SpaceTi me Di agr ans

We consider two observers A and B. Cbserver B is noving away from
observer A with constant speed v (we consider only 1-di nensional

nmotion for sinplicity). This is represented by the spacetine diagram
shown bel ow.

ct

light

J p

We have al so included the worldline of a light beamthat started at
(0,0).

It is now clear why we choose the vertical axis to be ct rather than
just t - the world line of light is then always a 45° |line! W assune
t hat each observer carries their own clock. In More, the sanme result
i s obtained by choosing c=1.

As we shall see fromthe results of our derivation, each observer
wll need to determ ne the events on the worldline of the other
observer using only neasurenents available on their own worldline. W
will not be able to trust any information that is not recorded by
instrunments nmoving with us (on the sanme worldline). This means that
we nust figure out how A (or B) can neasure the (xct) values for an
event not on their own worldline.

Renmenber, what is true on ny own worldline, nanely, that the tine

i nterval between events that | experience(ny worldline passes through
them) is directly nmeasured by the clock that | carry and ny position
is constant (usually assuned to be zero).

The net hod we now develop is called the "radar" nethod.

Now consi der the di agram bel ow.
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bserver A assigns coordinates to the event P by bouncing a |ight
signal off of whatever is occurring at P. The light signal is sent

out at the event (O,ct) and received back at the event (O,ct,). Note the
i nportant fact that both of these events are on A's worldline. W

t hen have (using Ax=cAt for light )

(XP - O) = C(tP - tl) = C(tz - tP)
or
_ ct, + 1)

ct

i 2
which is the average of sending and receiving tines(mkes sense).
Then, substituting, we obtain

C(tz - t1)
Xe= =5

Thus, any observer (a particular worldline) can determ ne the

coordi nates of an event off that worldline by only using light, which
has constant speed, by assunption, for all observers and only
measuring tinme values on their own clock (clock is on sane

worl dline). | enphasize again that this is crucial..... we must only
use information about events we actually experience (that are on our
worl dline), otherwise we cannot be certain of their validity.

Special Relativity

We now use this procedure and our assunptions to derive a new theory
call ed Special Relativity (this was done by Einstein in 1905).

Consi der the experinents represented by the worldlines in the
spacetinme di agrans below. In each case, observers A and B are assuned
to be noving away fromeach other with speed v.
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In figure 1, two pul ses are sent fromAto B. In figure 2, two
pul ses(one is sent at t=0) are sent fromA to B and then B sends
each of them back to A

In figure 1, B's worldline is given by the equation
x=xo+vt=x0+\—éct (Bis at x, at t=0)
and in figure 2 Bs wrldline is given by the equation
v .
x=Ect (Bis at x=0 at t=0)

In both of these cases, we are assum ng the |light being sent out
consists of a series of pulses separated by a tinme T in the frane of
t he source (A) as shown bel ow.

T

e
For the first experinent, our assunptions say that the interval
bet ween reception of the two signals by B (according to a clock that
is traveling with B), is cT' and that this interval is proportional to
cT (see diagram) with the proportionality factor k that depends only
on the relative velocity between A and B, that is,

cT'=k(v)cT
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In the second experinent, we see two pul ses separated by T sent out
by A (the first when they are at same spacetine point) and received
by B separated by KT and then sent back to A and received separated
by Kk(KT).

We have used the fact that the physical |aws are independent of the
relative notion (assunption [1]), which requires that the
rel ati onship between A and B be reciprocal, so that, if Bemts tw
signal s separated by an interval cT (according to B's clock), then
A nmust receive themw th an interval kcT (according to A s clock).
Therefore the intervals go |ike

CT — kcT — k(kcT)
as shown in the diagram

Now Consi der the experinent bel ow

A
N\ light
> \ l b./ Ctop

P

al
a

/ ct1p

B

O
Here is what is happening in this diagram

(1) A and B synchronize their clocks to zero when their worldlines
cross at event O

(2) After a tinme T(according to A) A sends a light signal to P -
this is event a (ais on A's worldline).

(3) Breceives the light signal at event a'(a is on B's worldline)

(4) The signal is reflected back to A fromevent P.

(5) B receives the reflected signal at event b (b is on B's
wor | dl i ne) .

(6) Areceives the reflected signal at event b (b is on A's
wor | dl i ne).

For event P observer A says(using the radar nethod) that
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X, =Ct2A;t1A , ct, =Ct2A;t1A

and observer B says(using the radar nethod) that (sane experinent and
sanme equations for both A and B)

' = Ctzs +lg
2 i 2

It is clear, using Ax=cAt and AX =cAt' that
C(t,n —t.) =X, =c(t, —t;,) and c(t,; —t'c)=Xp=c(t's--1;)
or

ct,,=Ct, + X, and ct,z =ct', +X;
Ct,, = Ctp — Xo Cty =ct',—X,

Qur earlier experinmental results(figure 2) now inply that
ctg=kect, and ct,, =kct,;
as shown in the di agram bel ow

Fiy

| kecT

i.e., for observer B, the interval OP=kcT (according to B s cl ock)
and for observer A the interval Ob=k(kcT) (according to A s cl ock).
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Therefore, A has sent out a signal to event P at ct,=cT and received
it back at ct,, = kT

Putting everything together and doi ng sone al gebra we get

ct, — Xp
k
ct's =X p = K(Ctp — Xp)

o +Xp=

Furt her al gebra then gives(dropping the subscript P since there is
not hi ng speci al about that particular spacetine point) using the
val ue of k from assunption [3]

ct=y(ct-px) and X=y(x-pct)
wher e

v 1
=— d = |
Pee 4 7= p

These are the so-called Lorentz transformations. They allow the two
observers to relate their experinental results. They are

"transl ators” between experinments done in different frane noving
relative to each other with constant velocity in the common x(x')
direction.

W note that for relative notion in the x-direction (as above) the vy
and z coordi nates are unchanged,i.e.,

y=y , Z=2
So that we have the rel ations

ct=y(ct-px) , X=y(x-pct)

y=y . Z=2
W first note that as v—=0, k—1 which inplies no difference between
A and B (which is correct because they will then be at rest relative

to each other).

Note the m xing of space and tine so that neither is any |onger
i ndependent of the other. A very dramatic occurrence.

So the principle of relativity together with two experinmental results
allows us to derive these new relations which constitute basic
equations of the theory of special relativity.

This is the way theoretical physics works.

We take a m xture of general principles (things that no one can argue
wi th) and experinmental results and create a set of assunptions about
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the way the world works. W then derive the consequences of these
assunptions, in this case, the Lorentz Transfornations.

We then have a theory that agrees with our assunptions (we wll show
that shortly). If the theory represents a new paradigmin physics
then we should be able to nmake new predictions not related to our
assunptions that agree with all future experinents.

We can make the inmedi ate prediction that nothing can travel faster
than light. Look at the formof the y-factor. If it were possible for
v>c, then one observer could neasure two events separated by "real"
time and space intervals while a second observer woul d have to
nmeasure "imagi nary" intervals. Since this has never been observed to
happen, we can confidently predict that all objects nust have v<c so
that y is always real. This is corroborated by all known
experinents. .

Thi s encourages the theorist to proceed further and see what ot her
interesting features are | urking about.

Features of the Theory

Now t hat we are confident about our theory, let us work out sone
other features it predicts.

Suppose that we now have three observers A, B and C, such that
velocity of Brelative to Ais vg,>0 and velocity of Crelative to A
IS v,,>0 and velocity of Crelative to Bis vyg>0.

A then sends out two light signals, separated by interval cT
(according to A) that are received by both B and C (as shown in the
di agram bel ow) .

A

[/

We know from previous discussions that B thinks the interval between
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signals is kg,CT and Cthinks it is Kk.,CT, where

IC+ Vgy C+ Vcp

o k=S

\ C= Vg, V€= Vea

In a simlar manner, C could assune that the signals cane fromB and
not A and therefore would think the interval is kg(ksCT), where

kBA -

Ky = fC+Vca
BT 4
\“C_VCB

But these two results nust be identical (according to C) which neans

we mnmust have
kCACT = kCB(kBACT)
kCA = kCBkBA

This is the velocity addition formula. Converting to velocities we
have

Vo = Ves * Vea

CA — V.V
1+ CB"BA

CZ

This reduces back to the Newton-Galileo result for v<<c, as it nust,
i.e.,
Vea=V , Vg=V , Vg =U

_ Vg +Vea

Vea = — Veg + Vaa

VCBVBA

1+ =252
C

Vv=V+Uu—V=v-uU

Finally, if vz=c (Bis looking at a light signal) and v,,=u (B is
moving relative to A), then we find that

u+cC

uc
:I.+72
c

Vea Cc

and we have the prediction (or verification of our assunption) that
i f one observer neasures sonething noving with the speed of Iight c,
then all observers will also neasure its speed to be c.

In this new picture, space and tine nerge into a new 4-di nensi onal
cont i nuum

The nost inportant variables in any theory are those that are
unchanged for different observers. Such objects are called
i nvari ants.
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The speed of light is such an invariant.

Anot her invariant is the so-called spacetinme interval, which is
constructed as foll ows.

bservers A and B can i ndependently neasure the spacetinme coordi nates
for two events

Ob%rver A (CtAl’ XAl' yAl’ ZAl) and (CtAZ' XAZ' yA2’ ZAZ)
Ob%rver B : (CtBl’ XB].’ yBl’ ZBl) and (CtBZ’ XBZ’ yBZ’ ZBZ)

The Lorentz transformations relate these coordi nates by
Cloy = 7 (Cly = BXa) » Xer =V (Xaa = BCta) » Vo1 = Y » Zea = Zn
Clgy =¥ (Clay = BXpz) + Xaz =¥ (Xa2 = BClaz) » Yoo = Yao + Zgo = 2Zpy

Now t he spacetine interval for an observer, is defined in general for
any two events by

(As)® = ¢*(At)° - (AX)” - (Ay)* - (A2)*

It is then easy to show using the Lorentz transformations that the
correspondi ng spacetinme intervals for any two observer for the two
events above

(ASA)2 = Cz(tAz - tAl)2 - (XAZ - XA1)2 - (yAZ - yA1)2 - (ZAZ - ZAl)2

(ASB)2 = Cz(tsz - tBl)2 - (XBZ - XBl)2 - (ysz - yBl)2 - (232 - 251)2

are invariant, i.e.,
(As,)? = (As,)?

W will investigate the powerful consequences of this result shortly.

Let nme now present an alternative derivation (for the nore
mat hematically and phil osophically inclined) of special relativity
that illustrates the powerful nethods of theoretical physics.

We have the follow ng postul ates (postul ates < theory)

(1) Al the laws of nature (not just nechanics) nust be the sane
for all observers noving with constant velocity relative to
each ot her.

[If we were to wite “All the aws of nature nust be the
sane for all observers" (with no qualification about
speeds), then we could derive Ceneral Relativity(a nmuch
har der derivation)].
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This is the Principle of Relativity and restricts the form
of the laws in each franme.

(2) The speed of light is an invariant.

(3) The notion of a particle observed to be linear in one
inertial frame nmust be linear in all inertial franes.

X=X, +Vt—= X=X, 4V

This inplies that the Lorentz transformations nust be
linear. Qur inposition of the red shift experinment in the
first derivation is equivalent to this postul ate.

We now do a Gedanken or thought experinent.

We consider two franes K and K noving relative to each other with
speed v. At the instant that the two origins coincide, we set both
clocks to zero, i.e., their worldlines cross at the event

(x=0,ct=0) , (X=0,ct'=0)

and a light pulse is emtted. The equations that describe the
propagation of the light pul se (a sphere in space where r=ct and
r=ct' (note sanme c) nust be of the same formin each frane (Postul ate
1).

We t hen have
Ct’-x -y -Z2=As5"=0 inK
Ct?-x?-y*-2?=A8*°=0 inK'

We have explicitly used the second postulate at this point (same c).

These equations state that the vanishing of the spacetine interval
between two events in any inertial frane inplies the vanishing of the
i nterval between the sanme two events in any other inertial frane
However, we want to prove a nore powerful statenent, nanmely, that

A" =As? in general (not just when it is zero)!

We now use the third postulate. A general theoremfromthe
mat hemati cs of quadratic forns or a | ot of nessy al gebra then says
that, under the above conditions, these two quadratic forns

As and AsS? can be connected, at nost, by a proportionality factor
AS?=g(X,Y,zt,V)AS".

Now al | physical theories assune that for a free particle

(1) the laws of notion are independent of the choice of origin
for the coordinate system
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(2) the laws of notion are independent of the orientation of the
coordi nate system

(3) its velocity during any tine interval is the sane

These are rules that correspond to the statenent spacetine is
honogeneous.

This inplies that the proportionality factor can only depend on V,
i.e., As?=g(V)As

Physi ci sts al so assune that space is isotropic, which neans we cannot
have a dependence on the direction of V. Thus we have AS®=g(V)AS’
where v = the magni tude of V.

Now, if we transformfromK back to K we nust have the inverse
result As’=g(vV)As® since -V has the sane magnitude as V.

Putting these two results together we have g°=1—-g==+1 are the only
possibilities. g is a constant, but which one?

If we let v—=0 then the systens K and K becone identical and
hence g(0)=1 and since g is a constant, we nust have g(v) = +1.

We have thus proved that As’=As? in general

Once we have invariance of the spacetine interval and the linearity
of the transformation equations between franes it is straightforward
to derive the Lorentz transfornmations and all the other results
follow, which is what your textbook (More)does.

M nkowski Di agramns

We can visualize the Lorentz transformati on by superposing the (x',ct')
and (x,ct) planes into a common di agram cal |l ed a M nkowski or spacetine
di agram by foll ow ng these steps:

[ 1] Choose the (xct) axes to be perpendicul ar(we are always free to do
this for one set of axes).

[2] Calibrate these axes(arbitrary choice).

[3] Locate the x' and ct' axes within the framework of the (xct) axes.
The x' axis is the line ct'=0 and the ct' axis is the line x'=0.

Fromthe Lorentz transformations these lines correspond to the
equati ons:
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[ 4]

x'=y(x—/30t)=0—>ct=%Xect'—axis
ct'=y(ct-px)=0—ct=px— X -axis
Thus, the x'-axis is a straight line with slope % in the (xct)

pl ane and the ct'-axis is a straight line wwth slope g in the
(x,ct) plane as shown in the diagram below for the case f=3/4:

ct'
ct (meters) A
( ) slope = L -3 :
B :
5 T “\ E : XI
4 i ‘ STTEE RS fl
3 oo e
: slope =B = 3/4
2 T : !
14 L
] | i i ] p—
| | | | | -
1 2 3 4 5 X (meters)

Thus, we can only choose one set of axes as perpendicular!! W
have no choice for the second set of axes if we want themto
coexi st on the sane di agram!

Now we see why we had to nmake the correct choice about parall el
versus perpendi cular for determ ning the coordi nates of an event.
They give very different results for non-perpendicul ar axes.

Calibrate the prinmed axes using the invariance of the interval as
fol | ows:

Consi der two events, nanely (0,00 and (x.ct) such that
(AS)? = C*(At)* - (AX)* =ct* - x* = -1

For the second observer, these events are (0, 0) and (x', ct')
such t hat

(AS)* =C*(At')* = (AX)? =ct'?-x?=-1
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