Locality, EPR and Bell - Introduction

Bef ore proceeding into this discussion we nust define the properties
of quantum states (vectors) when nore than one particle is present in
a particular state. In this semnar, we will only need to | ook at the
case of two particles.

| magi ne two particles (1 & 2) in states |a) (eigenstates of operator

A) & |b) (eigenstates of operator é) respectively, W wite the state
describing this situation as

|@),/b), —ab)

and these synbols represent a vector in the state-space of the
two-particle system

What are the properties of these vectors, especially with respect to
probabilities?

If the two particles do not interact with each other, then their
probabilities are i ndependent. That neans that the probability that

particle 1 has A neasured as c and particle 2 has B neasured as d,
s given by

((cl,(dl)(|ayb), )| = [y(cla),[].(dlb),”

or that the joint probability that A=c and B=d is sinply the
product of the probability for A=c and the probability for B=d.

Qur basis set of vectors for the 2-paqgrticle universe is given by
)by ), = a0 ) —1i.i)

for all possible a,b values, which neans that the dinmension of the
space is
(di nensi on of space of 1-basis) x (dinmension of space of 2-basis)

The basis set is orthonormal,i.e.,

(@l (alla), o). - (@), 000,
1 i=jand k=m
{0 i =] and/or k=m

This means that any |inear conbination of basis vectors

1Q) = cy12) + €L 2) + €y 2,1) + €[ 2,2) + e

will also be a vector, and hence another physical state, in the two-
particle state space.

Now for sonmething very interesting!
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It turns out that a two-particle state |Q) as given bel ow

1

2,1
P2

1
|Q>=ﬁ|12>

which is a superposition of two-particle state vectors where particle
1 is in a superposition of states |I), and |2), and particle 2 is

simul taneously in a superposition of states [1), and |2),, cannot be

deconposed into a state of the form|r,s), that is, a separately
wel | -defined state of particle 1 and a separately well-defined state
of particle 2.

That neans that states |ike |Q) cannot possibly be described by
propositions of the form

"the state of particle 1 is such-and-such”
and

"the state of particle 2 is so-and-so"
In other words, in such a state, no measurable property of particle 1
al one, and no neasurabl e property of particle 2 alone, has any
definite val ue.
These are call ed nonseparabl e or entangled 2-particle states.
Nonseparability or entangl enent al ong wi th superposition and
inconmpatibility are the ways in which quantumtheory differs nost
from cl assi cal physics.

Now consi der the state:

la) = =5)|x, = 7) - —=|%, = 9)[x, =11)

L|X1
V2
wher e

X1| X1> = X1| X1> and X2|X2> = X2|X2>
i.e., the particle states are eigenvectors of the position operator.
In this state, neither the position of particle 1, nor the position
of particle 2, nor anything el se about them separately, has any

definite val ue here.

On the other hand, the difference in their positions does have a
definite val ue because:

(X, - X, )jer) = 22)
i.e., it is an eigenvector of the (Xz—ﬁﬁ) operator wth eigenval ue 2,
which inplies that the difference in the positions (in this state) is

equal to 2 with certainty or probability = 1.
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Two interesting cases will illustrate how we deal with probability
and col | apse for these states.

First, suppose that the state of the 2-particle systemis |ﬁ>, and

that A and B, which are observabl es of particles 1 and 2
respectively, are neasured. The probability that the outcones of
t hose experinents will be A=aand B=b, is given by

(ab|g)

which is just one of our original postul ates.

Now, suppose that only A i's neasur ed.

The probability that the outcone of the neasurement will be A=a is
given by a sum over probability anplitudes

P=[a.byB) +(a,b,[B) + (a,b,| ) +..]

~

where B is any observable of particle 2 and the sum ranges over al
the eigenvalues {b} of B (all possible neasured values of B), which

is just another of our postul ates.

W say it as follows:

the probability anplitude that A=a is equal to sumof the
probability anplitudes of all the various different and

i ndi stingui shable ways it is possible for A to be a, I.e.

i ndependent of the val ues of B and the act ual probability is
the square of the resulting total anplitude

Classically we woul d have the very different result

P=f(ablB) +|(@b B + @b |B) +[abp) + ...

that is, the sumof the squares of the individual anplitudes
(i ndividual probabilities) and the possibility of any interference
woul d vani sh (no cross-terns).

Now | et us el aborate the principle(postulate) of collapse for a two-
particle state.

Suppose that the state of a certain 2-particle systemjust prior to

the time t is |6) and suppose that at t the observable A (of particle
1) is nmeasured, and suppose that the outcone of that neasurenent is

A=a, (one of the eigenvalues of A ).

Here is how to cal cul ate how the state of the 2-particle systemis
changed(col | apsed) by the A neasurenent.
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~ A

Start with state |6) expressed in terns of eigenstates of A and B
16) = d,|LD) + d,|1,2) + d,|2,D) + d,[2,2) + ...
wher e

d, = (i,io) and fi,j)=|a.b,)

Then, throw away all the terms where A=a (that is what the
measurement A=a, does according to the postulates). This | eaves

|6) = dgy|5,1) + s, |5,2) + dy|5,3) + A |5,4) + ...

Renormal i ze the new vector to 1 (one of our postul ates) and the
resulting vector is the state vector of the systemafter the
nmeasur enent .

Note that it has only one val ue of A, but all values of B.

If the original state had only one conponent with A=a, then B woul d
necessarily have the value in that state. So if the state is

1 1
) = ﬁb(l =5)|x, = 7>_\,_E|X1 = 9)x, =11)

and we neasure X =5, then we necessarily have X,=7(particle 2 nust
be in this state) due to our coll apse postul ate, even though we did

not measure X,. This is a nost inportant point!

Wth these properties of 2-particle states, we can continue our
di scussi ons.

E(i nstei n)P(odol sky) RCosen) - Version #1

A fanous attenpt to escape fromthe standard (Copenhagen) way of

t hi nki ng about quantum nechanics was initiated in the 1930s by

Ei nstei n, Podol sky and Rosen, and had a surprising aftermath, in the
1960s, in the work of John Bell. W first discuss the escape attenpt
itself and then delve into the nost fundanental work of Bell. In
1935, Einstein, Podol sky and Rosen (EPR) produced an argunent, which
was supposed to open the way to an escape fromthe standard way of

t hi nki ng about quantum nechani cs.

First, they define conpl eteness .

A description of the world is conplete (for EPR) if
nothing that is true about the world, nothing that
is an elenment of the reality of the world is left
out of the description.

EPR never actually presented a prescription for determ ning what al

the elenents of reality are (nade it very difficult to challenge them
because they could al ways say..... "you nust have m ssed one").
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| nstead, they did sonething nuch narrower (which was sufficient for
t he purposes of their argunent). They wote down a condition for a
nmeasur abl e property of a certain systemat a certain nonment to be an
el enent of the reality of that system at that nonent.

The condition is that:

if, without in any way disturbing a system we

can predict with certainty (with probability = 1)
t he val ue of a physical quantity, then there exists
an elenment of reality corresponding to this physica
gquantity

Let us see what this condition neans. Consider the follow ng
guesti on:

| f a neasurenent of a particul ar observable O of a certain particul ar
physical system S were to be carried out at a certain particul ar
future time T, what would the outcone be?

Suppose that there is a nethod available to ne so that | can, prior
to time T, answer that question with certainty.

Al so, suppose that the nmethod | used involves no disturbance of the
system S what soever

Then(according to EPR) there nmust now al ready be sone definite
inforna{ion(hidden away sonewhere) about what the outcone of the

future O neasurenent on S would be at tine T.
Sonme Exanpl es:
Suppose we have just neasured the color of sone particular electron.

Havi ng done that (and since neasurenents of color are repeatable) we
are in a position to predict wwth certainty what the outcone of a

| ater color neasurenent will be, if such a neasurenent were to be
carried out. Making such a prediction need not involve any further
interaction with the electron at all. So the EPR reality condition

says that color nust, at present, be an elenent of the reality of
this el ectron.

This is identical to any statenents we m ght nmeke in the standard way
of thi nki ng!

Suppose, on the other hand, that | had just now neasured the hardness
of an electron. In order to be able to predict with certainty what
the outconme of a future neasurenent of the color of that electron
woul d be (if we made such a nmeasurenent), | would need to neasure the
color of that electron (I would need to interact with it and
potentially disturb it).

The EPR reality condition does not say that the color of the el ectron
is an elenent of the reality of this electron at present.

Again this agrees conpletely with the standard way of thinking!

So what EPR want to argue is the follow ng:
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if the predictions of quantum nechanics are correct,
then there nust be elenents of reality of the world
whi ch have no correspondi ng el enents in the
guant um nechani cal description of the world

They are attenpting to use quantum nechani cs against itself. They are
sayi ng that quantum mechanics is m ssing sonething!

Their argunent goes sonething |ike this:

Consi der a system consisting of two electrons. Electron 1 is |ocated
at position 1, and electron 2 is |located at position 2.

Assune that the color-space state of these two electrons is (note
that it is a nonseparable or entangled state)

1

1
|A) = —=|green) |magenta), - ﬁ|mgmta>l| green),

The state |A), like any state in the space, is necessarily an
ei genstate of sone observable (Hermtian operator) of this pair of

el ectrons, say O, where OA)=+1A (eigenvalue = +1). Now we have

written |A) in the color basis. Let us convert it to the hardness
basi s.

Renenmber
|green)

1 1

N

1 1
magenta) = — | hard) - —|soft
| magenta) (2' ) (2' )
Substituti ng we get
1 1
|A) = E|soft%| hard), - ﬁ|hard)l|soft>2

It takes the sanme nonseparable formin both bases(in fact, it would
do so in any basis we m ght use!).

Now suppose we carry out a neasurenent of the color of electron 1 (in
the state in the color basis). The outcone of the neasurenent will be
ei ther green or nmagenta with equal probability (using our
two-particle state probability rules).

Mor eover, quantum nechanics says(and it is experinentally confirnmed)

that in the event that the outconme of the neasurenent is green, then

t he outcone of any subsequent neasurenent of the color of electron 2

wi Il necessarily be magenta and in the event that the outconme of the
measurenent is magenta, then the outcone of any subsequent

nmeasurenent of the color of electron 2 will necessarily be green.

Both of these statenments follow directly fromthe coll apse postul ate
for two-particle states.

Page 6



EPR assunmed (this is the only assunption (it is called locality) they
make on top of the basic assunption that the predictions of quantum
mechani cs are correct) that things could in principle be set up in
such a way as to guarantee that the neasurenent of the col or of

el ectron 1 produces no physical disturbance whatsoever in electron 2.

To themit was a self-evident statenent!
VWhat i nfluence could there be???

There seened to be any nunber of ways for themsatisfy this
condi tion.

You coul d separate the two el ectrons by sone i nmense di stance

(not hing we have said so far says that any of the properties of
guant um nechani cs changes with el ectron separation). Then the two
nmeasur enent events coul d be nmade spacel i ke and according to speci al
relativity could not influence each other.

O you could insert an inpenetrable wall between them (nothing we
have said so far say that any of the properties of quantum nmechanics
depends on what happens to be |located in between the el ectrons).

O we could set up any array of detectors you like in order to verify
that no neasurabl e signals pass fromone of the electrons to the
other in the course of the experinment (since quantum nmechanics

predi cts that no such array, in such circunstances, whatever sort of
signals it may be designed to detect, will ever register anything ).

This is a very inportant point.
The locality assunption says that

| cannot punch you in the nose unl ess
my fist gets to the place where your
nose is (in space and tine)

O course, sonething I do with nmy fist far fromwhere your nose is
can cause sone other fist which is near your nose to punch your nose
(i.e., sonething | do with ny fist mght signal sonebody else to
punch you in the nose). Their seem ngly obvious assunption is just
this:

if ny fist never gets anywhere near
your nose then | cannot punch you in
the nose directly. If you got punched
in such an arrangenent, then it cannot
be ny fist that punched you

| f something I do with nmy fist far fromyour nose is the cause of
your getting punched in the nose, then necessarily sone causal
sequence of events at contiguous points in space and at conti guous
points in time (the propagation of some signal for instance)
stretches all the way without a break fromwhatever it was | did with
my fist to your being punched in the nose.

The inmportant thing about the sequence of events is that it nust
necessarily require sonme finite tine(exact anmount depends on what is
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along the path in space and tine) to conpletely unfold. The shortest
time possible would occur if the signal(s) travel with the speed of
light in a straight Iine (the maxi mum speed of propagation of

i nformation).

So sunmari zi ng their assunption:

Local ity

measurenent on color 1 has no effect on neasurenent
of color 2 if neasurenents spaceli ke separated

Returning to the col or basis entangled state
1 1
|A) = \—ﬂgreen)ﬂ magenta>2 - \—§| magenta>1| green)2

it is clear that we can predict with certainty, if locality is true,
wi t hout disturbing electron 2, what outconme of subsequent neasurenent
of color 2 wll be.

Measure color 1 — know outcone of neasurenment of color 2 opposite of
out cone of neasurenent of color 1

or we know color 2 without nmeasuring it!

The reality condition then says that color is elenment of the reality
of electron 2. The color of 2 has a definite value when in state |A).

So both 1 & 2 have definite col or val ues!

Now switch to the hardness basis so we can tal k about hardness
measur enent s.

1 1
|A) = \,_§|S°ﬂ>1| hard), - ﬁ|hard>1| soft),,

Usi ng the sanme argunents in hardness basis we find that both 1 & 2
have definite hardness val ues!

Since we actually can prepare states like |A) in the real world, EPR
say the standard interpretation nust be false.

EPR concl ude both col or and hardness are elenents of reality of
el ectron 2, even though the two observabl es are supposed to be
i nconpati bl e according to quantum mechani cs.

So the formalismnust be inconplete, since sone elenents of the
physical reality of world have no corresponding el enents in Quantum
Mechani cs.

There nust exi st hidden facts(not in the postul ates) about col or and
hardness of 2, when in state |A).

|s there way out of EPR s proposed dil emma?

Not hing in QM formalismallows both the col or/ hardness of electron 2
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to be predicted with certainty sinmultaneously.
Simlar argunents hold for electron 1.

EPR were clearly very clever!

If true, the statenment that systemis in state |A) then constitutes an
i nconpl ete description of state of pair of electrons ---there are
sonme hi dden vari abl es sonmewhere.

EPR say QM predicts everything correctly, but is wong.

EPR noticed sonething very odd about coll apse postul ate for
two-particle systens.

It was nonl ocal .

If two particles are initially in nonseparable state, then a
measurenent carried out on one can cause changes, instantaneously, in
t he quantum nmechani cal description of the other, no matter how far
apart two particles are or what |lies in between.

Suppose that a pair of electrons is initially in state |A) and a
nmeasurenent of color 1 carried out. The outconme of the neasurenent is
ei ther green or nmagenta, with equal probabilities. The coll apse
postul ate for a two-particle systens says as soon as the measurenent

is over, the state of 2 will be either |magenta) (if 1 was green) or

|green) (if 1 was magenta) depending on what happened in the
nmeasur enent .

EPR said nonlocality is disposable artifact of particular

mat hematical formalism of a particular procedure for cal cul ating
statistics of outcones of experinents and that there nust be other
(as yet undi scovered) procedures, which give rise to sane statistica
properties, but are local (no infinite speeds necessary).

30 years later, Bell showed that their suspicion was w ong.

Bell’s work, as we shall see, is taken as a proof that any attenpt to
be realistic about val ues of observables of pair of electrons in

state |A), nust necessarily be nonlocal .
Things are actually even nore serious than that!!

Bel | actually gives a proof that there is genuine nonlocality in the
actual workings of nature, however we attenpt to describe it.

Nonl ocality is feature of quantum nechanics, and via Bell’s theorem
is necessarily a feature of every possible manner of cal cul ating
(with or without superpositions) which produces sanme probability
predi ctions (which are experinentally correct) as quantum nechani cs.

What is this quantum nonlocality?

First, in state |A), statistics(probabilities) of outconmes of
measurenents on 2 depend nonlocally on outcones of neasurenents on 1
and vice versa. But do statistics of outconmes of neasurenents on 2,
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when systemin state |A), depend nonlocally on whether a nmeasurenent
is actually carried out on 1 (and vice versa).

Let us figure it out.

Suppose systemin state |A), and suppose we neasure color 2. Using |A
in the color basis plus the standard quantum nechani cal rules for

cal cul ating probabilities of measurenent outcones inplies the outcone
of the measurenent is equally likely to be green or magenta.

Suppose the systemin state |A) and we neasure color 1, and then
measure color 2. The nmeasurenent of color 1 is equally likely to be
green or magenta. |If green, the coll apse postul ate says a subsequent
measurenent of color 2 will be nagenta, and if magenta, the coll apse
postul ate says that subsequent neasurenent of color 2 will be green.

So, when systemin state |A), the outcome of a neasurenent of color 2

is equally likely to be green or nagenta whet her or not neasurenent
of color 1 carried out first.

Suppose systemin state |A) and we neasure hardness 1, and then
nmeasure color 2. Using |A) in hardness basis plus probability rules
says the outcone of hardness neasurenent on 1 equally likely to be
hard or soft.

I f the outcome of first neasurenent is soft, the collapse postul ate
pl us probability rules say outcone of second neasurenent (color 2) is
equally likely to be green or magenta. The sane result is true if
outcone of first neasurenent is hard.

So here is where we are:

When systemis in state |A), the outcone of a neasurenent of color 2
is equally likely to be green or magenta, whet her

measurenent color 1 carried out first
or
measurenent of hardness 1 carried out first
or
no measurenent on 1 is carried out
The probabilities of various outcones of neasurenent on 2 do not
depend in any way on whether or not a neasurenent is nmade on 1

first.

Since the predictions of QM are correct, there nust be non-I|ocal
influences in nature and they nust be of a particularly subtle kind.

The outconmes of neasurenents do sonetinmes depend non-1locally on

out cones of other, distant neasurenents, but outcones of neasurenents
i nvari ably do not depend non-locally on whether any other distant
measurenents actually get carried out.
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Anot her way (tricky...nust think about this one) to say this:

Non-| ocal influences are so subtle (they surely exist)

that they cannot be used to transmt any signal containing

i nformation, non-locally, between two distant points. They
cannot encode information you want to send in decision to
make a neasurenent or not to nake one, or in a decision about
whi ch neasurenent to meke, since no such decisions can have
det ect abl e non-1ocal effects.

Let us look at a sinple experinment (actually done in 1980 with
photons) that refutes EPR and agrees with Bell's results. W will
di scuss this experinment again later in nore detail and nathemati cal
rigor.

Consider a pair of electrons in an entangled state |like |A) where we
use the observabl e spin(up/down in any direction).

1 1
)= |2 up)y|2- down) - —|2- down|z- up),

The el ectrons separate in physical space wthout changing this state
vector. We end up with two separated el ectron beans. Each beam has
equal nunbers of z-up and z-down el ectrons (since probability = 1/2
for each in each conponent).

Each electron in one beamis correlated with a partner in other beam
since if neasure electron in one beam z-up, then partner in other
beamis z-down due to entangl enent and vice versa.

Thi s nonseparabl e state renai ns nonseparable no matter what basis
(direction we neasure spin) we use.

We define the direction of neasurenent by the angle 6 it makes wth
an arbitrarily chosen z-axis direction. The original state is (6=0,
i.e., we chose the z-axis). So we can wite

1 1
|N=Q§hw%umﬂ4®—mwm2—jﬁdw—dWWMAw—umz
A state in an arbitrary direction basis is
1 1
|A) = \—ﬂ 2(6) - up)4|2(6) - down),, — \—? 2(6) - down)4| (6) - up),
where (in original basis)
0 .0
|2(0) - up) = cosE|z(0) - up) + sn§|z(0) — down)
|ﬂ®—dwm%hdn%dm—um+angdm—dmm)

Does this make sense? Stand on your head — 6 = 180 —
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|2(180) - up) = |z(0) - down)
|2(180) — down) = |z(0) - up)
as expect ed.

Suppose we neasure beam 1l in a direction 6, and beam 2 in a direction

1
62 and count nunber of tines

beam 1 up and beam 2 up

or = a MATCH
beam 1 down and beam 2 down
and count the nunber of tines
beam 1 up and beam 2 down
or = a MSS

beam 1 down and beam 2 up

Quant um nechani cs says the experinental results depend only on the
angl e difference

$=0,-06

and not separately on 61 and 62. These results are confirnmed

experinmentally no matter where two detectors are located...in sane

Suppose we code the results comng fromtwo detectors:

If ¢=0, z-axes of the 2 detectors are in the sane direction and we
get

beam1—=T{ T L TLLETTETILT v
beam2 — | T PP PTLL T T e

i.e., ALL M SSES (remenber if 1 is up, 2 is down).
We get two opposite binary data sequences in the two detectors

1010010001101001. .. .. ..
0101101110010110.......

If ¢$=180, the z-axes of two detectors are in opposite directions and
we get ALL MATCHES, i.e.,

beaml—=T{T{ LT LdTTETILT v
beam2 =t Py TV TPt LT e,

(upin lis in opposite directiontoupin 2 or upin 2 is down in
1).

Quant um nechani cs predicts the nunber of MATCHES varies |ike

Page12



[ #MATCHES] [ #EL ECTRONS] sinzg

[ #M SSES]

[ #ELECTRONS] coszg

[ #MATCHES + #M SSES]

[ #ELECTRONS] [ gn2%+co¥§] = [ #ELECTRONS]

as it shoul d!

We now set the angle between the detector axes to be ¢=120°. Quantum
mechani cs predicts

[ #MATCHES]

3/ 4 [ #ELECTRONS]
What woul d EPR say?
If ¢=60°, then

[ #MATCHES] = 1/4 [ #ELECTRONS]

(this is sane as the quantum nechani cal prediction - check it!).
So now EPR align the detectors (¢=0°).
They the rotate detector 1 such that ¢=60° and get
1/ 4 NMATCHES.
So now EPR re-align the detectors (¢=0°).

They then rotate detector 2(opposite direction) such that ¢=-60° and
al so get

1/ 4 NMATCHES.
The EPR version of reality (locality) says rotating 1 detector can
ONLY change sequence of ups/downs at 1 detector and rotating 2
detector can ONLY change sequence of ups/downs at 2 detector.

That is their LOCALITY assunption

Now they rotate detector 1 by ¢=60° fromthe aligned direction and
rotate the detector 1 by ¢=-60° fromthe aligned direction(tota
angl e between = 120°).

EPR t hen predict

1/4 + 1/4 = 1/ 2 MATCHES (not 3/4)
Experinment says answer is 3/4 I'!. Quantum nechanics is correct!
The local view of reality due to EPR cannot be correct.

Sonmehow information is flow ng between detectors 1 and 2 NO MATTER
WHAT WE DO. The speed of information flow m ght even be infinite(best
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measurenent so far =~10'c=3x10"m/sec).

It is inportant to enphasize that we have not observed any non-| ocal
interactions directly, but only indirectly denonstrated the need for
t hem

Each neasurenent is separately local, i.e., we neasure any spin
direction in either detector and always get 50-50 up and down no
matter what the other detector is doing.

It is the sequences that differ(in a randomway) as we change the
angl es. This neans, as before, that we cannot transmt any nessages.

We only find out the sequences(nessages) when we bring themtogether.

So, it seens in QM that ny QM fist can punch your QM nose w t hout
bei ng at your QM nose!!
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