wher e
X =y (x- fct)
ct' =y (ct - BX)
and we have used the invariance of the spacetine interval. The set of

all events that satisfy these equations is a curve on the spacetine
di agram

This curve is a hyperbola (see the diagram bel ow).

It intersects the x-axis at x=1(when ct=0) and the x'-axis at x'=1
(when ct'=0) and allows us to calibrate the x'-axis once we have
calibrated the x-axis (or vice versa). For diagram construction
conveni ence we note that the point (ct=py,x=y) corresponds to the
intersection determining the point x'=1 as shown on the di agram

ct

fy =075

¥ = 1.25

In a simlar nmanner, the ct'-axis is calibrated in terns of the
ct-axis using the curves

(AS)? = c*(At)* - (AX)* =t = x* = +1
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(AS)? =C*(At')* - (AX)* =ct'*-X?=+1

It intersects the ct-axis at ct=1(when x=0) and the ct'-axis at ct'=1
(when x'=0) and allows us to calibrate the ct'-axis once we have
calibrated the ct-axis (or vice versa). For diagram construction
conveni ence we note that the point (ct=y,x=py) corresponds to the
intersection determning the point ct'=1.

Note that light rays are 45 |ines on the M nkowski diagram because of
our scal e choice).

Alternatively, we can use an experinental result to calibrate the
time axis and then assune by symetry that the space axis calibrates
in the same manner. This experinent involves the decay of an

el enrentary particle called a nu-neson.

A mu-nmeson is a short-lived elenentary particle that is produced in
| arge nunbers at the top of the atnosphere when the atnosphere is
struck by a high-energy cosmc ray particle. Mi-nesons can al so be
produced in | arge nunbers at any accel erator |aboratory.

Experinentally, if the nu-nmesons are produced in the |aboratory at
rest (v=0), then they only live for a very short tine of about

7,=2x10°%sec = 2 microseconds = 2 ns = their lifetime at rest. Since we
have al ready decided that no object can have a speed greater than

c = 3x10°m/sec, the maxi mum di stance the nmu-nesons can travel during
their lifetinme before they decay into an electron and a neutrino is
about ct,=600m. In this calculation, we have explicitly assumed
absolute time, which says that the lifetine of a noving nmu-neson is
t he fanE as that of a nu-nmeson at rest (we now know this is not
true).

The first experinmental indication that absolute tine was a fal se
concept cane fromthese nu-nesons produced by cosmc rays. Since they
are produced at the top of the atnosphere and can only live to travel
a maxi nrum of 600 m and since the atnosphere is about 10,000 mthick,
no nu- mesons shoul d be observed on the ground (certainly only a snal
nunber conpared to the nunber at the top of the atnosphere).

Experimental |y, however, the nunber at the top is the sane as the
nunber at the bottom So sonething is extending the lifetinme of the
mu- Nesons.

In the | aboratory we can do this experinent with precision. The setup
is as shown bel ow
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mu-meson beam movable detector

detectors . A
source of mu-mesons \ R

O

velocity = v

- | >

gy L
=t ’

A beam of nmu-nesons a sent fromthe source to a novabl e detector a
di stance D away. Along the way two detectors a distance L apart
neasure the tine At it takes the nmu-nesons to travel the distance L.
This determines their velocity

L
V=—
At

| f absolute tinme were correct, then after a distance d=vr, all the
nmu- nesons shoul d decay and none should be seen in the novabl e

detector if D>d. The experinental result is that the nu-nesons
travel a maximum distance = vr where 7 is the lifetinme of the noving

mu- meson. The experinents found that tv=y7,= 7, . Aplot of this

| 2
V
e

result | ooks I|ike:

T

To

C
The lifetinme gets larger and |larger the closer the velocity
approaches the speed of light!!!!

If we let 7, = 1 tick of a clock(the clock vanishes after a single

tick!) and let the nu-neson travel with the prinmed observer, then
t hese experinental results are represented by the di agram bel ow
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ct (meters) A

mu-meson o
worldline , lifetime in rest frame

XI

2 ——
1
y =151 :;—— ------------
lifetime whenit =~ 1 T
is moving . 5075
| | E 1 1 \ _
| 1 |\ 1 1 } >
1 2 x (meters)
By =1.13

So we see that the calibration procedure using the invariance of the
spacetinme interval agrees with this experinmental result.

ct (meters) |
XI
2 —
y =151 -> 1 ;
14 s
1 B = 0.75
| | E ] ] ] h
| 1 I\ 1 1 I -
1 2 x (meters)
By =1.13
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Ceneral Spacetinme D agram Construction Procedure

ct'
ct (meters) A
B=0.75
—— XI
5 -
vy =151-----___ - !
[:’,y=1.13"‘-~~--__‘ ______________ E_---:
1 X V1
L1 By=113
—— : ’:{, /’. ’Y = 1.51
| E /, i"/ | f >
1 = 1 ' I -
1 2 X (meters)

As shown in the diagram above we carry out these steps:

1
2

NN

) Set up orthogonal (perpendi cular) x- and ct-axes .
) Choose identical scales for these axes (units(neters,

| i ght-seconds, light-years, etc) are chosen appropriate to the

probl em at hand)

(3) Locate the point (pBy,y) on these axes.

(4) Draw a line fromthe origin (0,0) through this point. That
X'-axis.

The point ( By,y) is the point (x'=1,ct'=0) so this calibrates the

axi s.

(5) Locate the point (y,By) on these axes.

(6) Draw a line fromthe origin (0,00 through this point. That
ct'-axi s.

The point (y,By) is the point (x'=0,ct'=1) so this calibrates the

axi s.

The diagramis just a visual representation of the Lorentz
transformation equations. It is a view of all spacetine (past,
present and future).

To see that it it agrees with the Lorentz transformations let us do

an exanpl e.

Suppose that pB=0.75. Then we have y =151 and py =1.13. The spaceti ne

di agram | ooks |i ke the figure above. Now consi der an event
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(x=20,ct=1.75). The Lorentz transformati ons say that the other observer
sees the event
X =y (X - fpct) =1.51(2.0- 0.75(1.75)) =1.04

ct' = y(ct - Axt) = 1.51(1.75 - 0.75(2.0)) = 0.38

This result is confirnmed by the di agram bel ow
A

Note that in order to find the prined coordinate val ues we nust draw
lines parallel to the prined-axes.

We now have a theory called Special Relativity. W can represent it
either by the Lorentz transformations, the invariance of the interval
or the M nkowski spacetinme diagram All representations of the theory
are equivalent. It was discovered by Al bert Einstein in 1905.

What is a theory? Atheory is a set of assunptions that

(1) agree with a set of known experinents (three in our case)
(2) lead to predictions (correct) for all new experinents

Newt on- Gal i | eo physics | asted over 250 years before any experi nment
was sophi sticated enough to show that it was invalid. Special
Rel ativity has now | asted 100 years.

It has been subjected to significantly nore experinents than was case

for the Newton-Galileo theory. These experinents are significantly
nmor e sophi sticated and nore precise al so.
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VWhat are the new predictions of the theory?

The Strange World of Special Relativity

Consi der the events labeled O A B, C D E F, and G on the
spaceti me di agram bel ow.

ct
2
Y
1
[y
D::::::::»x
By 1 ¥ 2

The corresponding intervals have the foll ow ng properties:

(AS)5p = C(ty — o) = (X4 — %) > 0 — a"timelike" interval

(AS)EO = CZ(tD - to)2 - (XD - XO)2 <0— a"SpaceIike" interval

(AS)%, = C¥(ts —t,)? = (X — Xo)? = 0— a"lightlike" or "null" interval
(AS)s = C*(tr —t5)? = (X — %) = =(Xe — X5)? — Fand G are smultaneousin (x,ct) frame
(AS)Z, = CP(te —tp)? = (Xe — Xp)? = C*(tz —t,)* — Fand G are at the same placein (x,ct) frame

Now we consi der these sane events fromthe viewpoint of the (x',ct')

frame. Look at the di agram bel ow where we have marked off all of the
coor di nat e val ues:
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Looking carefully at this diagramwe can draw the foll ow ng
concl usi ons:

[1] events that are sinultaneous in one frane are not
simul taneous in other franmes (see events F & § -

sinmultaneity is a relative concept
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[ 2] events occurring at the same place in one frane do not occur
at the same place in other franes (see events E & D)

[3] the time order of tinelike events (events with a tinelike
interval) does not change between frames (see events 0 & A)

[4] the time order of spacelike events (events with a spacelike
interval) can have their tinme order reversed (see events O &
B); inthe (x,ct) frame B occurs after O but in the (x,ct")
frame O occurs after B

[ 5] nunerical values of spatial separations and tine separations
are different in different franes

[6] note that the |ine x=ct, which represents a light ray
starting at the origin in the unprined frame is also the
l[ine xX'=ct', which represents a light ray starting at the
origin in the prined frane.

Light is the only physical object that
both observers see in identical fashion.

Let us consider in nore detail the reversal in tinme order of two
events.

This seens to be a very serious problens since it could possibly |ead
to a violation of the idea of causality. The concept of causality is
connected with the idea of cause and effect, i.e., that an event
shoul d not occur before its own cause, for exanple, a firecracker
shoul d not expl ode before we Iight the fusel

Suppose that we have two events in the (x,ct) frame with coordi nates
(x,ct) and (x,,ct,) and suppose, in addition, that

AX=(X-%)>0 , At=(t,-t)>0

so that event 2 cones after event 1 in the unprined frane. Then the
Lorentz transformations give the result (in the (x,ct') frame) that

At' = %(Ctlz _Ctll) = %(V (Ctz - ﬁxz) - }’(Ct1 - /3))(1)) = }’((tz - tl) - %(Xz - Xl))

=y (At —EAX)
C
It is easy to see that At can be negative, which neans that the tine
order of the two events is reversed, if the two events are rel ated
such that we have

M—EAX<0 or é§>£>c
C At B
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or the events nust be connected by a signal with v>c, which neans
that they are spaceli ke separat ed!

Now, for all tinmelike related pairs of events we have

AX
—<C

At
and thus we cannot reverse their tinme order.
It is inportant to note that it is only for tinelike related events
t hat can event #1 cause event #2 (since all signals nust have v<c).
Thus, all cause/effect related events cannot have their tinme order
reversed, preserving the idea of causality.

Special relativity is consistent wth causality w thout us having to
i npose the consistency!

On the other hand, all spacelike related pairs of events have

and thus, their tinme order mght be reversed in different franes.

Since they cannot be cause/effect related, this does not affect the
i dea of causality. It does, however, |lead to a nunber of strange
"par adoxes", as we shall discuss |ater

Anot her way to | ook at these ideas is via the concept of the |ight
cone.

Since the maxi num al | owed speed for any physical object is the speed
of light ¢, we can use the world lines of light emanating from an
event to delineate distinct regions of spacetine for any object
havi ng that event on its worldline.

Consi der the di agram bel ow
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ct 4 ct'

Elsewhere
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4 L o
3 L o
2 L
]-n-
} } $ } } 4
1 2 3 4 5 "

Suppose that you experience the event (that is, it is on your
wor |l dline) as indicated on the di agram above. Since neither you nor
any signals you send or receive can travel faster than the speed of
light and since the light ray worldlines containing this event are
45° lines as shown, the region | abeled "future"” represents all the
events that you can either experience or influence with a signal at a
later tinme(all events in this region are tinelike separated fromthe
event you experienced), the region |labeled "past” represents all the
events you coul d have experienced or that could have influenced
you(all events in this region are tinelike separated fromthe event
you experienced). The regions | abel ed "el sewhere" are such that you
can neither experience themnor influence themwth any signal (al
events in these regions are spacelike separated fromthe event you
experienced).

If we draw this picture in a 3-dinensional world (xVy,ct) then the
correspondi ng regions would | ook Iike:
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ct

o S This surface
R represents the
set of all light
SIS TN AT IR ray worldlines
e that can include
i the event indicated

and hence the name "light cone".

What has happened to your possible future while we have been
di scussing these |ight cones?

A

__.-- successive lightcones

--------- an event

__---your worldline

The event | abell ed above was in your possible future when you were
experiencing event #1, but is no longer in your possible future when
you are experiencing event #4. So be careful about wasting tinme doing
not hi ng!!
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