Physi cs 6H Quantum Extra Probl ens

EP-1. Balls in a Box - Suppose the box contains N=50 balls, each
bearing an integer between 1 and 8; Letting n,_ be the nunber of balls

showi ng the value v, =k, suppose that
n=3,n,=2,n,=5,n=8,n=13,n,=9,n,=6,n,=4

use the probability concepts we have devel oped to cal cul ate the
probability that the nunbers found on two random sanplings will sum
to 6. [answer = 135/2500]

EP-2. More Balls in a Box - Consider the collection of nunbered balls
described in EP-1.

(a) Calculate (v) and Av [answer: (v)= 4.94 and Av=1. 8]

(b) Sketch a "frequency bar-graph"” of the expected results of M=100
sanplings [i.e., lay out the values v, on the horizontal axis, and
construct vertical "bars" to indicate the nunber of tinmes each
v.-val ue shoul d be obtained]. Show on the graph by neans of a vertical

line the value (v). Also, draw a horizontal line of length 2Av in such
a way that it indicates roughly the "spread" or "dispersion" of
v-val ues about (v).

EP-3. Playing Cards - Two cards are drawn at random from a shuffl ed
deck and |l aid aside w thout being exam ned. Then a third card is
drawn. Show that the probability that the third card is a spade is
1/4 just as it was for the first card. H NT: Consider all the
(mutual |y exclusive) possibilities (two di scarded cards spades, third
card spade or not spade, etc).

EP-4. Birthdays - What is the probability that you and a friend have
different birthdays? (for sinplicity let a year have 365 days). Wat
is the probability that three people have different birthdays? Show
that the probability that n people have n different birthdays is

(o N 20N -3 (=1
p_\l 365/\1 365/\1 365/ \1 365/

Estimate this for n<<365 by cal culating /n(p) (use the fact that
/mA+x)=x for x<<1). Find the smallest integer n for which p<1/2.

Hence show that for a group of 23 people or nore, the probability is
greater than 1/2 that two of them have the sane birthday.

EP-5. Bayes - Suppose that you have 3 nickels and 4 dines in your
right pocket and 2 nickels and a quarter in your |eft pocket. You
pi ck a pocket at randomand fromit select a coin at random If it is
a nickel, what is the probability that it came fromyour right
pocket ? Use Baye's fornul a.

EP-6. |s There Life?

The number of stars in our galaxy is about N=10". Assune that the
probability that a star has planets is p=107, the probability that
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the conditions on the planet are suitable for life is =107, and the

probability of life evolving, given suitable conditions, is r=107.
These nunbers are rather arbitrary.

(a) What is the probability of Iife existing in an arbitrary sol ar
system (a star and planets, if any)?

(b) What is the probability that Iife exists in at |east one solar
syst enf

NOTE: A naive argunent against a purely natural origin of life is
soneti mes based on the small ness of the probability (a), whereas it
is the probability (b) that is rel evant!

EP-7. Law of Large Nunbers
This problemillustrates the |aw of |arge nunbers (use IDL).

(a) Assuming the probability of obtaining "heads" in a coin toss is
0.5, conpare the probability of obtaining "heads" in 5 out of 10
tosses with the probability of obtaining "heads" in 50 out of 100
t osses.

(b) For a set of 10 tosses and for a set of 100 tosses, calculate the
probability that the fraction of "heads" will be between 0.445
and 0. 555.

EP-8. Conpl ex Nunbers - Prove the follow ng properties of conpl ex
nunbers:

z2+7 z-7
(a) Rez= > , Imz=

(b) zis a pure real nunber if and only if Z =z and
zis a pure imaginary number if and only if Z =-z

(c)
Z' =z
(z+2) =72 +%
(zz) =27

(d) |4 =(Re2)* +(Im2)®

() [4=|Rezand|z=[ImZ

(1) la+2z|=[z]+z]

EP-9. Conpl ex Exponentials - Prove the follow ng rel ations:

(a) (eikx)* _ gk
(b) ghixgikex _ gtk ko)
(¢c) b”f=1

(d) ieikx = ike™
dx

ikx _likx
(e) fe dx-ike +C
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EP-10. Conpl ex Expressions - Evaluate the follow ng expressions with
your final answers in the form z=a+hi.

(a) z=(2+3)°

(b) z=g"®
(c) z=1i'
1
(d) =T
(e) z=sin<%+i£n(2))
(f) z=(+i)

EP-10a. Series - Wite the first five terns in a series expression
for the foll ow ng:

eX
(a) 1«
sinw/x
() VX
(c) /n(l+x)
(d) sin(/n(1+ x))

EP- 10b. ODEs - Find solutions to the foll ow ng ODEs:
d
(a) Y=-12y , y@d-1

dt
d2 d d

(b) d—xi’- d—i—48y=0 , y(0)=0,d—i(0)=7
2

(¢) Yi1ey-0 , y0-2,Y(0)-8
dx dx

Rewrite the answer to (c) in ternms of sines and cosines.

EP-11. Vectors - A vector 3 inches long points due west. Wat is its
projection on the axis that points:

(a) due west

(b) due east

(c) due north

(d) straight up

(e) half-way between straight up and due west
(f) bhalf-way between due east and due north

(g) half-way between straight up and due north.

EP-12. More Vectors - Gven two vectors

A=78 +68 -138, , B=-28 +166 +4¢

—

(a) Deternmine A+B
(b) Determine A-B

(c) Determine a unit vector in the same direction as A

EP-13. Bases - Gven two vectors A=7§+68 , B=-28+168 witten in
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the {e,6} basis set and given another basis set

. 1. 3. . J3. 1.
€ =—€+— , € =—-——€6+—=
1T 5%% P 2 at5%

(a) Show that €& and & are orthonormal

(b) Draw a diagram showing §, &, A and B.

(c) Determine the new conponents of A and B in the {§,&} basis set

EP-14. More Vectors - For the points A(3,1,1), B(4,2,0) and C(0, 4, 3)
answer the follow ng questions where O denotes the origin

(a) Deternmine vectors Q (Ato B), P (B to C) and R (O to A)
(b) What is the distance from A to B?

(c) What is the angle between the vectors Q and P

EP-15. Brackets - Prove that

(V|W) = (W|V) (equation (02_37)

1
EP-16. Soft State - Prove |mﬁ)=|s>=%|g>—%|m}=%(_l)

EP-17. Operators Acting - Gven two operators

A 1 2 ~ 10 4
Ol=(3 6) and OZ=(_5 _2)
and two vectors
3 2
|X) = and |Y)=
-1 4

Deternmine Q/X), OlX), QJY), and O,Y)

EP-18. Ei genvectors - Here is an operator and four vectors

o33+ (3 18- 0[] =[]

Whi ch of the four vectors are eigenvectors of the operator O and what
are their eigenval ues?

EP-19. Col or Operator - If we know what an operator does, then we can

construct it. Let us do this for the color operator. W work in the
har dness basi s:

1 0 , A 1 0
|hard>=|h>=(o) and |soft>=|s>=(1) wi th hardness oper at or Q=(O 1)

Using this basis, the color states are given by
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e -0- 53 o - ()

Al we need to renenber in order to construct the col or operator is
how it acts on the color states

OJlg)=|g) and OJm)=-|m)

Wite out these last two equations treating the four elenents of the
col or operator as unknowns. You should get four equations that allow
you to calculate the four elements of the color operator. Do you get
the sane operator as in the textbook?

EP-20. Linear Functional - W call |y) a ket-vector (state) and (y|
its dual vector or bra-vector (state). Technically the dual vector is

a linear functional, that is, a new mathemati cal object which has the
property of turning ket-vectors into nunbers (conplex). An
"operational"” way to define the |inear functional or bra-vector is as
fol | ows.

In a 2-di mensional vector space, if |y)=all)+al2), where (]1),/2)) form an
orthonornal basis, then (y|=a1+a,2]. It then acts on a ket-vector to

produce a scal ar. Show that qﬂw = laf* +[a,|".

EP-21. Probabilities - W stated that if a particle is in the state
|w> and you neasure its color, for exanple, the outcone of the

measurenment is either |green) with probability |<g|1/;>|2 or |magenta) with
probabi lity Knﬂwﬂz. Let us try this out on a few states.

What are the possible outcones and with what probability do they
occur if the color is nmeasured of a particle in

(a) the state |hard)
(b) the state |soft)

(c) the state WO=;J%HEde+%hDﬁ> (use the (hard,soft) basis for the
cal cul ation).

EP-22. Bases and Matrices - Suppose we have an orthonormal set of
basis vectors [1),]2), and |3)

(a) Express the orthonormality using scal ar products between the
basi s vectors.

A

Suppose we have sone operator G with the follow ng properties
with respect to this basis set

G1)=21) - 42) + 73)

G2)=-21)+33)

G|3) =111) + 2/2) - 6/3)
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(b) Wite out the matrix representing the operator G in the {1),[2),3)}
basi s.

EP-23. Ei genvectors - Find the eigenval ues and ei genvectors of the

oper at or
A 0 2
O-=
(2 3)

EP-24. Spectral Deconposition - Suppose an operator K has the
foll ow ng ei genvectors and ei genval ues

K|1) = 2/1)
K|2)=32)
K|3) = —6/3)

A

(a) Wite an expression for K in ternms of its eigenval ues and
ei genvectors (projection operators). Use this expression to

derive the matrix representing K in the {1,2),3)} basis.

(b) What is the expectation val ue of K in the state

1
@) = g (-3 +52)+ 73)

EP-25. Multiply Matrices

(a) Multiply the two matrices

(1 5 4 (6
A=L7 2 w , é=L5 5 —J
9 2 3 3 5 1

(b) Determ ne the conmutat or [A,é

—_—

EP-26. Matrix Properties

~ (0 1 ~ (1 2
B= C=
ho Ly

(a) Show t hat C=1+2B
(b) Show t hat [B,c]=o

(c) Find the eigenvectors and ei genval ues of B and C
EP-27. Measurenment Results - Gven particles in state

|a>=\%(—3{1}+5|2>+7|3}) where {[1),2)/3)} forman orthonormal basis, what

are the possible experinental results for a measurenent of Y and with
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A

what probabilities do they occur is the operator Y is (in this basis)

EP-28. Ei genval ue and Ei genvectors

Find the eigenval ues and normalized eigenvectors of the matrix
(1 2 4
A=|2 3 0
5 0 3
Are the eigenvectors orthogonal ? Conment on this.

EP-29. Orthogonal Basis Vectors

Comput e the eigenvectors of the matrix operator

(10 1
A=L020J
10 1

Construct an orthonormal basis set fromthe eigenvectors of this
oper at or .

EP-30. Expectation val ues

6 -2
Let = l

-2 9
state vector(with [a°+[b=1). Calculate (R’) in two ways:

a
] represent an observable, and |1P>=[bl be an arbitrary

(a) Evaluate (R’)=(¥|R|¥) directly.

(b) Find the eigenval ues and ei genvectors of R, R|rn>=rn|rn>,n=12 :
Expand the state vector as a |linear conbination of the
ei genvectors |¥)=c|r)+c,r,) and eval uate <R2>=r12|q|2+r22|02|2. Do these
results agree with the general results we derived earlier?

EP- 31 Bases and Probabilities

The initial state |1Pinn> of a quantum systemis given in an orthonornal
basi s consisting of the three states |a),|) and |y) by the conponents

[ 2
<a|wmit> = Nl_g ) </3|1/Jinit> = \E v\ |1/Jinit> =0

Cal cul ate the probability of finding the systemin the state ‘wm>
whi ch has the conponents
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i </3\wm>='ﬁ | \y‘w“”m>=&

=

(ot v =

&

in the sanme basis.

EP-32. Projection QOperator Representation

Let the states ﬂDJZN&} forman orthonornmal basis. W consider the

operator given by P, =|2)2]. What is the matrix representation of this
operator? Wat are its eigenval ues and ei genvectors. For the

iﬁg@qn+aa+ﬂ$) what is the result of @Aﬂ

EP-33. Operator Al gebra

arbitrary state |A)=

An operator for a two-state systemis given by
H = a(|1)(1 - 2)(2] + |1)(2] + |2)(1])

where a is a nunber. Find the eigenval ues and the correspondi ng
ei genkets (linear conbinations of |1) and |2), which are eigenkets).

EP-34. Spectral Deconposition

Find the eigenval ues and ei genvectors of the matrix
010
M=|1 0 1
010

Construct the correspondi ng projection operators, and verify that the
matri x can be witten in terns of its eigenval ues and ei genvectors.
This is the spectral deconposition for this matrix.

EP-35. Powers - Suppose that we have sone operator Q such t hat
Qa)=dlg) i.e., |g) is an eigenvector of Q with eigenvalue q.

(a) Show that |g) is also an eigenvector of the operators QZ,Q” and e°
(b) What are the correspondi ng ei genval ues?

EP- 36. Ei genket properties

Consi der a 3-di mensional ket space. If a certain set of orthonornal
kets, say [1), |2), and |3), are used as the basis kets, the operators A
and B are represented by

(a 0 0) (b 0 0)
A—>Lo _a oJ , é—>to 0 —ibJ
0 0 - 0 ib 0

where a and b are both real nunbers.
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(a) Qoviously A exhibits a degenerate spectrum Does B al so exhibit
a degenerate spectrun?

(b) Show that A and B commute.
(c) Find a new set of orthonormal kets which are sinultaneous

ei genkets of both A and B. Specify the ei genkets of A and B.
Does your specification of eigenvalues conpletely characterize
each ei genket?

EP-37. Hardness World - Let us define a state using the hardness
basis (|h)|s))
|A) = cosf|h) + €¢ sing|s)

where 6 and ¢ are constants.

(a) Is this state normalized? Show your worKk.

(b) Find the state |B) that is orthogonal to |A). Make sure |B) is
normal i zed.

(c) Express |h) and |s) in the (|A)|B)) basis.
(d) What are the possible outcones of a hardness neasurenent on state
|A) and with what probability will each occur?

(e) Express the hardness operator in the (|A)|B)) basis.

EP-38. Angul ar Monentum - \When we neasure the angul ar nonment um of
sone atons along a given direction in space (see Stern-Cerlach

di scussions), say the z-axis, we get three values (%0,-%).

(a) Construct an operator for angular nonentumin the z-direction
(call it O_) using the nost sinple basis states that are
ei genstates of this operator

When we neasure the magni tude squared of the angul ar noment um of

t hese same atons, we always get #°. Al so, measurenents of the
z- conponent and magni tude squared can be done in any order and the
results are the sane.

(b) Construct an operator for the magnitude squared of the angul ar
momentum (call it O,) using the sane basis states you used for

0, .

z

(c) I'n this basis, the operator for the x-conponent of angul ar
nonmentum i s

(0 1 0

6 =1 01

©N2
010

Are the eigenstates of Ciz al so ei genstates of Cix?

A

(d) Do éLZ and O _ commte?
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(e) What can you say about successive neasurenents of the
z- and x-conponents of the angul ar nmonent unf

EP-39. Angul ar Monment um Ei genvectors - Using the eigenstates of the
O_ operator found in Problem 38 as the basis states, find the

ei genval ues and ei genvectors of the O_ operator.

EP-40. Atons and Angul ar Monmentum - Consider an atomin the foll ow ng
state

v)- (D +22)+313)

where |1) is the eigenstate of ég with eigenvalue 7, |2) is the

ei genstate of 6g with eigenvalue 0 and |3) is the eigenstate of CL
wi th eigenval ue -n.

(a) If the z-conmponent of angular nomentumis neasured for an atomin
the state |p), what are the possible results and with what
probabilities do they occur?

(b) I'f the x-conmponent of angular nonentumis neasured for an atomin
the state |p), what are the possible results and with what
probabilities do they occur?

EP-41. Optical Elenents - Suppose three optical elenents can be
represented by the following three operators in the (|x)|y)) basis.

- 1 0 A 1/1 i A 0 1
O, /4= (O —i) Ocp = E(—i 1) O,/, = (1 0)

(a) What is the probability of a photon in state [45°) getting through
the el enent represented by 6§M and what state will it be inif it
does?

(b) What is the probability of a photon in state |0°) getting through
the el enment represented by O, and what state will it be inif it
does?

(c) Wiat is the probability of a photon in state |135°) getting through
the el enent represented by éam and what state will it be inif it
does?

EP-42. Polaroids - Inmagine a situation in which a photon in the |x)

state strikes a vertical polaroid. Clearly the probability of the
photon getting through the vertical polaroid is 0. Now consider the

case of two polaroids with the photon in the |x) state striking a
polaroid at 45° and then striking a vertical polaroid.

(a) Show that the probability of the photon getting through both
pol aroids is 1/4.
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Consi der now the case of three polaroids with the photon in the |x)

state striking a polaroid at 30° first, then a polaroid at 60° and
finally a vertical polaroid.

(b) Show that the probability of the photon getting through all three
pol aroids is 27/ 64.

EP-43. Change the Basis - In examning |light polarization, we have
been working in the (|x)|y) basis.

(a) Just to show how easy it is to work in other bases, express |x)
and |y) in the (R),/L)) and (]45°),/135°)) bases.

(b) If you are working in the (|R)|L)) basis, what woul d the operator
representing a vertical polaroid | ook |ike?

EP-44. Calcite - A photon is polarized at an angle 6 to the optic

axis is sent in the z direction through a slab of calcite 10°cm thick
inthe z direction. Assune that the optic axis lies in the x-y

pl ane. Cal culate, as a function of 6, the transition probability for
the photon to energe left circularly polarized. Sketch the result.

Let the frequency of the light be given by chv=EDOOA,and let n,=150
and n,=165for the calcite.

EP-45. Make a Filter - Using calcite and polaroid, devise a filter

that will pass |light of frequency ¢/ @ = 5000A only if it is right
circularly polarized. Use the sane calcite paraneters as in the
previ ous probl em

EP-46. No Change - What is the condition on the length of a slab of
calcite, for frequency w, such that {wa is always, to within a phase

factor, the same as |y,) ?

EP-47. Turpentine - Turpentine is an "optically active" substance. |If
we send plane polarized light into turpentine then it energes with
its plane of polarization rotated. Specifically, turpentine induces a
| eft-hand rotation of about 5° per cmof turpentine that the |ight
traverses. Wite down the transition matrix that relates the incident
pol ari zation state to the energent polarization state. Show that this
matrix is unitary. Wiy is that inportant? Find its eigenvectors and
ei genval ues, as a function of the Iength of turpentine traversed.

EP-48. Unpol ari zed Light - Unpolarized light traveling in the z
direction is sent through a block of calcite whose optic axis lies
in the x-y plane. What is the effect of the calcite on the

pol ari zati on properties of the bean? What will turpentine do to an
unpol ari zed beam ?

EP-49. What QM is all about - Photons polarized at 30° to the x-axis
are sent through a y-polaroid. An attenpt is nmade to determ ne how
frequently the photons that pass through the polaroid, pass through
as "right circularly polarized photons" and how frequently they pass
through as "left circularly polarized photons". This attenpt is made

Page 11



as foll ows:

First, a prismthat passes only right circularly polarized light is

pl aced between the source of the 30° polarized photons and the
y-polaroid, and it is determ ned how frequently the 30° photons pass

t hrough the y-polaroid. Then this experinent is repeated with a prism
that passes only left circularly pol arized photons instead of the one
t hat passes only right.

Show by explicit calculation that the sumof the probabilities for
passi ng through the y-polaroid neasured in these two experinents is
different fromthe probability that one would neasure if there were
no prismin the path of the photon and only the y-pol aroid.

Rel ate this experinent to the two-slit diffraction experinent.

EP-50. More Optical Operators - Look again at the three operator in
Probl em 41. The solution to that problem shows that in part (a)

i ncom ng |45°) photons cone out as |L) photons with probability 1, that
in part (b) incom ng |0°) photons were changed to |L) photons wth

probability 1/2, and in part (c) [135°) photons conme out as |-135°)

photons with probability 1. But if these operators represent
nmeasurenents, then we can calculate the probabilities by sinply
findi ng nodul us-squared of the bra-ket of the output state and the

i nput state. This works for parts (b) and (c), but not for part (a).
Therefore, the operator in part (a) nmust not represent a neasurenent,
whi ch nakes sense since it is the only one of the three that is not
Hermitian. Below are three nore operators.

N 1/1 D N 1/1+i 1-i N 1/1 -i
45'2(1 1) “4‘2(14 1+i) CP'z(i 1)
Whi ch ones are Hermtian? Wat is the output state for incom ng

photons in the |y) state and what is the probability that one of these
photons will get through?

EP-51. Photons and pol arizers

A photon pol arization state for a photon propagating in the
z-direction is given by

|1/J> ﬁ|x/+\f|y>

(a) What is the probabillty that a photon in this state will pass
through a polaroid with its transm ssion axis oriented in the
y-direction?

(b) What is the probability that a photon in this state will pass
through a polaroid with its transm ssion axis y' making an angle
¢ with the y-axis ?

(c) A beamcarrying N photons per second, each in the state Wﬁ , IS

totally absorbed by a black disk with its normal to the surface
in the z-direction. How large is the torque exerted on the disk?
In which direction does the disk rotate? REM NDER The photon

states |R) and |L) each carry a unit 7 of angular nonentum parall el
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and antiparallel, respectively, to the direction of propagation
of the photon.

EP-52. Quarter-wave plate

A beam of linearly polarized light is incident on a quarter-wave

pl ate (changes relative phase by 90°) with its direction of

pol ari zation oriented at 30° to the optic axis. Subsequently, the beam
is absorbed by a black disk. Determne the rate angul ar nonentumis
transferred to the disk, assum ng the beam carries N photons per
second.

EP-53. What is happeni ng?

A system of N ideal linear polarizers is arranged in sequence. The
transm ssion axis of the first polarizer nakes an angle ¢/N with the
y-axis. The transm ssion axis of every other polarizer nmakes an angle
¢/N with respect to the axis of the preceding polarizer. Thus, the
transm ssion axis of the final polarizer nakes an angle ¢ with the
y-axis. A beam of y-polarized photons is incident on the first

pol ari zer.

(a) What is the probability that an incident photon is transmtted by
the array?
(b) Evaluate the probability of transmssion inthe limt of large N

(c) Consider the special case with the angle ¢=90°. Explain why your
result is not in conflict with the fact that (x|y)=0.

EP-54. Al bert Figure 2.8 - Consider the follow ng situations based on
Figure 2.8 in Al bert:

(a) just as in the figure
(b) a wall in one path (x,Y,)
(c) awall in one path (Xx,,Y,)

Make a chart with each row representing one of these situations. In
t he columms of the chart, give

(1) the state of the particles that energe at (x.Y,)

(2) the probability that a hardness box at (X,Yy,) neasures the
hardness to be hard

(3) the probability that a hardness box at (X,Yy,) neasures the
hardness to be hard

(4) the probability that a color box at ( x,y,) neasures the
color to be green

(5) the probability that a color box at ( x,y,) neasures the
color to be nmagenta

EP-55. Albert Figure 2.8 redux - Again using Figure 2.8 as a guide,

i magi ne that the harness box is placed in the one path at (x,Y,). The
hard out put of this box is blocked, but the soft output of this box
sends the particles along the sane path they were on before they
entered this additional box.

(a) What is the state of the particles that enmerge at ( x,Yy,), what
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fraction of the particles that enter the apparatus energe at
and what woul d be the results of nmeasurenents of the

hardness and col or at ( x,Y,)?
(b) Answer the sanme questions if

( %s:Ya)

one path at (x,y,) Wth its nmagenta out put

i nstead a col or
bl ocked and the green

box is placed in the

output directing the particles along their original direction.

EP-56. Tine devel opnent Let the energy operator for a three state

system be

(B0 0)
H=Lo E, oJ
0 0 E

where the basis being used are the energy eigenstates |abelled by [1),

|2), and |3).

(a) If the
of the
(b) If the
of the

(c) I'f the

the state of the systemat tine t later [y(t))"

state of the system at
systemat tine t |ater
state of the system at
systemat tine t |later

state of the system at

EP-57 - Tinme devel opnent redux

t=0is [p(0)=|2), what is the state

p(1)?

t=0is |yp(0)=|3), what is the state

y(t))?
t=0is [p(0)=

N

N

n +%|2> +%|3>, what is

Consi der an ener gy operator H with three ei genvectors given by the

equat i ons

H|E = +10) = +|E =

+10)

H|E = -10) = -|E = -10)

wher e ﬂE==+ﬂDJE=-4D» form an orthonormal basis.

Now suppose that we are investigating sone physical system and want
to predict future value of a "spin" operator S with eigenvectors

where the eigenvectors of the "spin" operator

§s=-1)-= é(\%ﬂE = +10) - |E = -1o>]) -

the "energy" basis.

Suppose, in addition,

be in the state

[y (t=0)) = %[|E= +10) +|E = -10)] =[S=1)

that a physical

) /

Y,
1
V2

Page 14

§s=+1) = é(\%UE - +10) +|E = -10)]) = +(%[| E = +10) + |E = -10)]
_
\

—~[|E = +10) - |E = -10)]!

)

)

have been witten in

systemis initially prepared to



that is, in an eigenvector of the "spin" operator.
(a) Is this state an eigenvector of the energy operator?

What is the probability that we will neasure energy val ues
+10or =10 in this initial state? What is the probability that
we W ll nmeasure spin values +lor -1 in this initial state ?

The tine devel opnment operator is given by

-f- _ e—il:lt/h
(b) Determ ne
TIE=+10)="? T|S=+1)="
T|E=-10)="? T|S=-1)="?
(c) Using (b) determ ne W&0>='ﬂq(0» = the state of the systemat a
later tine.
What is the probability that we will neasure spin values +lor -1

at this later tinme? You nust calculate the quantities

P(S=11) =|(S=1y ®) =|(S= 1Tl )
P(S=-1t) =[(S=-1w(®)] = |(S=-1T|y(0))

‘2
WIIl the spin value ever "flip" fromS=+1to S=-1?
EP-58. Tinme evolution

The matrix representation of the Ham |ltonian for a photon propagating
along the optic axis (taken to be the z-axis) of a quartz crystal

using the linear polarization states |x) and |y) as a basis is given by

~ 0 i
H( E°)
iE O
(a) What are the eigenstates and ei genval ues of the Ham | tonian?
(b) A photon enters the crystal linearly polarized in the x

direction, that is, |p(0))=[x). What is [y(t)), the state of the
photon at tine t ? Express your answer in the {|x), |y)} basis.

(c) What is happening to the polarization of the photon as it travels
t hrough the crystal ?

EP-59. Interference - Photons freely propagati ng through a vacuum
have one value for their energy E=hv. This is therefore a 1-

di mensi onal quantum nmechani cal system and since the energy of a
freely propagating photon does not change, it nust be an eigenstate
of the energy operator. So, if the state of the photon at t=01is

denoted as |y(0)), then the eigenstate equation can be witten
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H|y(0)) = Elw(0)). To see what happens to the state of the photon with
time, we sinply have to apply the tinme evol uti on operator

() = U@y (0)) = €™/ [yp(0)) = €™/ "|yp (0)) = &' [1p(0)) = &% | (0))

where the |ast expression uses the fact that v=c/A and that the
distance it travels is x=ct. Notice that the relative probability of
finding the photon at various points along the x-axis (the absolute
probability depends on the nunber of photons enmerging per unit tine)
does not change since the nodul us-square of the factor in front of
lw(0)) is 1. Consider the follow ng situation. Two sources of identical
phot ons face each other an emt photons at the sane tine. Let the

di stance between the two sources be L.

|w(0)> [p(0)>

laser - 8 8 —p e W laser

o L —]
} >
0 4
Notice that we are assum ng the photons energe from each source in

state [p(0)). In between the two |ight sources we can detect photons

but we do not know from which source they originated. Therefore, we
have to treat the photons at a point along the x-axis as a
superposition of the tine-evolved state fromthe | eft source and the
ti me-evol ved state fromthe right source.

(a) What is this superposition state hpa» at a point x between the
sources? Assune the photons have wavel ength A.

(b) Find the relative probability of detecting a photon at point x by
eval uati ng K#KUkﬂﬂ»r at the point x.
(c) Describe in words what your result is telling you. Does this

correspond to anything you have seen when light is described as a
wave?

EP-60. More Interference - Now let us tackle the two slit experinment
wi th photons being shot at the slits one at a tine. The situation

| ooks sonmething |ike the figure below The distance between the
slits, dis quite small (less than a mm and the distance up the y-
axi s(screen) where the photons arrive is nuch, much less than L (the
di stance between the slits and the screen). In the figure, § and §
are the lengths of the photon paths fromthe two slits to a point a
distance y up the y-axis fromthe mdpoint of the slits. The nost
inmportant quantity is the difference in |l ength between the two paths.
The path length difference or PLD is shown in the figure.
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y-axis

"1._“:_‘ . H
5; = H‘gih
‘r - -""-._1_
ef . A
'\-..‘_-‘- - |
_7 Id L aser
PLD

We cal culate PLD as foll ows:

yd
L

T
[L +y]

Show that the relative probability of detecting a photon at various

PLD =dsin6 =d

, y<<L

poi nts along the screen is approxi mtely equal to 4co§/ﬂyg\.

\ AL/

EP-61. Tinme Evolution redux - Imagine a situation in which there are
three energy states |[1) with energy E =1¢eV, |2) with energy E,=2eV and
|3) with energy E,=4eV. Let the state of the systemat t=0 be

1 1 1
WO) =51+ 5[2)+ 3.

(a) What are the possible results of an energy neasurenent on this
systemat t=0 and with what probabilities will each of them
occur ?

(b) What are the possible results of an energy neasurenent on this
systemat t=5x10"sec and with what probabilities will each of
t hem occur?

(c) Are you surprised by your answer? Can you nake sense of it?

EP-62. Time Evolution again - A state |X) is given in the hardness
basi s as

i2+/2
3

%)=+ 229

(a) What are the possible outcones and probabilities for measurenent
of hardness and color on this state at t=07?

(b) I'magine that due to an external field, the two color states |g)
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and |m), are eigenstates of the energy operator with the energy of
the green state being zero and the energy of the nmagenta state

bei ng 1.0x10*J. Wat are the possible outcomes and probabilities
for nmeasurenent of hardness and color on this state after 1
second?

EP-63. K-Mesons - W discussed the K-nesons in the notes(see notes
for background and details). The K° is nade up of a down quark and a

anti-strange quark, so its strangeness is +1 (S = +1). The K° is nade
up of a anti-down quark and a strange quark, so its strangeness is -1

(S =1). This infornmation alone allows us to define the K° and K°
states like the hardness states and the strangeness operator |ike the
har ness operator.

k-(3) k-3 ey )

Now conmes the clincher. Neutral K-nesons never exist as K° or K° for
nore than an infinitesimally small anmount of tinme. Rather, they exist
as a superposition of these two states.

1 /1 1/1
Bl =5l

The subscript S stands for "short-lived" since this state has an
average lifetinme of 9x10™"sec and the subscript L stands for

"l ong-1ived" since this state has an average lifetine of 5x10°sec. It
al so turns out that |Ks) and |K ) are energy eigenstates with the
foll ow ng energies

[Ks)

ES=(m+ém\9 EL=(m—§m\?
2 " 2)

where m is the average mass of the particles represented by the |KQ
and |K_) states and ém is the difference in mass between the particles

represented by the |Ks) and |K ) states. m is equal to about 497.7MeV/c?
and dm is equal to about 2x10°eV/c’.

Particle reactions produce neutral K-nmesons of definite strangeness.
So the neutral meson produced by a reaction nust be a K° or a K°

(a) Apply the tinme evolution operator to the state representing a K°
(produced at t=0) and cal culate the probability that this

particle will still be a K° some time t later.
(b) Describe what is going on in words.
(c) Conpare the tine changes are taking place with the average

lifetimes of the |Ks) and |K ) states.

(d) Summarize what happens to a K° that is produced by a particle
reaction.
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EP-64. K-Meson oscill ations

An additional effect to worry about when thinking about the tine
devel opnent of theses states is that the |[K ) and |K;) states decay

with tinme. Thus, we expect that these states should have the tine
dependence

|KL(t)> — e—ith—t/Z‘rL K|_> ’ |Ks(t)> _ e—i(USt—t/Z‘L'S KS>
wher e

w =E/h , E = (DZCZ + meA)llz

ws=Eslh ES=(pZCZ+m§C4)1/2
and

T~09x10sec , 7, ~560x10°sec

Suppose that a pure K, beamis sent through a thin absorber whose
only effect is to change the relative phase of the K, and K,
anpl i tudes by 10°. Cal cul ate the nunber of Kg decays, relative to the

i nci dent nunber of particles, that will be observed in the first 5 cm
after the absorber. Assune the particles have nonentum = mc.

EP-65. Find the phase angle

If CP is not conserved in the decay of neutral K nesons, then the
states of definite energy are no |onger the K ,6Ky states, but are

slightly different states |K',) and |K'g). One can wite, for exanple,

K' ) =(1+¢e)|K®) - (1- )| K®)
where e is a very small conplex nunber (¢~2x107°) that is a nmeasure of

the lack of CP conservation in the decays. The anplitude for a
particle to be in [K') (or |Kg) varies as e /> (or e'?7)

wher e
1/2 1/

ho, =(p°c® + mic?) (or hws=(ﬁ%2+nﬁ&)2)

and 1 >>71g .

(a) Wite out normalized expressions for the states |K') and |K'g) in
terms of |K,) and |K,).

(b) Calculate the ratio of the anplitude for a long-lived K to decay
to two pions (a CP=+1 state) to the anplitude for a short-1lived
K to decay to two pions. What does a neasurenent of the ratio of
t hese decay rates tell us about & ?

(c) Suppose that a beam of purely long-lived K nesons is sent through
an absorber whose only effect is to change the relative phase of

the K, and K, conponents by &§. Derive an expression for the number

of two pion events observed as a function of tinme of travel from
t he absor ber.

EP-66. Neutrino Gscill ations

It is generally recognized that there are at |east three different
ki nds of neutrinos. They can be distinguished by the reactions in
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whi ch the neutrinos are created or absorbed. Let us call these three
types of neutrino v,,v, and v.. It has been specul ated that each of

t hese neutrinos has a small but finite rest mass, possibly different
for each type. Let us suppose, for this exam question, that there is
a small perturbing interaction between these neutrino types, in the

absence of which all three types of neutrinos have the sane nonzero

rest mass M, . The Ham | tonian of the systemcan be witten as

N

I:|=H0+I-AI1
wher e
(My 0 0)
Hy=| 0 M, 0 |— nointeractions present
0 0 M,
and

[ 0 ho (o)
H, =|ho, 0 hw,|— effectof interactions
hw, hw, O

where we have used the basis

v =12 v)=13)

(a) First assune that w, =0, i.e., no interactions. Wat is the tine
devel opnment operator? Di scuss what happens if the neutrino
initially was in the state

ve)=11)

(1) (O) (O)
|¢w»=wg=tﬂ or M4m>=WQ=L1 or|wm»=~g=tﬂ
0 0 1
What i s happening physically in this case ?
(b) Now assunme that w, =0, i.e., interactions are present. Also
assunme that at t=0 the neutrino is in the state
(1)
Iww»=hJ=Lﬂ
0

What is the probability as a function of tinme, that the neutrino
will be in each of the other two states ?

(c) An experinent to detect the "neutrino oscillations” is being
performed. The flight path of the neutrinos is 2000 neters. Their
energy is 100 GeV. The sensitivity of the experinent is such that
the presence of 1% of neutrinos different fromthose present at
the start of the flight can be nmeasured with confidence. Let
M,=20eV. What is the snallest value of 7w, that can be

detected ? How does this depend on M,? Don't ignore special
relativity.

Page 20



EP-67. \What cones out?

A beam of spin 1/2 particles is sent through series of three
St ern-Cerlach neasuring devices as shown bel ow

_h
Sn—7 ;
:i SGz
Sz 2 < — > y
L | s=- 1L
— 3 SGz

—

The first SGz device transmits particles with éz=h/2 and filters outs
particles with §=-n/2. The second device, an SG1 device transmts

particles with §=h/2 and filters outs particles with §=—h/2, wher e

the axis n nakes an angle 6 in the x-z plane with respect to the
z-axis. Thus the particles passing through this SGn device are in the

state |+ﬁ>=cos%|+2>+e“”sin%|—2) with the angle ¢=0. A last SGz device

transmts particles with éz=—h/2 and filters outs particles with
S =nl2.

(a) What fraction of the particles transmtted through the first S&
device wll survive the third neasurenent?

(b) How nust the angle 6 of the SGr device be oriented so as to
maxi m ze the nunber of particles the at are transmtted by the
final S& device? What fraction of the particles survive the
third neasurenent for this value of 6 ?

(c) What fraction of the particles survive the |ast neasurenent if
the SGh device is sinply renoved fromthe experinent?

EP-68. Atom near a wal l

An approxi mate nodel for an atomnear a wall is to consider a
particle noving under the influence of the one-di nensional potenti al
gi ven by

V(X)={—V06(x) x> -d

X < -d
as shown bel ow
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<A A V(X

(a) Find the nodification of the bound-state energy caused by the
wal | when it is "far away". Define what you nean by "far away".
(b) What is the exact condition on V, and d for the existence of at

| east one bound state ?

EP-69. Particle in a box with a nenbrane
Do matrix solution and pure Dirac al gebra sol ution.

A box, containing a particle, is divided into a right and a |eft
conpartnment by a thin partition. Suppose that the anplitude for the
particle being on the left side of the box is 1w, and the anplitude
for the particle being on the right side of the box is 1w, . Neglect
spatial variations of these anplitudes within the halves of the box.
Suppose that the particle can tunnel through the partition and that
the rate of change of the anplitude on the right is given by

. d
|hi§l=Kw1

where K is real. Assune that in the absence of tunneling, i.e., an

i mper neabl e menbrane, that %%l=0 .

(a) What is the equation that determ nes the rate of change of the
anplitude on the left?

(b) Find the nornalized energy eigenstates (2-conponent vectors) of
the particle in the box. Have these states definite parities?

(c) Suppose that at time t = 0, the anplitude on the right equals €°
time the anplitude on the left. Calculate, as a function of tine,
the tine rate of change of the probability of observing the
particle on the left.

EP-70. Spin in Magnetic Field - Suppose that we have a spin = 1/2
particle interacting with a magnetic field via the Ham | tonian



wher e
u = ugo

and the systemis in the initial (t=0) state
W) = x+) =5 (124) +[2-)

Determine the probability that the state of the systemat t=2T is

[ (2T)) =[x +)
in tw ways:

(1) Using the Schrodinger equation (solving differential equations)
(2) Using the tine devel opnent operator (using operator algebra)

EP-71. Harnonic oscillator - The text and extra notes discussed the
infinite dinmension |inear state space associated with position al ong
one direction in space (the x-axis for exanple), The wave function
Y(x) was defined as the function of x that gives the coefficient
(conponent) for the basis state for each value of x. In the notes we
sol ve sone 1-dinensional problens (infinite square well, finite
square well, delta unction and barrier). Let us now | ook at the
guant um nechani cal harnonic oscillator. The wave function nust
satisfy the tinme-independent Schrodi nger wave equation with a

potential energy function \Kx)=%kx{ that is,
(x|H[w) = (x|E[) = E(x[y)

_ Ay

1
~kx? =-E
o a2 Y (X) = Ey(X)

The ground-state(l owest energy |level) wavefunction is

2

1 , h
Y(X)=——e @ | a"'=——

how that w(x) is a solution to the Schrodi nger equati on and determ ne
t he ground-state energy.

EP-72. EPR - Let the particles entering the ingenious color box
—1/2)

descri bed in the MreEPR handout be ( 32
A

(a) Work out the probability that a particle emerges fromthe +
out put when the box is in each of its three configurations.

(b) Work out the probability that a particle enmerges fromthe -
out put when the box is in each of its three configurations.

(c) Show that the probability for either output is 1/2 if the box
randomy swi tches between the three configurations.
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EP-73. MoreEPR redux - In the "nore conplete" theory described in the
EPR handout, imagine that the one particle of the pair heading toward
box #1 carries instructions (-+-).

(a) Work out from which output of each box particles energe in all 9
possi bl e configuration of the two boxes.

(b) For a particle with this instruction set, calculate the
probability that particles will emerge fromdifferent outputs of
t he two boxes.

EP-74. Conpatibility - Wen the angul ar nonmentum along a direction in
space of sonme atons is neasured, only two values result. Again,
keepi ng things sinple for nmeasurenents along the z-direction, we can

define O_ and the eigenstates of EL as usual

.40 8w (3 ()

In this basis, the operators for angular nonmentum al ong t he
x- and y-axes are as foll ows:

o) n(o1 and O h(0 -
L*_Z(l o) Ly_z(i o)

(a) Wat are the eigenval ues and corresponding eigenstates of O_ and
Q. ?
(b) What are the commutators of pairs of these operators?

(c) Are neasurenents of angular nonentum along different direction in
space conpati ble for these atons?

EP-75. Angul ar Momentum - Wen neasuring the angul ar nonment um al ong
the z-direction of the atons in problem 74, there are sone states for
whi ch the average val ue of the neasurenents is zero.

(a) Find the probabilities of neasuring each ei genval ue of ég for the

state |¢>—-——QD 12)).

(b) Use these probabilities to show that the average neasurenent is
zero.

(c) Is there a state for which the average val ue of the neasurenents
of the x-, y-, and z-conponents of the angul ar nonmentum are al
zero? Show that the answer is no by choosing a general state
ly)=all)+ B|2) and forcing the probabilities to be such that the
aver age neasurenent of all three conponents is zero, yielding
conditions on a and B that can only be satisfied if a=p4=0.

EP-76. Angul ar Monment um Measurenent - A nmeasurenent of a conponent of
the intrinsic angular nmonentum (or spin) of an electron always yields
one of two val ues, nanely, =i/2. If we call the conmponent we are
nmeasuri ng the z-conponent, we can easily form an operator

representing this neasurenent (call it ég) and the eigenstates
representing the two states resulting fromthe neasurenent.
Page 24



s el )

In the Q+a4—z» basis, the operator representing neasurenments of spin
along the y-axis is

~ h(0 =i
O. =—
E Z(i o)
(a) Find the eigenval ues and associ ated ei genvectors of ég.
(b) What state (call it |X)) results when the |+z) state is operated on
by the operator )
C")X=e—|905y

where 0 is a constant?

(c) What are the possible outcones of a neasurenent of the
z-conponent of the spin of an electron in the state |[X) and with
what probability will each occur?

(d) What are the possible outconmes of a neasurenent of the
y-conponent of the spin of an electron in the state |X) and with
what probability will each occur?

EP-77. Ammoni a Ml ecul e

In the ammoni a nol ecul e, NH,; the three hydrogen atons lie in a plane
at the vertices of an equilateral triangle. The single nitrogen atom
can lie either above or below the plane containing the hydrogen

atons, but in either case the nitrogen atomis equidistant from each
of the hydrogen atons (they forman equilateral tetrahedron). Let us
call the state of the anmonia nol ecul e when the nitrogen atomis
above the plane of the hydrogen atons |1). Let us call the state of the
ammoni a nol ecul e when the nitrogen atomis below the plane of the
hydrogen atons |2).

How do we determ ne the energy operator for the amoni a nol ecul e?

I f these were the energy eigenstates, they would clearly have the
sanme energy (since we cannot distinguish themin any way). So

di agonal el enents of the energy operator nust be equal if we are
using the (|1, |2)) basis. But there is a snall probability that a

ni trogen atom above the plane will be found bel ow the plane and vice
versa (called tunnelling). So the off-diagonal elenent of the energy
operator nust not be zero, which also reflects the fact that the
"above" and "bel ow' states are not energy eigenstates. W therefore
arrive wwth the following matrix as representing the nost general
possi bl e energy operator for the anmonia nol ecul e system

52
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where E, and A are constants

(a) Find the eigenvalues and ei genvectors of the energy operator.
Label themas (|[I), |II)).

(b) Let the initial state of the ammoni a nol ecule be |I), that is
lw(0))=[1). What is [y(t)), the state of the ammonia nolecule after

sonme tinme t? What is the probability of finding the amonia

nol ecul e in each of its energy eigenstates? What is the
probability of finding the nitrogen atom above or bel ow t he pl ane
of the hydrogen atons?

(c) Let the initial state of the ammoni a nolecule be [1), that is
lw(0))=11). What is [y(t)), the state of the ammonia nolecule after

sone tinme t? What is the probability of finding the anmmonia

nol ecul e in each of its energy eigenstates? What is the
probability of finding the nitrogen atom above or bel ow the pl ane
of the hydrogen atons?

EP- 78. Angul ar Monmentum - For a physical situation in which there are
only 2 possible values for the z-conponent of the angular nonentum

it is often convenient to use the eigenstates of the L, operator as

the basis for calculations. In this basis, the L, operator and its
ei genstates take the followi ng form

A h(lO

-Slo

: . 1 0
=5 ) w th eigenstates ( ) and ( )

0 1

(a) Let us define 2 new states using the l; ei genstates as a basis.

A=l -5

Are these two states nornmalized? Are these two states orthogonal ?

(b) Using the eigenstates of I; as a basis, the operator representing
nmeasurenents of the y-conponent of the angular nonentumis given

as foll ows:
. 0 -i
C ﬁ( )
Y 28i O

Find the eigenval ues and ei genstates of the Q,operator in the ﬁz
basi s.

(c) Express the states |A) and |B) using the eigenstates of Ey as a
basi s.

A

(d) Do EZ and L, conmmute? What is the significance of whether they

commute or not?

EP-79. Ei genvalues - Determ ne the eigenval ues and ei genstates of the
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following matri x

(2 2 0

1 21
1 21
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