrld?

In this new world what happens if we try to tell a story?

In particular, these are sone of the words are no | onger usabl e?

where, when, speed, distance, tinme interval,
si mul t aneous, sane place, length, etc ...

If we want to use such words, then each reader (other observers) mnust
first use the Lorentz transfornmations to translate the story before
trying to read it!

The only words (concepts) that we are allowed to use if we do not
want to do any translations are

interval, c, nunber of events

Not having grown up in this new world, we would find it very
difficult to tell such a story.

The Fanpus Par adoxes

The Twin Paradox - Let ne state this problemin a "bad" way, i.e., a
way that |leads to the so-called paradox. Then we will state it
correctly and the paradox will disappear and we will be able to draw

the correct conclusions. This mght be a lesson for life also !

Statenent #1 - Two twins are traveling relative to each other with
speed v. Tine dilation says that the clock of the "noving" twn
should tick slower (the tinme between ticks is larger). Since each
twin considers herself to be at rest, the other twin should have a
clock that runs slower and hence the other twi n should be younger.
Which twin is younger? There is no definite answer to the question as
posed since we do not know which twin is noving (changed reference
frames - has accel erated) and hence we have a supposed paradox.
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Statenent #2 - Two twi ns have been together since birth (they have
been on the sane worldline - in the sane frame of reference). At one
point in time, one of the twins, gets into a rocket ship and changes
her franme of reference - changes her velocity - experiences a period
of acceleration). The twin in the rocket ship travels to a distant
star and then changes her frame of reference again ( reverses her
velocity - accelerates for a period of tinme). The twin in the rocket
ship travels back to the earth and then changes her frane of
reference again ( cone to rest on the earth - accelerates for a
period of tinme). Finally, the two twins remain together again (in the
sane frame of reference - on the sanme worldline).

Which twin, if any, is younger? This description is represented by
t he spacetinme di agram bel ow

ct “

p=0.8
light-years incoming worldline
of moving twin
-1 6
worldline 10 - reference frame change
of stay at
home twin ]

Y
\

no reference 8 outgoing worlding

frame of moving twin
changes 7
5 reference frame change
5 —t) = = Y ) (Y = -
4 —
3 -

_.-- distance to star

L
y

l |
5 X
6 light-years

On this diagram =08 and y =1.67. The respective tinme axes have been
cali brated. Each twi n sends one signal per year (by their own cl ock)
to the other twn.
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Wiile they are separating, the k-factor says that

1- 1
fobserved = freduced = \/ 1+—/3 = 5 per year

Wil e they are com ng back together, the k-factor says that

1+
fobserved = fincreased = \£1= 3 per year

It is clear fromthe diagramthat both twi ns see these different
rates during the designated periods.

For both twins the reduced rate starts inmedi ately.

However, the switch over to the increased rate takes place at
different tinmes according to each observer. They are not identi cal
observers and thus we shoul d not expect identical results fromtheir
nmeasur enent s.

For the noving twin, the switchover takes place exactly at the

m dpoint of the trip or at year 3 (as can be seen in the diagram

For the stay-at-hone twin, however, the sw tchover take place at year
9.

Thus the nmoving twin sees 3 x 1/3 + 3 x 3 = 10 signals fromthe
stay-at-honme twin and thus knows that the stay at hone twin is 10
years ol der and she is only 6 years ol der

The stay-at-honme twin sees 9 x 1/3 + 1 x 3 = 6 signals fromthe
moving twin and thus knows that the noving twin is 6 years ol der and
that she is 10 years ol der

Both agree and this there is no paradox. The travel er ages | ess
because novi ng cl ocks(cl ocks that have changed franmes of reference)
run sl ower.

Pole in the Barn

In this case we have the followng situation - two farnmers have a
barn which is 10 neters long in their rest frame (unprinmed). The
farmers are standing at the left and right doors of the barn (the
doors are open).

A pole carrier has a pole of length 12 neters in her rest franme and
is carrying it horizontally while she runs towards the barn with a
speed given by =0.80. This nmeans that y =167

If we believe all this relativity and length contraction stuff, then
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the farmers think the pole is

L' pole
L .= = 9.8meters
Y

However, the pole carrier thinks the barn is only

L' = Lbarn = 8.0meters
14

barn

This means that, according to the farners, the pole should be able to
fit into the barn. The pole carrier, however, say no way, the barn is
much too small .

A possi bl e spacetinme diagramfor this experinent is shown bel ow.

worldline . worldline
ct A ofleft + of right
door of | :  door of
barn ---» i barn p=08
. worldline of rear of pole
90 7|  time L .~ worldline of
pole \ .~ __.- front of pole
80 — in the : : -
barn : : X'
70 ; A
60 1 o
50 —f-rieemnoeee R A
¢ A event #4
40 M--Yp-ooooooo- b I e
1 - ( --------- ~.7 DZRRE RS event #3
30 "k . 2 -~ event #2
20 oo T event #1
10 — 10
I I R N =
10 20 30 40 50 60 X
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|s there any correct answer to this dilemm? To answer the question,
we | abel 4 crucial events:

event #1 = front of the pole enters the barn
event #2 = rear of the pole enters the barn
event #3 = front of the pole | eaves the barn
event #4 = rear of the pole | eaves the barn

These events are clearly shown on the diagram.

Now if t,>t, then the pole is conpletely within the barn for the
period of tinme t,-t,.

It is clear fromthe diagram that according to the farners the pole
is within the barn for a short period of tine!

The pol e carrier disagrees, however. For the pole carrier, t,>t, and
the pole is never conpletely wthin the barn.

There is a disagreenent between the two sets of observers because the
tinme order of the two crucial events (nanely 2 and 3) has reversed.

Thus, both are correct.

The pole is within the barn and not wthin the barn dependi ng on your
frame of reference. Relativity is subjective, that is, dependent on
the observer information in certain cases. Relativity all ows
different observers to tell differing stories like this when tine
order reverses. The time order reversal is OKin this case because
events 2 and 3 are spacelike separated and thus reversing their tine
order cannot upset causality. There is no paradox!

Faster than Light

What happens if we allow sone signhal to go faster than the speed of
[ight?

Consi der the follow ng story.

Samis wal king down the path towards Sharples. As he passes near
Clothier tower a stone block falls off the tower and | ands on his
head, killing him So Samis now lying in heap at the base of
Clothier tower. Soon after that incident, Sally conmes along. Samis
Sally's good friend and she is distraught when she sees Samlying in
a heap. Sally is wal king past Samw th sone speed u (she is in a
different franme of reference). Now, Sally understands Specia
Relativity. Sally has in her possession a special device that can
send a signal to soneone on the other side of the universe at a speed
>c if they are in the same frane of reference. So Sally sends out a
signal indicating what happened to Sam The signal is received on the
ot her side of the universe by CGeorge(in the sane frane of reference
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as Sally). He is now desperate to tell Sam so he can avoid the stone
bl ock, but Samis in a different frane and cannot receive his signal.
So he tells the story to soneone in Sanis franme, nanely, Samantha.
Samant ha al so happens to have one of those devices that sends the
speedy signal and she sends a signal to Sam

The entire sequence of worldlines with the associ ated events is shown
in the diagram bel ow

A

Sam
worldline
Samantha
worldline
.7 A

.
.,

#

signal with v > ¢
moving forward | Moo
in time for

George and Sally

George
worldline

Sally !
worldline

F"JJ/ line of ,"/

' constant

N time for 2 signal with v > ¢

Sam and Samantha moving forward
' in time for

Y Sam and Samantha

4 line of constant
time for George and Sally

The events are:

event #1 - Samgets killed

Page59



event #2 - Sally sees Sam
event #3 - After patiently waiting Sally sends a v>c signa
to George
event #4 - (Ceorge receives the signa
event #5 - Ceorge tells Samant ha
event #6 - Samantha patiently waits and then send a v>c
signal to Sam
event #7 - Samreceives the signal from Samant ha, reali zes
he is about to die and stops wal ki ng, thus
avoi di ng the bl ock and subsequent death
Quest i ons:
If Samis not dead, why would Sally send any signal ?

If Sally does not send a signal meking all the other stuff happen,
t hen why woul d Sam st op?

| f Sam has no reason to stop, he then gets killed and Sally has a
reason to send the signal

VWhich is it?

We have what is called a closed causal | oop here. There is no | ogical
way out of this |oop.

Does that mean it cannot occur, i.e., that no signal can travel
faster than light?

or
| s there sone ot her explanation?
Ceneral Relativity

In special relativity we found that the spacetine interval or just
"interval " between two events

#1:(Xx,y,zct)
#2:(X+ AX, Y + Ay, z+ Az, c(t + At))

is given by
AS” = CPAt? — AX? — Ay? — AZ

We can generalize this result to

wher e
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X0=t,X1=X,X2=y,X3=Z
goo=1=_911=‘922=_933
g, =0 if i=]

In the case of special relativity, this is just a change in notation
and all the g; (called the netric conponents) are constants.

The equation for the light cone for the event (XYy,zct) can be expressed
AS* = CPAt> —AX* - AY* - AZ =0

This says that spacetine itself is "flat". This neans that the
shortest distance between two points in space is a straight |ine.

Now what happens if the metric conponents g, are not constants but are
functions of space and tinme?

First, the Lorentz transformations are no | onger valid.

Second, the "light cone” will look different at different points in
spaceti ne.

Third, spacetinme itself is "curved". This nmeans that the shortest
di stance between two points in space is not a straight |ine.

Einstein in his theory of gravitation (called General Relativity)
proposed t hat

F(g;) = G(Energy, Momentum)

i,e., that the nmetric conponents g;, which deternmi ne the shape of the

i ght cones in spacetine, are determ ned by the distribution of
energy and nonentumin spacetine

or

the very structure of spacetine is determ ned by the energy density
i n spacetine.

A result of the theory is that |ight would be affected by
gravitational fields. The follow ng predictions were made and have
been confirnmed experinentally :

(1) If we place a light source at the top of a tower and shine the
i ght downwards, then the change in the strength of the
gravitational field as we go fromthe top to the bottom of the
tower causes a gravitational redshift such that
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RMh‘fhz %M Ah=10" for a10 m tower

fh th

(2) If we place a clock at the top of a tower and a clock at the
bottom then because of the difference in the strength of the
gravitational field between the top and the bottom of the tower
the clocks run at different rates - called the gravitational tine
dilation

Thean = Th _ GM Ah

>
Ty Reartn

(3) If light passes by a large nass (like a star) it does not travel
in a straight line but is bent. The anount of bending has two
observabl e consequences

(a) if a star is observed when the sun is not in the way and
then when the [ight would just pass by the sun, the observed
difference in direction to the star is about 1.75 seconds of
arc

(b) if a signal is sent fromEarth to Venus with the sun in
between, there is a tine delay due to | onger(bent) paths of

noti on of about 1.1x10™*sec

(4) Gal axies can cause gravitational |ensing which results in double
i mges for distant stars

(5) The long axis of the planetary orbit ellipse in the solar system
precesses - for nercury this is about 43 seconds of arc per

century
Al particles inthis theory are free particles, i.e., there are no
forces.

Al'l particles nove al ong geodesics, which are the path of shortest
interval in spacetine.

The geodesics for a given spacetine are determ ned by the nmetric
conponents. So the distribution of energy determ nes the netric
conponents which in turn determ nes the geodesics and particles nove
on geodesi cs.

In flat spacetine (think of a plane in space) the geodesic is a
"straight™ |line. In fact, the geodesic is always the "straightest”
line in a given spacetine. In curved spacetine (think of the surface
of a sphere) the geodesic is not a straight line(great circle on the
sphere).

If we nove a vector "parallel” to itself over a closed curve in flat
spacetinme it does not change its direction.
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If we nove a vector "parallel” to itself over a closed curve in
curved spacetine it does change its direction.

If I turn off gravity and throw an eraser, then it follows the
geodesic in this "flat" spacetinme which is a straight |ine.

If gravity is present, then it follows the geodesic in this "curved"
spacetime which is a parabol a.

The planetary elliptical orbits in space are the geodesics for the
4- di nensi onal spacetine near the sun.

Al of these result have been confirmed experinentally

Bl ack Hol es

In special relativity the |ight cone structure of spacetine |ooks

X X

X
X X
X X
X X X

This what we nean by "flat space"” ....the light cones are the sane
ever ywher e.

X XXX
X XXX
X XXX

What happens, however, if we observe a |ight cone structure of
spacetinme that |ooks |ike
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X 4 XX
X 4 XX
X XXX
DI B
By By b
AT By B
RINEN

Then, to the left we have flat spacetine, but to the right sonething

strange i s happening. The left side of the |light cone is rotating
cl ockw se.

This means that access to regions to the left is being restricted
(takes longer to get there).

As we go further to the right, we reach a point (arrow) where the

| eft side of the cone is vertical and all of space to the left is no
| onger accessible. This point is on a surface called an "event

hori zon".

Once sone observer crosses this surface we can no | onger see
them(there is an infinite redshift) and they (and |ight) can no

| onger get to the back across the surface (hence the nane "bl ack"
hol e) .

The observer can only proceed(renenber nust stay inside forward cone)
to the right where the Iight cones tilts even further.

The end result is the light cone being a single |line and the observer
havi ng no choi ce about future notion. This point is called a
"singularity".

Long before reaching the singularity, the tidal forces becone so
| arge that any object is torn apart.

These radical solutions to Einstein's equation have now been
confirmed experinentally (via the radiation comng fromnatter
falling into the black hole) and are thought to exist at the center
of all gal axi es.

In a static black hole as just describe, the event horizon and the
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infinite red shift surface are the same surface and energy can only
pass through in one direction.

If the black hole is rotating, however, the event horizon and the
infinite red shift surface are not necessarily the sanme surface. The
regi ons between an infinite red shift surface and a event horizon is
call ed the ergosphere.

It is possible to extract energy fromthe ergosphere as foll ows:

(1) a spaceship falls frominfinity into ergosphere along an
orbit with positive energy

(2) once there, using a spring-loaded device we eject a brick
into an orbit with negative energy

(3) the spaceship recoils into a new orbit with larger positive
ener gy

(4) energy is constant(conserved) so the spaceship energes with
nore energy then it went in, but the black hole + brick have
| ost energy

A very tricky and dangerous maneuver.

Now it is possible to follow a worldline that is everywhere
tinmelike(allowed) such that one passes through the ergosphere and the
particle emerges before it entered (At<0).

The tinme change can be nmade arbitrarily large by conpleting orbits
i nside the ergosphere ..... this is a nodel of a time nachine for
travel to the past!!

This violates causality, however, and results in a |ogica
contradiction.

Consi der the particle to be a signal (a signal rocket) that is
emtted at t=0 by an apparatus |ocated far fromthe rotati ng bl ack
hol e (where spacetine is flat), but is received by this sane
apparatus at an earlier tine, say t=-2.

Suppose the apparatus is programmed with the follow ng instructions:

(1) emt a signal if the signal is not received before t=0
(2) do not emt a signal if the signal is received before t=0

This inplies a logical contradiction with em ssion at t=0 and
reception at t=-2!!

So sonething will have to give!!!! Very fundanental and exciting
stuff......
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Basi c I deas of C assical Kinematics and Dynamics (A Quick Tour)

Ki nematics (or the study of notion in tine)

Position (rF(t)) is defined as a vector fromthe coordinate origin to
t he 3-di nensional point where the object is |ocated. In 1-dinension
we have x(t)

The goal of all classical physics is to determ ne the position of an
object as function of tine.

Position answers the "Were" question for the events we have been
di scussi ng.

Vel ocity (v(t)) is defined as a vector in the direction of the change
of the position vector and having a magni tude given by

90 = im2° or vty =lim2X  in1-dimension
At—0 At At—0 At

The direction of the velocity is always tangent to the path of
not i on.

Vel ocity tells us how fast the object is noving and i n what
di rection.

If the velocity is constant this neans both its nagnitude (speed) and
direction are constant because it is vector. This is the easy case,
for exanple,

Suppose v=+10m/s towards +« and x=2m, where will particle be 1 sec
| ater.

Clearly the answer is x=12m since 12 = 2 + 10x1 = x(0)+ VAt.
If the velocity is not constant the situation is nore conplicated
(Physics 7). If, however, | can tell you that the average velocity
over the next second = 8m/s, then the rule

12 = 2 + 10x1 = x(0)+ vAt
still works.
So, in general, we have

X(t + At) = x(t) + v(t)At i n 1-di nension

where v(t) = the average velocity in the interval t—t+At .

In 1-dinension direction is indicated by = signs.
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