The Strange World of Neutral K-Mesons

We can now use the same formalismwe devel oped for photon
pol ari zation to study el enentary particles called K-nesons.

K-mesons are produced in high-energy accelerators via the production
process

7 +p = A +K°

In this reaction, electric charge is conserved. This reaction takes
pl ace via the so-called strong interactions. Another physica
guantity called strangeness is also conserved in strong interactions.

All K°-mesons have a strangeness equal to +1.

For every particle there always exists an antiparticle. For the K°,
the antiparticle is called the K° The K° nesons have a strangeness
equal to -1. A reaction involving the K° is

K+p = A+t
whi ch is an absorption process.

The K-nesons that exist in the experinental world(the |aboratory) are
| i near superpositions of K° and K° states in the same way that RCP
and LCP photons were superpositions of the |x) and |y) pol arization

states. So the world of K-nesons can be represented by a
2-di mensi onal vector space.

One basis for the vector space is the orthonormal set ﬂKO)UZ%} wher e
(K°|K®) =1=(K°|K®) and (K°|K°)=0
Two |inear operators are inportant for the study of K-nesons.

First, we represent the strangeness operator. W already stated that
t he states \K°> and \K‘> have definite values of strangeness, which

means that they are eigenvectors of the strangeness operator S with
ei genval ues =1(by convention). Using our formalism this neans that

§K%)=|K) and  §K°)=K)

[ (- 2o

in the {M(O)\K“>} basi s.

The second |inear operator that is inportant in the K-neson systemis

charge conjugation C. This operator changes particles into
antiparticles and vice versa. In the K-nmeson systemusing the

ﬂKO)U?%} basis we define C by the particle-antiparticle changi ng
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relati ons

&K)=[R?) and ER)=[K°)
~ ((K°IOK®) (K°|ICIK®)) (0 1
“(Reidie) (i) ~la o

~

We can find the eigenvectors and ei genval ues of the C operator as
foll ows

Cly) = M)
Cly) = AClw) = Xly) = Ty) = [w)

where we have used C?=1. This says that A2=1 or the eigenval ues of
C are =1. If we use the {M(%JK“» basi s and assune that

ly)=alK’) +bK°) where [a+bf =1
we find for A=+1 A A A
Cly) = aC|K®) + bC|K®) =[y) = g K°®) + b|K®)

) dK®)+blK?) = aK?) + bK®)

or a=b=—. If we define the +1 eigenvector as |Ks), we then have
Y

1 _
o) = K7) + )
Sinilarly, if we define the -1 eigenvector as |K ), we then have

1 _
k=5 (k7))
We t hen have A A
C| Ks) =|Ks> and  ClK )=-[K)

Si nce the commut at or [ééj=0, t hese two operators do not have a common

set of eigenvectors. This neans that both operators cannot have
definite values in the sane state. In fact, the concept of charge

conjugation is meaningless for K-nmesons in the {M(%JK‘% states and
t he concept of strangeness is neaningless for K-nesons in the
ﬂKQJKL» states.

The ﬂKQJKL» states forma second orthonornmal basis for the vector
space (like the RCP and LCP pol ari zation states).

The standard approach we foll ow when studyi ng physical systens using
guantum nechanics is
(1) define the Hamltonian for the system
(2) find its eigenval ues and ei genvectors
(3) investigate the tinme devel opnent operator generated by the
Ham | t oni an and
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(4) calculate transition probabilities connected to experinents

Along the way we will define the properties of otheerperqtors
appropriate to the systemunder investigation (like Sand C above).

It is the job of the theoretical physicist to derive or guess an
appropriate Ham | toni an.

Since we are in 2-dinmensional vector space, all operators are
represented by 2x2 matrices. In the case of the K-neson system we
wi |l assunme the nost general formconstructed fromall of the

rel evant operators. Therefore, we assune

- ~ A ~ (M+B A
H=MI +AC+BS=
A M-B
and investigate the consequences of this assunption. W will assune

that the matrix has been witten down in the ﬂKO)U(w} basi s.

Step 1

| nvesti gate the comut at ors:
[I:|,I:|]=O , [I:I,é]:tO , [Irl,é]#O , [é,é]#o

| f an operator conmmutes with the Ham |tonian, then the correspondi ng
physi cal quantity is a constant of the notion.

Since the Ham | toni an al ways commutes with itself and it is not
explicitly dependent on tine, the physical observable connected to
the Ham | tonian, nanely the energy, is conserved.

A

Since they do not commute with the assuned form of H, neither S nor
C is conserved in this nodel

When a physical observable is conserved, we say its val ue corresponds
to a good quantum nunber that can be used to characterize(label) the
ket vector representing the physical system

Step 2

| nvesti gate special cases (limts of the nost general solution):

Case of A =0 :

" n A M+ B 0
H=M|+BS=( )

M- B
[ﬁ,é]=o

whi ch means that H and S share a common set of ei genvectors and Sis a
constant of the notion. W already know the eigenvectors or S and so
t he ei genvector/ei genval ue problemfor H is already solved(clearly
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this is a very powerful rule). W have
H|K,) = (M + B)|K,) and H|K,)=(M - B)K,)

We coul d have surm sed this fromthe diagonal formof the matrix
representation, since the only way the matrix could be diagonal is
for the basis states of the representation to be its eigenvectors.

A

C is not conserved in this case, since [ﬁ,é]=o.

The energy eigenstates, {M(%JK“» in this case, are a basis for the

vector space. This neans that we can wite any arbitrary vector as a
I i near conbi nati on of these vectors

) =aK,) +HK,)=aE=M+B)+bE=M-B)

Now, as we derived earlier, energy eigenstates have a sinple tine
dependence

HIE) = E[E)

A Sty S
UIE)=e " [E)=e " [E)

Therefore, in this case, the tinme dependence of the arbitrary state

vector is given by
.M+B

.M-B
WNU>=m;47WKJ+béH7WKJ

This will be a general approach we will use, i.e., expand an
arbitrary state in energy eigenstates and use the sinple tine
dependence of the energy eigenstates to determ ne the nore conpl ex

ti me dependence of the arbitrary state. O course, we have to be able
to solve the eigenvector/eigenval ue problemfor the Ham I toni an(the
energy operator) of the system under investigation.

Case of B =0 :
" ~ ” M A
H=MI +AC-=
(A )
[ﬁ,é]=o

A

whi ch means that H and C share a conmon set of ei genvectors and C is
a constant of the notion. W already know the ei genvectors of C and

so the eigenvector/eigenval ue problemfor H is again already sol ved.
W have

H|Kg) = (M + A)|K¢) and H|K, )= (M - A)K,)

A

S is not conserved in this case, since [ﬁ,§L=O.

The energy eigenstates, ﬂKQJKLﬂ in this case, are a basis for the
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vector space. In this basis

~ (M+A O
H —

( 0 M-—A)
as expect ed.

We could al so solve this problemby finding the characteristic
equation for the Hamltonian matrix, i.e., since we have

Hly) = 2jw) — (H - AD)ly) = 0
the characteristic equation is

. M-L A
daUﬁ-M)=O=da( )

A M-4
(M=A)Y -A2=0—>2L=M=A

Since we have another basis, we can wite any arbitrary vector as a
I i near conbi nation of these vectors

) =aKs)+bK )=adE=M+A) +bHE=M-A)

Therefore, in this case, we have the tine dependence

-M+A -M-A

) -ae " [Ko)+be " K)
Step 3

Sol ve the general Ham Itonian problem (if possible; otherw se we nust
use approxi mati on nmethods). W have

- ~ ~ ~ M+ B A
H=MI+AC+BS=( )

A M-B

W assune that the eigenvectors satisfy }ﬂ¢>=lﬂ¢> wher e

=)

This gives

or

M+B-E A ¢, o
( A M—B—E)(%)‘

This is a set of two honbgeneous equations in two unknowns. It has a
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nontrivial solution only if the determ nant of the coefficients is
zero

M+B-E A

=0=(M+B-E)(M-B-E)- A?
A M-B-E

Thi s has sol uti on

E. =Mz\A?+B? (the energy ei genval ues)

We solve for the eigenstates by substituting the eigenvalues into the
ei genval ue/ ei genvector equation

M+ B A
( + )(q)l:) — Ei(¢lx) _ Et ¢i>
A M - B ¢2: ¢21
After sone al gebra we get
¢, -A _ BxA + B’

0,., BFJA2+B? A

We check the validity of this solution by conparing it the limting
cases

For B = 0, we have

-A
R S S ST EACA
2+

whi ch says t hat
1

)= J5(y) =Ik ad lo)= () -1k

whi ch agrees with the earlier results.

In the other limting case, A = 0, we have

&=OO_>¢1+=1 and ¢2+=0
¢2+

G
fe_0-¢_=0 and ¢, =1
0, ) ¢

)=(g) =IKo) and [0)= () =IK)

whi ch again agrees with the earlier results.

whi ch says that

If we normalize the general solution

¢.  -A B (A +B
. BTA?+B? A
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usi ng

2
¢1¢ = 1

“ 4.
A

f\/AZ + (B¢\m)2

BF/A+B?

VA2 4 (BFA A + B2)?

we obtain

¢11— =

¢2: =

and

1 A
¢:> - \/A2 +(B$’\m)2 (_Bi’\’Az + Bz)
_ Ay (B A BYIK,)]
\/AZ +(B$\sﬁA2 + BZ)Z
1

2 A% 4 (BT A? + B?

[(A- B A+ B?)| Ky + (A+ B A2+ BZ)|KL>]
)2

Step 4
Look at a realistic physical systemthat we can relate to experinent.

In the real world of K-nmesons, the Ham Itonian is such that B<<A.
In this case the states {|KS>,|KL>} are al nost energy eigenstates or

charge conjugation is al nost conserved. W expect that instead of
being able to wite

9.)=|Ks) and |g_)=|K)
whi ch would be true if B =0, that we should be able to wite

7] . 0
9.) = cost Ky +sn2|K,)

. 0 0
¢) = —sm§|KS> + cos§|KL>

where for 6<<1 we clearly approximate the B = 0 result. Let us see
how this works. For B<<A, we choose

9_B 4
2 2A
and get
6 o B I
S=tans=_——=—F5
2 2 2A 57
To | owest order we can say
sing=E:6<<1 and cosg=1
2 2A 2

to get
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¢+> = |KS> +5|KL>
[¢-) =[KL) = 0|Ks)

This says that if [y,)=[¢.), then the nunber

‘<Ks|¢_>‘2 _ probability of observing aKj
(K, |g. >‘2 probability of observing aK
_ (Number of Kg)/(Number of K and K, )
(Number of K, )/(Number of K and K| )

_ (Number of K)
(Number of K )

gives the experinental ratio of the nunber of tinmes we will neasure a
final state of |Ks) to the number of times we will neasure the final
state of |K ). The signature for seeing a final state of |K ) is to see

its decay to 3 sx-nmesons and that of a final state of |Kg) is to see
its decay to 2 m-nesons. The nunber is

Kelo ) o

(Ko )

Now experiment gives the result |§|=2x10°. This nunber is a measure of
how | arge of an effect strangeness has on this system

If B =0, then charge conjugation is conserved. If B = 0, then charge
conjugation is not conserved. So 6 is neasure of the |lack of charge
conj ugation conservation in the K-neson system

If we identify the energy eigenvalues as the particle rest energies

M + A = mc?
M-A=mc’
we have
2 2
AFw:lO_S eV
and
B=2A5 =10""m.?
or
BZ =10—17
m,C
This is a one part in 107 effect!!! It is one of the best neasurenents

ever made. It won the Nobel prize for the experinenters. It is now
understood in detail by the standard nodel of elenentary particles.

Now | et us |look at QuantumInterference Effects in this K-neson
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syst em

Suppose that B = 0. Then the energy eigenstates are ﬂKQJKL» W th
ei genval ues M=A. Now | et Mm)=|KJ=h%EQKQ+¢KL». This is not an
A

energy eigenstate so it will evolve in tine(conponents will
change their relative phase). Its tinme evolution is given by

(V) - e"?|win> —e 1K 0

‘w"* r\ﬂ"-‘

(eh|K>+eh|K>

M+At -M-A

Ny

The probability anplitude that the initial meson oscillates into
the orthogonal state K, at tine t is given by

1 M+A _iM—At -
(K, |1p(t)>—?(e R Ko e (KK
M+A -M-A
=—L{e —i:- S 1)
N2 N2 V2
Finally, the probability that the incom ng K,-nmeson will behave

like a K,-meson at time t (that it has oscillated into a K,) is
gi ven by

1
Rg“)=KK|¢“»‘ [1 cosQt]
wher e
1 2A  mc’ -
Q="(M+A)-(M-A)="T="5 1~
(M +A) -~ (M- A) == —-
What is the physics here? If mi-m =0 then Q=0 and H%a)=0 or
the two nesons do not change into one another(call ed
oscillation) as tine passes.

However, if mg—-m =0 then EQ0)¢O and the two nesons oscillate

back and forth, sonetinmes being a K, and sonetines being a K,.

Thi s has been observed in the |aboratory and is, in fact, the
way that the extrenely small mass difference is actually
measur ed.

This is also the sane nechanismthat is proposed for
oscillations between the different flavors of neutrinos.
Experiment indicates that neutrino oscillation is taking place
and the explanations is that all the neutrino nasses are not be
zer o!
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