BELL' S THEOREM - | ntroduction

Bel | denonstrated that under certain conditions quantum theory and
| ocal hidden variable theories predict different results for the sane
experinments on pairs of correlated particles.

This difference, which is intrinsic to all |ocal hidden variable
theories and is independent of the exact nature of the theory, is
sumari zed in Bell's derived inequalities.

Thi s proof forced questions about hidden variables to i mediately
change character

They were no | onger academ c questions about phil osophy but practical
guestions of profound inportance for quantumtheory.

The choi ce between quantum theory and | ocal hidden variable theories
was no |longer matter of taste, but matter of correctness.

Bert!l mann's Socks

Let us derive Bell's theoremw th help of a famobus Dr Bertl mann (this
story by Bell hinself). We will do a nore mathematical derivation

| ater.

Any phil osopher in the street, who has not suffered through a course
i n quantum nmechanics, is quite uninpressed by the

Ei nst ei n- Podol sky- Rosen correl ati ons.

She can point to many exanples of simlar correlations in everyday
life. The case of Dr. Bertlmann's socks is often cited.

Dr. Bertlnmann |likes to wear two socks of different col ors.

VWhi ch color he will have on given foot on given day is quite
unpredi ctabl e. But when you see the first sock is pink you are sure
the second sock will not be pink. Qobservation of first, and

experience with Dr. Bertlmann, gives imedi ate information about
second. There is no nystery in such correl ations.

Isn’t this EPR business just the sane sort of thing?

Dr. Bertl mann happens to be physicist who is very interested in
physi cal characteristics of his socks. He has secured a research
grant froma | eading sock manufacturer to study how his socks stand
up to the rigors of prolonged washing at different tenperatures.

Bert| mann deci des to subject his |eft socks (socks A fromnow on) to
3 different tests:

test a washing for 1 hour at 0.0 °C
test b washing for 1 hour at 22.5 °C
test c washing for 1 hour at 45.0 °C

He is particularly concerned about nunbers of socks A that survive

intact (a + result) or are destroyed (a —result) by prol onged
washi ng at these different tenperatures.
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He denotes the nunmber of socks that pass test a and fail test b as
na+b-]

Being a theoretical physicist, he knows that he can di scover sinple

rel ati onshi ps between such nunbers wi thout actually performng tests

using real socks and real washing nmachines. This nmakes his study

i nexpensive and nore attractive to his research sponsors.

He reasons as foll ows:

Ma+b-] can be witten as the sumof the numbers of socks belonging to

two subsets, one where individual socks pass test a , fail b and
pass ¢ and one where socks pass test a , fail b and fail c,
i.e.,

nMa+b-]=na+b-c+]+na+b-c-] (1)

Thi s wor ks because
P(C)+P(not C) =1
so that equation (1) just says that

na+b-]=(Fc+]+Pc-)na+b-]

Simlarly, we get

nb+c-]=na+b+c-]+Ma-b+c-] (2)
where individual socks pass test b , fail ¢ and pass a and one
where socks pass test b, fail ¢ and fail a
and

Ma+c-]=na+b+c-]+Ma+b-c-] (3)
wher e individual socks pass test a , fail «c¢ and pass b and
anot her one where socks pass test a, fail ¢ and fail b

Fromequation (1) it follows that
na+b-]=na+b-c-] (4)
since all the nunbers involved are =0.

From equation (2) it follows that
nb+c-]=na+b+c-] (5)
Addi ng equations (4) and (5) gives the result
nMa+b-]+nb+c-]=na+b-c-]+na+b+c-]=na+c-]

or
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Ma+b-]+nb+c-]=na+c-] (6)

At this stage, Dr. Bertlmann notices flaw in reasoning, which all of
you will, of course, have spotted right at the begi nning.

Subj ecting one of socks Ato test a wll necessarily change
irreversibly its physical characteristics such that, even if it
survives the test, it may not give the result for test b that m ght
be expected of brand new sock.

And, of course, if sock fails test b, it will sinply not be
avai |l abl e(destroyed) for test c .

The nunbers na+b-], etc, therefore have no practical (we cannot
measure themin real world) rel evance.

Bert| mann now renenbers his socks always conme in pairs.

He assunes that, apart fromdifferences in the color, the physical
characteristics of each sock in a pair are identical.

Thus, a test perforned on the right sock (sock B) can be used to
predi ct what the result of sane test would be if the test had been
performed on | eft sock(sock A), even though the test on A is not
actually carried out.

He nust further assunes that whatever test he chooses to performon B
in no way affects the outcone of any other test he mi ght performon
A, but this seens so obviously valid that he does not give it any

t hought what soever. Can you figure out where we are in the EPR

ar gunent ?

Bert| mann now devi ses three different sets of experinments to be
carried out on three sanples each containing the sanme total nunber of
pai rs of socks.

In experinment 1, for each pair, sock Ais subjected to test a and
sock Bis subjected to test b . If sock Bfails test b, this
inmplies that sock A would also have failed test b had it been
performed on sock A

Thus, the nunber of pairs of socks for which sock A passes test a
and sock B fails test b , which we denote by

N, _(ab)

nmust be equal to the (hypothetical) nunber of socks A which pass test
a and fail test b, i.e.,

N+_(aby=da+b—] (7)

In experinment 2, for each pair, sock Ais subjected to test b and
sock Bis subjected to test c¢ . The sane kind of reasoning allows
Bert| mann to deduce t hat

N+_(hc%=db+c—] (8)
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wher e N+_jb¢3 denotes the nunber of pairs of socks for which sock A
passes test b and sock B fails test c .

sock Ais subjected to test
In a simlar nmanner,

Finally, in experinent 3, for each pair,
a and sock Bis subjected to test c .
Bert| mann deduces t hat

N+_(acy=da+c—] (9)

wher e N+_jam3 denotes the nunber of pairs of socks for which sock A
passes test a and sock B fails test c .

The experinental arrangenents are summari zed bel ow.

Usi ng eqgs.
the inequality

Experiment | Sock A Test | Sock B Test
1 a b
2 b C
3 a C

(7)-(9) and (6) Bertlmann then concludes that we nust have

N+ _(ab)+ N+ _(bc)= N+ _(a,0)

(10)

Bertl mann generalizes this result for any batch of pairs of socks by
di vidi ng each nunber in equation (10) by the total nunber of pairs of
socks (which was sane for each experinent) to arrive at frequencies
wi th which each joint result was obtai ned.

He identifies these frequencies with probabilities for obtaining
results for experinents to be perfornmed on any batch of pairs of
socks that, statistically, have sane properti es.

Thus, he finds that

P _@b+P _(bc)=P _(ac) (11)

This is Bell's inequality for this experinent.
Now we follow the above argunents again, replacing

socks wi th photons

pairs of socks with pairs of entangl ed photons
washi ng machines with polarization anal yzers
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and

tenperatures with polarizer orientations
and we will still arrive at Bell's inequality, equation (11), i.e.,
we only change the words in our description of the experinments and
not the concl usi ons!

Qur three tests now refer to polarization analyzers set with their
vertical (optic) axes oriented at

a—0.0°
b—225°
c—45.0°

The different experinental arrangenents are summari zed as foll ows:

Expt Photon A Photon B

. . . . Difference
Orientation | Orientation
1 a=0.0° b=22.5° b—-a=22.5°

2 b=22.5° c=45.0° | c-b=225°
3 a=0.0° c=45.0° | c-a=45.0°

The probabilities predicted by quantumtheory for difference angle
(b-a) between the polaroids in each test are given by

1.0
—sin“(b-a
2()
i.e., renmenber the matches and m sses argunents.

Putting the angl es above into equation (11) we get the Bel
i nequal ity

1..:2

=sin 2
2

225+ %sin 225> %sinz 45.0° (12)

or

0. 1464 = 0. 2500 (13)
whi ch is obviously incorrect!
Thus, for these particular arrangenents of polarization anal yzers,
the probability fornmula fromqquantumtheory predicts results that
violate Bell's inequality.
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However, the quantum nmechani cal probability fornmula results agrees
wi th experinental observations!!

The conpari son of quantum nechanics and the Bell inequality is shown
in the figure bel ow
0
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limit of Bell's
e inequality
=
o
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o
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i
-1.00 ' : :

o* 15 30° 45° 60* 75° 90°
Angle between polarizers

The experinental denonstration of the violation of the Bel
inequality on the spin correlation of proton pairs is shown bel ow
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G early, quantum nechanics is correct.

The nost inportant assunption nade in the reasoning which led to the
inequality was Einstein separability or local reality of the
phot ons(or socks).
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The inequality is quite independent of nature of any |ocal hidden
vari abl e theory that could be devi sed.

The conclusion is inescapable.

Quantum theory is inconpatible with any | ocal hidden variable theory
and hence inconpatible with any formof local reality.

This means that any theory that has the sane probabilistic
predi ctions as quantum nechani cs nust be nonl ocal .

We shoul d not, perhaps, be too surprised by this result.

The predictions of quantumtheory are based on the properties of a
2-particle state vector which, before collapsing into one of

measur enent ei genstates, is delocalized or entangl ed over the whol e
experinmental arrangenent.

The 2 particles are, in effect, always in "contact" prior to
measur enent and can therefore exhibit a degree of correlation
i npossible for 2 Einstein separable (locally realistic) particles.

Bell's inequality provides us with a straightforward test. If
experinments |i ke those described here are actually perfornmed, the
results allow us to nake a choi ce between quantum theory and a whol e
range of theories based on | ocal hidden variables and hidden vari abl e
t heories are ruled out concl usively.

Bohr once decl ared when he was asked whet her the quantum mechani cal
al gorithns could be considered as sonehow mrroring an underlying
guantumreality: He said

There is no quantum worl d.

There is only an abstract quantum
mechani cal descri ption

It is wong to think that the task of
physics is to find out how Nature is.

Physics is concerned only with what we
can say about Nature.

Hei senberg sai d:

In the experinents about atomi c events we
have to do with things and facts, with
phenonena that are just as real as any
phenonena in daily life. But the atons or
the el enmentary particles are not as real;
they forma world of potentialities or
possibilities rather than one of real

t hings or facts.

Jordan decl ared:
That observations not only disturb what
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has to be neasured, they produce it. In
a nmeasurenment of position of an el ectron,
the electron is forced to a deci sion.

We conpel it to assune a definite
position; previously it was, in general,
neither here nor there; it had not yet
made its decision about a definite
position.

Next, we will do a nore mathematically rigorous derivation of the
EPR/ Bel | phenonena.

Then we will nove on to a discussion of this new quantumreality.
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