Physics 6H Lab Experiment 4 Pol ari zati on Fal | 2004

As we saw in our readings (Boccio - Polarization), the electric field

vector E of plane el ectromagnetic waves lies in a plane perpendi cul ar
to the direction of propagation of the wave. If we choose the z-axis
as the direction of propagation, we can represent the electric field
vector as a 2-dinensional vector in the x-y plane. This neans that we
will only require two nunbers to describe the electric field. Since
the polarization state of the light is directly related to the
electric field vector, this neans that we can al so represent the

pol ari zati on states of the photons by 2-conponent colum vectors or
ket vectors of the form

ly) = (:ﬁx) where we assume the normalization condition (y|y)=1 (01)
y
Exanpl es
1
|X) = (O) — X — polarized photon(linear or plane polarization)
0 . . —
ly) = (1) — y — polarized photon(linear or plane polarization)
1 (1 , : :
IR) = E(I — Right circular - polarized photon (02)
1 (1 : .
IL) = —5( i) — Left circular — polarized photon
Ve -
1 /(1 . :
|45) = _5(1) — photon polarized at 45° to the x - axis
N

(linear or plane polarization)
We al so have

(X|x)=1=(y|y) and (x]y)=0={y|x)— orthonormal set
(03)
(RIRy=1=(L|L) and (R|L)=0=(L|R)— orthonormal set

Each of these two sets is a basis for the 2-di nensional vector space
of polarization states since any other state vector can be witten as
a linear conbination of them i.e.,

[w) = (w) =wx((1)) +wy(cl)) =X +w,)Y)

¥y
(04)
wx lnUx_il/)y 1 1/)><+i1/’y 1 wx_iIIJy wx+i¢
= =—7 — = R YIL
V) (w) o) ) R Y
We can find the conponents al ong the basis vectors using
(X[wr) = (XU X) + 9, [y) = 9 (XIX) + 9 (x]y) =y, (05)

(Ylw) = (Y, )+, |y) = 9, (Y[ + 9 (YY) = v,
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or

[w) =AXw) +[y)Xylw) (06)
and simlarly

[y) = R(Rly) +[L)L[w) (07)
Basically, we are illustrating exanples of a superposition principle

whi ch says that any arbitrary polarization state can be witten as a
superposition (linear conbination) of x- and y-polarization states or
equi valently, as a superposition of right- and left-circularly

pol ari zed states.

The action of a polarizer can be consider as a neasurenent. \Wat are
the operators representing such neasurenents? Clearly, the operators
for x- and y-polarizers are given by

10

0 0) : 6y=|y><y|=(g cl)) (08)

6, = (x| =
If light is polarized at an angle 6 fromthe x-axis, it is in the
state

(09)

cos6
|9>=cos€|x>+sin0|y>=( )

sind

The operator representing the polarizer at angle 6 is (in the x-y
basi s)
cos’6  sinfcosh

O, =16)(6] = 10
» =166 sinfcosh  sin’6 ) (10)

How Does the Pol ari zation State Vector Change in Physical Systens?

Up to now we have been considering devices such as pol aroi ds, which
are "go-nogo" devices. Some photons get through and sonme do not for
t hese devi ces depending on their polarization state.

We now consi der devices where all the photons get through no natter
what their polarization state is, but the device changes the incident
pol ari zation state in some way.

In particular, we consider the exanple of a "birefringent" crystal,
such as calcite. A calcite crystal has a preferred direction called
the optic axis. The crystal has a different index of refraction for
light polarized parallel to the optic axis than it has for |ight

pol ari zed perpendicular to the optic axis. W assune that the optic
axis is in the x-y plane and send a beam of photons in the
z-direction. Photons pol arized perpendicular to the optic axis are
called ordinary and are in the state |o) and photons pol ari zed
parallel to the optic axis are called extraordinary and are in the

state |e).

The set of states ﬂ@J@} forms an orthonormal basis and general photon
states interacting with a calcite crystal are witten as
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superpositions of these basis states.
This is an exanple of a general rule in quantum nechani cs.

If we are doing an experinment using a particular nmeasuring device
t hat neasures the observable Q, then we should use as the basis for

all states, the eigenvectors of Q. As we shall see, this requirenent
pushes us to ask the correct experinental questions (those that
guant um nmechani cs can answer). This particular basis is called the
honme space for the experinent.

Now, as we saw earlier, the phase of a |light wave with wavel ength A
as it propagates through a mediumin the z-direction is given by the
gquantity

p=e”
with (1)
_Zm_nhw
A c
where n = index of refraction, w=27v, v = frequency and ¢ = speed of

li ght .

Since the phase depends on the index of refraction, the effect of
passing through a calcite crystal is to change the rel ative phase of

the |o) and |e) conmponents meking up the superposition

W assune that the state of the photon entering the calcite crystal
is
|win> = |e><e|1/}in> + |0><O|wm> ( 12)

The two conponents have different indices of refraction n, and n,,
respectively .

| f the beam passes through a length ¢ of calcite, then the state upon

| eaving is given by inserting phase changes for each conponent and
remenbering that the conponent phases change differently.

0><O|wm> = UA(!|1:Uin> ( 13)

) = €18 el,) + €
wher e

ik,z

U, = €"%e)(e|+ €

z

0)(o| (14)

is a "time devel opnent” operator of some sort since ¢ = distance
traveled in a tine t.

We can represent an arbitrary photon polarization state in the x-y
basi s as

kﬂ=dw+mﬂW=&;) (15)

where a, b, and 6. 6 is called the relative phase between the
conponents. We al so have

(Wlp)=a"+b* =1 (16)
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As we saw above, linear polarization in direction 6 (wWwth respect to
x-direction)results when 6=0 and a=cosf# and b=sné

|6) = cosB|x) + sindy) cosd (17)
= + =
y (Qn@)
so that x-polarization corresponds to =0 and y-pol ari zation
corresponds to O=mx/2.
Left-circular polarization results when 6=-2/2 and a=»b
L= 50+ = (0 - i) =5 ) (18)
N2 N2 V2 \-i
Ri ght-circular polarization results when 6=x/2 and a=>b
R =S5 (% +e ) = () +ilv) = 5 (19)
J2 2 N2\

Al'l of these polarization states can be generated and mani pul at ed
with the use of optical conponents such as polarizers and retarders
constructed using optically active materials as we saw in the extra
probl ens.

Exanpl es
- 10 _
O, =|x><x|=( ) = Xx-pol ari zer

y-pol ari zer

cos’d  sinfcosh
snfcosf  sin’6

(59=|9><6|=( ) = polarizer at angle 6 (20)

- 1 0
OM4=(O e“’”z) = 1/4 - wave plate (a retarder)

(phase shift of #x/2 rad = 90°)

- 1 0
OM4=( e“”) = 1/2 - wave plate (a retarder)

- 1 0
OC=(O e“") = birefringent crystal (calcite)

where a depends on path |ength
in the crystal

These last three operators are in the {|o>,|e>} basi s.

Therefore, each optical conponent changes the polarization state by
rearrangi ng the conponent magni tudes (although vector Iength renains
= 1) and/or changing the relative phase of the conponents.

We consi der the experinental set-up described below. The figure bel ow
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shows the general experinental |ayout of the |ight source and
det ect or.

DMM
—
L.Iais;:jre « lens photadiode
[ QP

The light source is a laser diode in a holder with an attached | ens.
It produces light at a wavelength of 635 nm The (|aser-diode + |ens
+ pol ari zer) system as shown bel ow produces a pol ari zed beam of
roughly constant dianmeter and uniformintensity.

polarizer

::.Iaisne:jre + lans / photodiode

L P QP

—|
O

Rotate the polarizer to align the diode polarization(vertical) with
the pol arizer, as indicated by maxi mumintensity. The other hol ders
that you will be using are then set up between the first polarizer
and the phot odi ode.

The light detector is a photodiode. It is a sem conductor device
which is connected in series with a battery and a | arge resistor.
When light falls on the sem conductor it creates charge carriers in
the material, which then flow through the external circuit. By
measuring the voltage drop across the series resistor (wwth a Digita
Mul ti Meter), we can determne the current and infer the anount of
light incident on the detector. As with nost detectors in the optical
frequency range, the photodi ode cannot respond to the tinme variation
or phase of the input signal (individual photons), but only the
intensity (average nunber). The current output is therefore
proportional to the light intensity, which is given by absol ute
square of the final quantum anplitude (see cal cul ati ons below). W
will sinply take the nmeasured voltage as an estinmate of the |ight
intensity (this ignores a proportionality factor which is constant

t hroughout the experinents).

The DMW i s connected to the photodi ode out put and set to read
vol t age.
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Pl ease handle all the optics by the edges. Do not put optical
el enents on top of each other or slide them across the bench, as they
scratch easily.

Part 1 - The first exercise is to neasure the transm ssion of the
pol ari zed beam through a |linear polarizer as it is rotated about the
propagation direction (the beam axis).

We assune that the light exiting the doubl e holder set-up, which is
linearly polarized, is polarized in the x-direction (vertically up).
The y-direction is then out of the paper (or pointing to the right as
you | ook down the beam axis toward the photodi ode). The set-up is
shown in the figure bel ow.

polarizer polarizer —

L.Ials;:jre « lens / / photadiode

L P QP

We expect a maximum transm ssion when the polarizer axis is aligned
with the polarization of the beam (x-polarization). For a nore
guantitative analysis(simlar to that in the extra problens), we
assunme that the input beamis linearly polarized in the x-direction

so that the incident state is |x). The polarizer axis can be set at
any chosen angle 6 (as neasured clockwi se fromthe x-direction, that

is, the vertical). The operator representing the 6-oriented polarizer
i's given by

6, = 19)(6) -

(cosze sin@cos@) (21)

sinfcosf  sin’6

Therefore, the final state (after the #-oriented polarizer) is given
by
| final) = O,|x) = [8)(6]x) = |8)(cosO(x|x) + sind(y| x)) = cos|O)

or (22)

cos’d  sinfcosH) /1 cos’ 6 cosf
. . = . =cosf| . | =cos6|6)
sinf cosf sin“ 6 0 sinf cos sin@

|final>=f)6|x>=(
Therefore, the final intensity is proportional to
I,(final| final) = 1, cos’ 6(6|6) = I, cos’ O (23)
where |, is the intensity without the 6-oriented polarizer present.

This expression needs to be nultiplied by an additional factor T, to
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account for the extra absorption due to the thickness of the
pol ari zer.

output intensity = I(6)=1,T,cos’6 (24)

As expected, the transmtted intensity i s maxi num when the pol ari zer
is aligned with the input polarization (6=0) and m ni nrum when at
right angles to the input.

To check this relationship, put one of the rotatable polarizers in a
hol der and position it in the beamas in the above figure. Measure
the transmitted intensity as a function of rotation angle. You can
nmake a plot of the intensity versus angle, which should follow an
expression like

1(9) = Acos’(6 - B) + B (25)

The angul ar shift g accounts for possible msalignnent between the
pol ari zer axis and the input beamorientation, while B is a
background due to unpol arized transm ssion or stray room | i ght

i ncident on the photodiode. B will be small in this experinment since
we are using a 633 nmfilter on the phot odi ode.

Wth a couple of auxiliary nmeasurenments you can now conpl etely
characterize the polarizer. Note that |, is greater than A Use the
measured values to conmpute T,. Note that a significant fraction of the
i nput beam i s absorbed.

Part 2 - W have used the quantumtheory of photon polarization to
derive the above results which are confirned experinentally, An even
nmore striking denonstration of this can be done with two polarizers
configured as shown in the figure bel ow

DMM

polarizer polarizer polarizer

—
laser / / photodiode O
diode ™ lens

Q@

The pol arizer closest to the photodiode is oriented orthogonal to the
i nput polarization, that is, in y-direction so it is represented by

t he operator

0 O)

cA>y=|y><y|=(o L (26)

This means that the transmtted intensity would be zero w thout the
m ddl e pol arizer. Check this experinentally.

Let us assune that the first polarizer is now oriented at an angle 6
so that it is represented by the operator
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6, = 19)(6) -

(00520 sinBcosB) (27)

snfcosh  sin’0
The final state of the systemis then given by
| final) = éy(56|input> = éy(36|x>

0 0\/ cos’d sinOdcosH)/1
( ) | o¢ () (28)
0 1/\sinfcosé sin“ o 0

=(O O)( cos’ 0

=1 . = sinf cosH
01 sinecose) (sn@cos@) v)

As expected the final beamis polarized in the y-direction.

We can also derive this result in this manner

| final) = f)y69|input> - f)yf)e|x>

— (5)YDBNEDIX) =[3)y18)(61%) - sngossly) Y
Therefore the transmtted intensity is proportional to
(final | final) = Sin” 6 cos’ O(y|y) = sin’ f cos’ 6 (30)
or including all the absorption factors we have
output intensity = 1(6)=1,T*sin6cos’6 = Iogpz (1- cos46) (31)

Set up the apparatus by installing the second polarizer and rotating
it to get mninmumtransm ssion (w thout the first polarizer). Then
install the first polarizer and neasure the transmtted intensity as
you rotate it. Plot your data and fit it to the output intensity in
eq (31) after adding a background termand allowing for a shift in
angl e as before

1(0) = A(1-cos4(0 - ¢)) +C (32)

Can you explain why the maxi num transm ssion occurs at 45°?

Part 3 - If a A/4 retarder is illumnated with polarized |ight, the
energing beamw || usually be elliptically polarized (a=b). Crcular
pol ari zation(pure Left or Right) is a special case occurring when the
optic axis is at +45° to the input polarization and the retardation is
exactly 1/4 wavel ength. Qur light source operates at 635 nm The
retarder we will use in this part of the experinent is a 15"-order- A/4
plate for 633 nmlight.

As usual we assune the input beamis x-polarized. W then suppose

that the optical axis makes an angle 6 with respect to the
x-direction. W then have the orientati ons shown bel ow
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[0
6 [0
g

-

|3 =
so t hat

|o) = cosf|x) + sinb|y) and |€) = —sin6| ) + cosb|y)

or

|x) = cosB|o) - sinbe) and |y) = sin6|o) + cosb|e)

The experinental set-up is shown bel ow

DMM
polarizer /4 -d'«"-'ﬂ'“? polarizer
retarder O
laser / \ photadiode
dinde lens

[ h Q@

We then have the quantitative analysis shown bel ow

linput) = |x) = cos6|o) - sin6|e)

Al 1 0 n . (O
|after retarder) = O |input) = ( ¥ ) cose( -siné )
! 0 e 0 1

1 . 0 .
= cos@(o) -e" sinE)( 1) = cosh|o) - €7 sinf|e)

|after retarder) = cos6(cos6|x) + sind]y)) - e sind(-sing|x) + coso]y))

= (cos2 0 +e" sn? 0)| X) + cos@sine(l_ el )| y)

(33)

(34)

(35)

where we have renoved an overall phase factor so that the relative

phase change appears only on the |e) conponent.

Then, since the final polarizer is oriented in the y-direction,

have
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| final) =|y)(y|after retarder)
- |y>(cos2 0 +e'sin? 0)<y| X) +|y) cos@sin@(l— e )<y|y> (36)

= cosfsing(1-e™ )|y)
so that the transmtted intensity is proportional to

(final | final) = sin” 6 cos’ O]1.- e“V‘2<y|y> = %(1- cosy )sin? 260 (37)
or

1(6) = ol p(1 cosy)sin? 20 (38)

You can check this expression by nmounting the polarizer in the beam
and orienting it for mininmumtransm ssion. Then install the retarder
and observe the transmtted intensity as you rotate it. M ninmum
transm ssi on shoul d occur when the optic axis of the retarder is
paral |l el or perpendicular to the input polarization and maxi num
transm ssi on shoul d occur at =x45°. Conpl ete the nmeasurenent by
plotting intensity versus angle and doing a conmputer fit. Do you get
t he predicted angul ar dependence? After neasuring T and cosy you can
al so verify that the intensity is correctly given by the above
result.

Al t hough we cannot determine y by rotating the retarder, it can be
found by rotating the polarizer instead. Wth the polarizer axis

per pendi cul ar(y-direction) to the input polarization(x-direction),
rotate the retarder to get nmaxi mumtransm ssion. That sets the
retarder axis at =+45° to the input polarization and gives an out put
that is close to circular polarization as the retarder can produce
with the wavel ength used. If the polarizer is set at an angle ¢ with
respect to the x-direction, it the gives ¢-oriented conponent of the
retgrder out put, so after sone al gebra the polarizer output is found
to be

linput) = |x) = cos45°0) - S|n45°|e>——(|o> &)

|after retarder) = O |input) = %((1) eolv)((;) B (2))

1 /1 iy 1 0 1 iy 1
“Galol o o) =g 5 L
=i(_ 1 \_ -y 1 (_ 1
|after retarder) 2\ 2|X/+N/§|y>} 2\ N§|X/+ﬁ|y>/

Then, since the final polarizer is oriented in the ¢-direction, we
have
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[ final) = |g)(gafter retarder>=( cos’ ¢ sin¢cos¢)}(1+ e"Y)

singcosgp  sin‘g ) 2\1-e"

_E((1+e“y)cosz¢+(1—e“V)sin¢cos¢) (40)
-2\ @+e)singcosp + (1- €7)sin?¢
1 coS¢(CoSg + Sing) + €7 cos¢(cosg — Sing)
- 2( sing(cosg + Sing) + €7 sing(cosg — sinqb))
so that the transmtted intensity is proportional to
o 1/|cosp(cosg +sing) + e cos¢(cos¢—sin¢)‘2 \
(final | final) = = _ ,
+[sing(cosg +sing) + & sing(cose - sing)
) ycos2 P(cosg + Sing)” + cos’ p(cos¢ — sing)?)
B 4L + 2008’ ¢(CoS’ ¢ — Sin’ ¢) cosy
1 (sin® ¢(cos¢ + sing)? + sin® g(cosg — sing)?)
+— . . (41)
4L +2sin” ¢(cos” ¢ — Sin® ¢) cosy
= %(Zcosqu +2sin’ ¢ + 2(cos’ ¢ — sin® ¢)c05y)
- %(1+ COSy COS2¢)
or
[(¢) = @(h COSy C0S2¢) (42)

To conpl ete the characterization of the retarder plate you can now
measure the transmi ssion as the polarizer is rotated and fit the data
to the result in eq (42) to deduce a value for cosy.

For the retarder we are using the phase of the e and o parts of the
beam differ in phase by 15x90° (in a true quarter-wave plate the phase
di fference would be 90° as in eq (20)).

For 635 nm|ight we should observe a value of y given appoxi mately by

AL 2
=90°-(2m+1)* (180°)* — = 90° - (2(15) + 1) * (180°) * —
Y (+)())L (()+)()633
=90°-18°=72°
Do you get the expected value of y?

| f you also neasure T for the retarder alone, then you can verify the
overall intensity is correctly by the last two [(f) results.

REPORT

Your report should include a discussion of your observations, along
with answers to the questions in the text and the required plots.
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