Ceneral |deas about Spacetine
Definitions

An event intuitively neans sonething happening in a fairly limted
regi on of space and for a short duration in time. Mthematically, we
i dealize this concept to becone a point in space and an instant in
time. In the universe, as we understand it at this time, it requires
4 nunbers to specify an event, nanely, three nunbers to descri be
spatial position and one nunber to describe tinme. This is called

4-di nensi onal spacetine. W will nodify this [ater on

Everything that happens in the universe is either an event or a

coll ection of events. Events are independent of observers. The four
nunbers describing an event are not, as we shall see, independent of
observers.

Spacetinme is the collection of all possible events.
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ameteor hits the moon
Al Bloom gets ahaircut
How do we neasure the "coordi nates" of an event?

One nmethod is the so-called many-observer nodel. It works as foll ows:

(1) synchroni ze cl ocks ahead

(2) measure and | abel grid | ocations ahead

(3) observers nove clocks to grid |ocations (assune has no
ef fect on synchroni zati on)

(4) throw eraser into the air

(5) if eraser passes an observer’s | ocation then observer
records local tine

(6) collection of such "where and when" information --> set

of events representing notion being observed
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This "operational definition"” of each event is sinply one possible
prescription for assigning nunbers to the associ ated where and when
in a precise and reproduci bl e way.

For our purposes, we wll assune a two-di nensional spacetine

consi sting of one spatial dinmension and one tinme dinension. Al the
physics that we derive in this restricted universe is easily extended
to the real 4-dinensional universe.

A particular set of coordinate axes and associ ated scal es are chosen
i nsi de spacetine at our convenience and only so that we can relate
the events to nmeasured quantities in experinments, i.e., so that the
theorists can talk to the experinentalists.

We represent events using a spacetinme diagram (as shown below in the
2-di mensional case). Note that we use ct rather than t for the
vertical axis, where c is the speed of light (c=30x10°m/sec). This is

just a change in scale for the vertical axis and the reason for this
wi |l becone clear |ater.

parallel to x-axis

ct (meters) A ,
5 T . event (3,4)
y v
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line x=0 .____ 4 : _
T : __.-- parallel to ct-axis
3 T o
2T E
14 i
| | i | ] ha
’{ | | | | A | =
1 2 3 4 + 5 x (meters)
origin
line ct=0
Note this is a parallel Iine definition of coordi nate val ues rat her

than a perpendicul ar definition(they are different as we shall see).
The definition of the coordinate axes is given by

ct-axis is the line x=0 and x-axis is the line ct=0
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The vertical scale is really time but rescaled by the speed of |ight,
i.e.,
ct=1meter =t = L meter =

3 1 410° sec = 3:33 nanosecond = 3.33ns
3x10° meter /sec 3

Not e that your textbook uses a different schene for |abelling the
axes as shown bel ow

both t and x are neasured in seconds instead of neters

so t hat ct=1meter—>t=%x10‘83econd and x=1meter—>1=%x10‘gsecond as shown

c
bel ow.
t (seconds)
event (3 meters, 4 meters)
53 T
v
43 T o --
X108 3/3 T ;
213 T i
13 T
| ] i ] [l h—
’{ | | | | | =
1/3 2/3 33 4/3 5/3 x/ ¢ (seconds)
origin X108

| think it is better to use x and ct axes as we shall see. Since both
of these schenes are extensively used in physics it is best that you
t o under stand bot h.

A collection of related events is called a worldline. Sone exanples
of worldlines and other things are shown bel ow
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ct A

particle
at rest

P what is this event ?

particle moving towards
_.-~" negative x values
v = constant <0

particle moving towards
positive x values
v = constant > 0

ct

eraser -7
bouncing
off a wall

Y

eraser thrown
.- vertically

accelerating
particle

ct A

me wall

Y

line of constant time
/or line of simultaneity

’

4

_line of constant position
“~ or worldline of an object
at rest

[~

X
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Let us now di scuss these concepts in nore detail. W start with
t hings fromeveryday experience, which is sonething we hope that we
know sonet hi ng about! Consi der the di agram bel ow

ct A

______________________________ event #2
ct2 -’

al ------------- -q

Xl X2 X

The quantity At=t,-t is called the tine-separation or coordinate tine
bet ween the events and the quantity Ax=Xx,-x is called the spatial -
separation between the events.

Can we also say at this point that At = tine-interval between events
and Ax = di stance between events?

The answer is NO

We nust be very careful not to make any such assunptions when we
cannot prove the statenents; a good rule is -- if we do know
sonething is true, then we should not assune it!!

It is clear, however, that two events on the sane vertical |ine take
pl ace at the sanme position and two events on the sanme horizontal |ine
take place at the sane tine (they are sinultaneous).

In the diagram bel ow we have several objects all nmoving wth
di fferent speeds.
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ct A

. slowest __.--atrest
P
o still later
o later
backwards
- ® now
CAt
X

In all cases, during any interval the speed is v=%=1/slope.

Now | et us inmagine a car on a track an create a diagramto represent
the notion of the car. The di agram bel ow shows the worl dlines
corresponding to a car at rest and a car noving with constant speed
in the positive x-direction.

ct A
car
moving
_ car at rest
end #1 . end #2
X

Now | et us attenpt to neasure the length of the car. First we
consider the car at rest. The di agram bel ow represents nme wal king (in
your frame of reference) first to one end of the car and recording
its position(x) and then walking to the other end and recording the

position(x,). Were are you on this diagranf

You are the ct-axis in your own frane of reference!!
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- | —
#0 -
X
At event #0, | amstanding at rest and talking. | then wal k over to
one end of the car (event #1 =(x,ct)). | then walk over to the other
end of the car (event #2 =(x,ct,)). Aternatively, | could have del ayed

wal ki ng over to the other end of the car (event #1' =(x,,ct.)) and then
gone over to the other end (event #3 =(X,cCt,))

The length of the car is then L=x,-X or L=X-X=X,-X.

For a car at rest, the length nmeasurenent is the sane no matter how
long | delay (or whether | use event #2 or #3).

Notice how the car is just in spacetinme. W do not have to be
there!!. What is actually in spacetinme for the car? Look
carefully.... all of its past, all of its future --> everything about
the car is in spacetine!!!!

What is the difference if we use our nany-observer nodel ? Two
observers are |ocated at the ends of the car. They record the

| ocations and we then calculate the | ength. There are no gains wth
this approach for a car at rest!!

At this point we do not seemto have any problenms with a | ength
nmeasur enent .

Now consi der a noving car as show bel ow
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/ X
At event #0, | amstanding at rest and talking. | then walk over to
one end of the car (event #1 =(x,ct)). | then walk over to the other
end of the car (event #2 =(x,ct)). Aternatively, | could have wal ked

over nore slowy to the other end of the car (event #3 =(xct,)).

In this case, X =X,. |Is the length of the car L,=x,-% or
Lis =% =% > L,?

As can be seen fromthe diagram neither is the correct result L.

| s there an operational procedure that we can use to guarantee that
we w il always neasure the correct length (defined to be the length
nmeasured at rest)?

The diagramindicates the answer. If we neasure the |ocation of the

ends of the car at the same tinme (sinultaneously), nanmely, events #1
and #4, then we get the correct length L(or along any other |ine of

sinmul taneity).

O course, this is an inpossible nmeasurenent for a single observer,
but not for the nmany-observer nodel. W just have all observers cl ose
their eyes and when their clock alarns go off (all set to go off

si mul t aneously), then two of the observers will be |ocated at the
ends of the car (even if it is noving) and the length is the spatial
separation of their grid |ocations.

So we "define" a | ength neasurenent as

the spatial separation between the endpoints of
t he obj ect neasured sinmultaneously

Phi | osophers would not |let ne use the word "define" for this
"operational procedure”, but they are not here now to chall enge ne!
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A question: Have we just exchanged the unknown neani ng of "I ength"
for a new unknown "sinultaneity” ?

The answer is YES!

However, that is what operational procedures are all about and that
is why they differ from™"definitions".

W think, at this point, that we will be able to define simultaneity
unanbi guously and that is better than not knowi ng how to "neasure”
| engt h.

VWhat about tine intervals? Consider the two events shown bel ow

Y

The tinme-separation between events #1 and #2 is At=t, -t

Now ny worldline is the ct-axis. Can | measure this quantity?
Renmenber, | can only have confidence in neasuring instrunments that
are always on ny worldline(i.e., always with ne). The answer is NO.

, A
| can, however, neasure the quantity AT=(t2+§)—/tl+ﬁ)=At+—X wher e
c c c
AX=X,-X since that neasurenent can be made with a clock | am
carrying with nme on nmy worldline.

It is clear that AT>At. If | independently know the spati al
separation between the two events, then | could infer(calculate) the
ti me-separation, but this is not a neasurenent!

AT is the tine | "see" between the two events.

|s either of these the tinme interval? W just do not know
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We nust create an operational definition for the tine interval. This
is done as follows:

A my worldline(l am at rest)
_.~" (carrying a clock)

s if | draw the axes

® #2 #2

my worldline(l am moving)
(carrying a clock)

if you draw the axes

X

In both cases, the tinme interval is operationally defined as the
difference in ny clock readings, i.e., the clock and thus nme nust
have a worldline that passes through both events in order to define
the tine-interval between the events in an unanbi guous manner.

This prescription assunmes that nothing happens to a clock when it
noves that changes this result. W do not know that this is true.

Thus, to be safe, we "define”
time interval between two events = tine-separation
when clock is at rest and thus, the two events take
pl ace at the same position according to the observer
carrying the cl ock

as shown bel ow

- clock worldline

® #1
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The two events in this case are

event #1 = (x.ct)
event #2 = (x.ct,)

and the tinme interval or elapsed tinme between events is given by
t, - t,.

s this what you actually do? NO

You nove between events usually (changi ng your speed in the process)
and assune that this has no effect on the clock or you stay still and
infer the tinme interval by neasuring the tine that "see" between the
two events. As we shall see fromthe theory we are devel oping, this
is OK for the everyday world we live in but not in a world where

obj ects nove with | arge speeds.

We are assum ng that all of these nmeasurenent procedures are
obj ective. Suppose there is a rotten core in the apple of scientific

objectivity. Physics as we shall present it works .... it nakes
correct predictions. Does it matter if we are really being
subj ective, i.e., that our entire view of spacetine m ght be

dependent on human observation or that all neasurenents are
"relative". Just food for thought at this point. Mdre about this
| at er when we study quantum physics. "

So we now have operational definitions that allows a single observer
| ooki ng at the universe to describe events, neasure distances and
time intervals between events, and so on and report on what happened
in sone experinent.

Qur problem arises, however, when a second observer, who is noving
relative to the first observer, appears and also tries to describe
t he experinent using the sanme procedures.

Galilean Relativity

Central to any discussion of the relativity that prevail ed al ongsi de
Newt oni an (pre-Einstein) physics is the concept of absolute tine

Newt on and Gal il eo assuned that the passage of tine was the sane for
all observers no nmatter what they were doing. Thus if two observers
separately nmeasured the tinme interval between two events, then it was
assuned that At=t, -t =t,-t,=At.

Suppose that two observers are noving with respect to each other
(along a common x-direction) with relative speed u such that their
respective origins coincide at t=t=0. Then, at sone tine t |later we
m ght have the situation shown bel ow.
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We know from everyday experience that if observer O neasures a

velocity v and observer O neasures a velocity v for sone object, the
rel ati onshi p between these two neasured velocities is given by
V=v-u.

Now t o neasure the velocity(constant) of an object, each observer
nmust observe two events in its notion. Suppose that has occurred and
we have the neasured results for the two events:

#1— (x,ct) and (X,,ct';)
#2 = (x,,0t,) and (X,,ct,)

W then have

v = velocity measured by S _Xox  AX
t,-t, At

V = velocity measured by S _XpmXy AX
t,-t, At

Now t he absolute time concept says that At=At and this then inplies
t hat

V=v-u

AX  AX  AX
At At At
or

AX = AX — UAt

Now i f we choose the events representing the neasurenent of the
particle velocity to be

Event #1- (x=0,t = 0),(X = 0,t'= 0)

Event#2 - (x= x,t =1),(X = X ,t' =1)
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which is just a choice of origin values for space and tine
nmeasurenents (always all owed because physical phenonena are not
dependent on choice of origin), we then obtain the equations
ct'=ct
U\
x=x—ut=x—(—-d
\c/
or
CAl' = CAt

AX = AX — uAt = Ax — [ Heat
\c/

as the equations relating the two sets of observati ons.

This relationship is shown bel ow

————> U
object
— ut < — o> .
VARV
-~ o ——
o' ;
o !
— !

~ .

These are called the equations of the Galil ean transfornation.

They all ow two observers in frames of reference noving with constant
speed relative to each other to conpare their respective observations
under the assunption that Newtonian/ Galil ean physics is valid.

Galilean relativity was the basis of Newtonian physics until 1900.
You have a deep understanding of Galilean relativity ingrained within
your brain. If you did not, then you would not have survived to be
attending Swarthnore College. Galilean relativity accurately

descri bes the everyday world we live in.

The relative velocity formula is one of the signatures of the "ol d"
cl assi cal physics and the everyday worl d.

This is the "Ad Oiginal Wrld View' of 19th century physics circa
1900 .... a product of the finest m nds devel oped over several
centuries. Everyone was confortable with the theory. It was
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internally consistent. It worked amazingly well (agreed with al
experinments).

And then there was light.......... and Special Relativity
First, what went wong?

When neasured by an observer at rest relative to the experinent, the

speed of light is c¢=3.0x10° m/s=186,000mi/s, which is very |large
conpared to everyday speeds. Wat is the fastest we have | aunched any
obj ect?

Now i f you neasure that | can throw an object with a speed of 20m/s
when | amat rest relative to you, then what speed will you observe
me throwing it if I amrunning at a speed of 10m/s relative to you?

The Galilean velocity addition fornula tells us the answer is

20+10=30m/s

Suppose instead that | amat rest and throw the object at 20m/s and
you are running in the direction opposite to that of the noving
object(towards ne) at 10m/s. What speed will you neasure?

Again, the Galilean velocity addition formula tells us the answer
20+10=30m/s.

Finally, suppose instead that | amat rest and throw the object at
20m/s and you are running in the sane direction as the noving
obj ect (away fromnme) at 10m/s. What speed will you measure?

Again, the Galilean velocity addition fornmula tells us the answer
20-10=10m/s.

So it is clear that in our everyday experience with objects noving at
everyday speeds, that Galilean relativity works(or that classica
theory is valid). The observed speed of objects depends on the notion
of the source and observer of the object.

M chel son and Morley did an experinent of this sort with Iight. They

found that the speed of |ight was al ways neasured to be c=30x10°m/s
no matter what the source or observer of the |ight was doi ng!

Their experinents gave the result that:

the speed of light = constant = ¢
i ndependent of source or observer

This leads to a direct breakdown of Galilean relativity since
Galilean relativity says that for two observers in relative notion
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both | ooking at |ight we nust have c=c-u=c.

Clearly, a new theory was needed. A very careful experinent was
forcing us to make a paradigmshift in our theoretical understanding
of the world.

W will derive this new theory assum ng one general principle
[1] The Principle of Relativity

the | aws of physics are identical for al
observers in wuniformrelative notion

and the results of two experinments:

[2] The speed of light is a universal constant(c) independent of the
noti on of source or observer

and

[3] It has been experinentally observed that when a source of I|ight
and a detector of light are noving relative to each other wth a
speed v the wavel ength of the observed |ight changes with the
relati ve speed. The experinmental result is given by the formula
A =k(v)A, where

observed

A, = observed wavelengthwhen v=0 , k(v) = \/% , C=speed of light
v > 0 — source and observer moving away from each other

This is the famous galactic red shift observed by astronomers for
light received on the earth from di stant gal axi es novi ng away from
t he earth.

The wavel ength of the light is related to frequency and the period by
the formul a

M = c=% f = frequency, T = period

O her physicists mght derive these results with a smaller nunber of
assunptions. For clarity, however, at the |level we are working, the
derivations will be clearer if we use an extra experinental result.
Wth a lot nore work we could do the sane derivation |eaving out [3].

Revi ew of WAave Properties

Waves are periodic phenonena in space and tine. A sinusoidal wave
illustrates a typical wave ... but we really only need periodicity.

Page 15



wavelength N
— 2 —f

v phase difference
v =speed ——— frequency = - . ¢"‘ |‘_

Wavel engt h = di stance between |ike points

Frequency = tine for a point to repeat

Ampl i tude = maxi mum di spl acenent. Wave energy (intensity) is related
to square of anplitude. The energy content of a classical wave is

proportional to A* and is independent of frequency.

Exanpl e:
y = Acos(kx - wt)
_ : a)=2n’f=2—ﬂ
A T

2r 2r X t
= AcoS(— X - —t) = Acos2z(— - —
y S(;\ = ) fr(A T)

vV = wave speed = Af

Fix t — photograph of waveformin space — wavel ength
Fix x — oscillationin time — frequency or period

| nterference bet ween Waves

Consi der two waves(sane anplitude, sane frequency, sane wavel ength)
whi ch start out at the sane tinme and propagate in this room W
assunme that they travel over different paths and eventually arrive at
the sanme point say on a screen (we assune that the tinme of arrival is
t=0 for sinplicity). W then have two waves arriving at the sane
point wwth different anplitudes given by

y, = Acoskx, , Y, = Acoskx,
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The effect of the waves at this point is given by the sumof the wave
anplitudes(that is the way nature works).

y=yY, +V, = Acoskx, + Acoskx, = total anplitude

The quantity kx for each wave is called the phase.

We can visualize what happens at the point on the screen by | ooking
at a different experinent. Suppose that we have two waves both
traveling along the sane line with different starting points. The
two traveling waves and their sum |l ook |ike

X=X and Xx,=X+deta
we have
y, = Acoskx Yy, = Acosk(x + delta)

Y=Y, +Y, = Acoskx + Acosk(x + delta)

So if the waves are in phase (max to max and mn to mn), which neans
that they have travel ed the sane distance (deta=0) or

X =X, =X
y, = Acoskx , Y, = Acoskx
Yy, + Y, = 2Acoskx

In the same way, if the distances differ by an integral nunber of
wavel engt hs (deta=nA) we have

X=X, X =X+nA=X+2m/k

y, = Acoskx , Yy, = Acosk(x + 2an/K) = Acos(kx + 2an) = Acos(kx)

Yy, + Y, = 2Acoskx
and we get a large anplitude (brighter spot) in both cases.
But if the waves get out of phase (if the path lengths do not differ
by an integral nunber of wavel engths or zero) then we get smaller
total anplitudes and | ess bright spots.

In particular, if the path difference is exactly 1/2 wavel ength then
t he waves cancel, that is, we have

X=X, X2=X+%)&=X+Jr/k
y, = Acoskx , Yy, = Acosk(x + mr/k) = Acos(kx + i) = — Acos(kx)
Y1+Y,=0
When we add waves, it turns out to be just a sinple al gebraic sum of
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their anplitudes at each space-tinme point

This is called the principle of superposition.

As we shall see, this superposition principle will be a universal
principle and will dom nate nmuch of our |ater discussions of quantum
states(al though we will not call them waves...they will, however, be

conpl etely equival ent mat hemati cal objects)
I nterference types:

constructive phase difference = 0
peaks line up with peaks

destructive phase difference = 1/2 wavel ength
peaks line up with valleys

Mat hematically this | ooks Iike
y = Acoskx + Acosk(x + d)

= 2Acosk( X+ 9\ cosﬁ
\" 2772

d=)L—>k—2d=n—>cosk—2d=—1—>maximum

>

kd = kd .
d==— —==——c0S— = 0— minimum
2 2 2 2

Therefore, we can wite

C= % (for observer at rest wrt source)

C=C= ? (for observer moving wrt source)
T= Tobserver moving wrt source k(V)T = k(V)TO = k(V)TobserveraI rest wrt source

Here we have explicitly assunmed the result of experinment [2] and
experiment [3] in witing this fornula, nanely, that c¢ = speed of
light = constant for all observers and the red-shift relation between
time intervals. Using these results as our theoretical assunptions,
we can now derive special relativity.
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