Pol aroi ds, Stern-Gerlachs and Slits - The Finale - Explanations

Renenber the property of light that we called polarization. Let us
repeat sone experinents using a calcite crystal, Polaroids and a
| aser.

First, a calcite crystal when used in conjunction with pol aroids
shows definitely that are two distinct kinds of photon polarization.

Now send | aser light through a Polaroid oriented so that |ight
pol ari zed along its x-axis passes through.

This takes the originally unpol arized beam and pol ari zes the |ight
al ong the y-axis(defined by the first polaroid). It coll apses the
pol ari zation state as we saw earlier

A second polaroid with its preferred axis at angle a with respect to
y-axis (determned by the first polaroid) is then inserted. W choose
axes x'-y' for the second polaroid. The y and y' axes nake the angle
a wWith respect to each other and the second pol aroi d passes |i ght
polarized inits y' direction

Bri ght ness(intensity) neasurenents indicate that only a fraction

cos’a of the energy of the |ight beam cones through the second
pol ar oi d.
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This is easily seen, since the conponent of the vector parallel to
the y' axis is a conponent = cosa tinmes the original vector |ength(=1
for convenience) in x direction. Since the intensity(brightness) of
the light is proportional to the square of the E vector(length

squared), we end up with cos’a of the light (intensity) energy that
passes through the first polaroid subsequently passing through the
second pol aroi d.
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Now i n the | anguage of state vectors and operators we have:

|y) = | photon state after 1st polaroid) = Py )

where B, is the y-polaroid operator.

| f

|¢>=%|x>+%|y) when written in the |x),|y) basis
/\’] '\,‘/

t hen

The i%-factor sinply says that the nunber of photons getting through
is 1/2 of the total

At this point we choose the |x')|y) basis and wite
|X) =sina|X) + cosaly')

Therefore, after the first polaroid we are in the state
|X) =sina|X)+cosaly). Now

y' - polaroid = B, = |y')(y'|
so that the number of photons is reduced by a further factor of cosa.

O in words, we start in a laser state, which after the first
polaroid is a state polarized in the y direction. This is equival ent
to a state which is a |inear conbination of a x'-polarized state and
a y -polarized states with respect to the axes of the second pol aroid
with weights siha and cosa respectively.

Due to the orientation of the second polaroid, only the y'- polarized
state of the light after the first polaroid can get through and so
on.

This explanation fits well, if we are thinking of |ight waves and
their intensities(large nunbers of photons).

So, we now repeat the experinent, but we first reduce the intensity
of the light such that only one photon is in the vicinity of the
material at any tine.

This photon really has a probl em

In order for the new experinent to agree with the old one, this
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singl e photon nust allow only a fraction cos’a of its energy get
t hrough the second pol aroi d!

The problemis that the photon is not divisible! The photon can do
only one of two things:

either it all gets through (no absorption of the photon)
or
none of it gets through (total absorption of the photon).

Thus, we either get 1 or 0O photon as the result of the experinent.

If we want to get agreement with the wave results then we nust assune
that the photon sonetines gets through and sonetines does not!

We cannot predict what any particular photon will do, but if we watch
a | arge enough nunber than we will find that a fraction cosa have
gotten through. We thus are led to assign a probability cosa that the

photon is transnmtted and a probability sina that the photon is
absor bed.

Note that the sum of the probabilities for all possible outcomes =1

( cos’ a+sina=1) since sonething nust happen. Suddenly, we have radi cal
unpredictability of individual events appearing in quantum mechanics.

What el se has happened in this experinent?

The direction of polarization or the polarization state, has changed
during the experinent!

After first polaroid the light was in a |linear conbination of x' and
y' polarization states (with respect to the second Pol aroi d) and when
it came out of second Polaroid it was in an y'-polarization state!

What does this nean for single photons?

Only one interpretation seens possible -- that the polarization state
of the photon was instantaneously changed(coll apsed) in the second
polaroid froma m xed (superposition) polarization state to a
y'-polarized state if it got through.

Let us sunmmarize these results in the proper |anguage of quantum
mechani cs.

Any state can be considered a |linear conbination or superposition of
other states (i.e., x and y polarization states) where the other
states that nmake up an arbitrary state are all nutually excl usive,
i.e., there is no anobunt of x-polarized state in a y-polarized state
and vice versa(this is what we nean by an orthonornal basis).

In the correct notation it |ooks |ike:
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|p)=ax) +bly)

where |a°+p°=1 and |a* is the probability that the photon in state |p)

will be transmitted in the x-oriented polaroid and |b° is the
probability that it will be absorbed.

VWhat has this idea done to the worl d?

Do any states have definite properties?
VWhat about [x) or |y)?

I f we observe that there are several outcones from sonme experinment on
a beamof light, then how do we interpret this result in terns of the
initial state of the beanf

Do we say the original state was a |inear conbination of states
representing all the possibilities as with x and y pol ari zation?

That is exactly what we are forced to say because |ight can act |ike
a photon (like a particle).

The superposition principle has taken us straight to the heart of the
el usi ve indeterm nacy of quantum nechani cs. W now have a way to
describe the "state" of an electron when it is "prepared” in an
experi nment.

These states will be the vectors we have been descri bi ng.

Any experinent, however, involves a second part, nanely, the act of
measurenent -- |like determ ning where the electron is or howit is
novi ng.

Measurenent is represented by operators and sone operators are
i nconpati bl e.

We defined inconpatibility by saying that we could not sinultaneously
know bot h observables. It also neans that the order of measurenent
matters (remenber the commutator).

Consi der the follow ng experinment using the polaroids. W use two
polaroids oriented at an angle a with respect to each other, cal

t hem é and P,

(1) Initial state of a photon = |aftercacitey — 2 separated beans of
ort hogonal pol ari zations

~

(2) Measure polarizations wwth B and ézin t he order shown bel ow
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A

PP |after calcite)

We adjust the first polaroid(2) so that one of the beans
di sappears.

The final result is only one beam because the other is
extingui shed by the first nmeasurenent!

But if we reverse the order of neasurenent(w thout changing the
pol aroid orientations) we have the operation

P,P|after calcite)
In this case both beans are once again present at the end.

The inmportant result is that none gets through in one order and sone

gets through in the reversed order which says that B and I% are
i nconpati ble and that they are not sinultaneously neasurable.

Thus for inconpatible observables the order of nmeasurenents nust be
carefully nonitored. That is the real content of the Heisenberg
uncertainty principle.

Now |l et us return to the Stern-Gerlach Apparat us

Renmenber Experinent #5 fromearlier. It is shown bel ow.

Z > R ﬁ > ﬁ >~ /Z\ > R
+7 +Z
’ —
— >
-Z X R

In this experinent a beamenters the SGz device and we bl ock the
exiting 3-2==—g beam The 3-2==+g beamis sent into the nodified

SGXx device and the exit beamis sent into the final SGz device. W DO
NOT bl ock any of the paths in the nodified SGXx device. Since the beam
entering the nodified SGXx device is reconstructed before it exits (we
already saw that it does this in the Experinent #4 earlier), we are
NOT maki ng a neasurenent of JeX using the nodified SGXx device as we
did when we used the original SGXx device in Experinment #3 earlier
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Now we send in N particles and N2 are in the j'2==+g beam as before.

However, now, instead of finding N8 particles in the final j-2=-+§

beam we find N2 particles. ALL the particles nmake it through
unchanged, even though there are SGx devices in between. It behaves
as if the nodified SGx device was not there at all and nothing is
random zing the z information.

We m ght have assuned that 50% of the particles in the j-2==+§ beam

St

before the modified SGX device would energe in the JeX=+- state and

N

A

t he ot her 50% woul d mmrmeintheJ-i=—g state.

Experinment #5 says this cannot be true, since if it were true, then
we woul d have two beans coning out of the final SGz device, each with
50% of the particles.

Qur results are inconpatible with the statenment that the particles
passi ng through the nodified SGx device are either in the state
j-i=+g or the in the state j'2=—g.

In fact, if we carry out this experinment wwth a very lowintensity
beam where only one particle at a tine is passing through the
apparatus, then we observe that each particle energing fromthe fina

SGz device is in the state 3~2=-wg. This elimnates any expl anation

of the result that would invoke interactions anong the particles
while they are in the apparatus.

For beans of particles, we have been talking in terns of percentages
or fractions of the particles as experinental results.

For a single particle, however, it is not possible to predict with
certainty the outcone of a neasurenent in advance. W have seen this
earlier in our experinents with photons polaroids. W are only able
to use probability argunents in this case.

Probabilities al one, however, are not enough to explain Experinent
#5. W cane to the incorrect conclusion because we nade a m st ake.

There are two ways the photon could get through the apparatus and
t hese ways are indistinguishable.

When we calculate a probability, i.e., Kauwf = the probability that we
will find the systemin the state |a) after a neasurement if before
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the neasurenent it was in the state |b). We define the quantity

(alby = the probability anplitude that we will find the
systemin the state |a) after a nmeasurenent if
before the neasurenment it was in the state |b)

We added the separate probabilities of the indistinguishable ways to
get the total probability, whereas the correct result is to add the
anpl i tudes of the indistinguishable ways and then square the total
anplitude to get the correct result.

W elimnated interference effects and got the incorrect result!!

Wien we don’t actually nmake a nmeasurenent as in the nodified SGx
devi ce, we nust add anplitudes and not probabilities.

We can now use our formalism which should allow us to explain the
experiments correctly.

We need a 2-di nensional vector space to describe these physi cal
syst ens.

As a basis for this space we can use any of the sets ﬂ+ﬁM—ﬁﬂ

A
A

corresponding to the definite val ues ia-for Jen. Each of these is an
ort honor mal basis where

(+A[+A) =1=(=A[-A) and (-f[+A)=0

Any arbitrary state can be witten as a superposition of the basis
states

[} = (+Afy )| +0) + (=Aly )|-0)
and the operators can be witten as

N

o= g|+ﬁ><+ﬁ|_g|_ﬁ><_ﬁ| _)

n

Expectation val ues are

(3.) = (w 3Jw) = 2|2l - 2 -2l )
The quantity

(+N|y) = probability anplitude for measurement

of |+N) whenin state|y)
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and
‘<+ﬁ|1p>‘2 = corresponding probability
Let us Analyze Experinent #3 in Detai

The set up is shown bel ow

L F L

Z X Z
+7Z +X +7

'Y > —'
» ’

AR

I n Experinment #3, the state before entering the first SGz device is
ly,) =a+2) +b-2) where [+’ =1

Since the SGz device is a neasurenent of jy after the SGz device the
state is |y,)=|+2) (renenmber the we bl ocked the |-Z) path).

It is very inportant to realize that we cannot answer a question
about a neasurenent unless we express the state in the basis
consisting of the eigenvectors of the operator representing the
observabl e bei ng neasured.

Renmenber we call this the hone space of the observable.

That is why we used the i ei genvectors to discuss the neasurenent
made using the SGz devi ce.

Now, we are going to nmake a measurenent of jx in the SGX device. So

we now switch to a basis consisting of the i ei genvectors. W can
wite

|+X) = (+2]|+X)| +2) + (-2| +X)|-2)

One of our experinents tells us that when we send a particle in a
|+X) state through an SGZ device, the probability = 1/2 that we find

|+z) and 1/2 that we find |-Z). This means that
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or
(+2+5) = and (~2]4%) ==
and
|+X) = —=|+2) + —|-2)
Simlarly,

- 1, . 1,4
|—X>—\—r2|+z>—\—r2|—z>
whi ch expl ains why we see the two beans of equal intensity at the

end. Thus, our formalismeasily handl es Experinment #3.

Now to finish Experinent #5

Since we are not actually neasuring 32 in the center apparatus, the
i nconming [+Z), which is a superposition of [+X) and |-X) has an
anplitude for passing through as |+§<> and anplitude for passing
through as |-X) .

The probability anplitude of observing a |-z) at the end is
(=2|+2) = 0= (-2|+X)(+X|+2) + (-2|-X)(-X|+2)= O
wher e
Al A Al A . . ~ 1
(=2|+X)(+X|+2) = amplitude for passing through as |+X) = 5

(-2|-%)(-X|+2) = amplitude for passing through as |-X) = —%

So the probability is correctly = 0.

Qur m staken cal cul ati on goes as follows. |Instead of adding the
anplitudes and the squaring, we squared the anplitudes and then
added, as if these were distinguishable processes. W obtai ned

1
2

1

5 — 50% are|-2)

2 ‘ 1
+ ——
2

Therefore, we have the nost powerful rule of quantumtheory.
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| f a process can happen in several indistinguishable ways,
the correct probability for the process is obtained by addi ng
the anplitudes for all the indistinguishable ways and squaring
the total anplitude.

In this way we retain interference effect and see quantum behavi or.

Squaring the individual anplitudes and addi ng renoves al
interference effect and gives erroneous classical type results.

In the col or-hardness experinent. The correct answer is the think of
the magenta el ectron as passing through the apparatus as a
superposition of hard and soft. Add the anplitudes for each way and
then square to get the correct probabilities. If we | ook to see what
path they are on, the paths are no | onger indistinguishable and we
add probabilities (not anplitudes) and get a different result.

Let us see this work again.

Two slit experinent:

The only answer will be that the electron state is a superposition of
states corresponding to passing through both slits . W have
linitial state)
|entering slits region) = Tlinitial state)
|leaving dlits region) = Qinitid state) S=dit operator
= a| passed through it 1) + b| passed through slit 2 )
|at screen detectors) = T|leaving slits region)
= T(&| passed through slit 1) + bl passed through slit 2 })
=25adkmdaedow

wher e
la|” = probability of detection at k" detector

and
k" detector) = state of being at k" detector

We are neasuring a position variable in this case.

Now, a w |l have contributions fromboth slits,.i.e.
a =3 +a(2)
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Then, since the paths are indistinguishable,

af* = (a0 +a [ = [a Q) +[a @

which allows for interference (cancellation) only if both slits are
present .

If you try to detect which slit the electron went through, then you
col l apse the state into one or the other and the interference pattern
must go away and it does!!!

That is, if we try to detect if the electron passes through slit #2
t hen we have

if it does ---> a =2a(2)
if it does not --> it passes through slit #1 ---> a =a/(

In both cases the interference disappears.

From the detector probabilities we cannot go backwards in tine and
reconstruct the paths and find out which slits the el ectrons went
t hrough! I n classical physics we coul d!'!

Saying the sane thing slightly differently (because it is so
i nportant)

Two slits ......
— kth detector
top
Q I
source bottom
slits

wafter—s!its> = T|winitial> = atop I:Utop> + abottom|¢bott0m>
i.e., a superposition of all the possible ways for the result to
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Qur probability discussions then say that
A, = probability amplitude to be detected at k™ detector
= <k wafter—gits> = <k|(atop IPtop> + abottom|wbott0m>)

= a[op<k‘l/)top> + abottom<k|1:Ubottom>

= Aop + Abottom
= sum of amplitudes for al indistinguishable ways

Finally,

P, = probability to be detected at k™ detector

Ik
Aop + Abottom

whi ch gives the correct interference pattern

2
Wafter—slits>

2

Anot her pol ari zati on exanpl e

f — Prob=0 f§ 1 Prob=1
= — Prob=1 = 1 Prob=0

GO NOGO processes

where {f — are preferred and pol arization directions, respectively.

Two possi ble polarization states.....

1=190°) passi ng through

—

Using a different basis we can wite

==|0°) passi ng through
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o\ _ o i o
f=190°) = —=45°) + J§|135>

1
V2

whi ch expl ains why the probabilities are 1/2.

o 1 o 1 )

\

Now suppose a beam conposed of 90° and 0° photons cones to a 45°
pol aroi d. For each beam 1/2 of photons get through. After getting
through they are all polarized at 45°.

The inmportant point is we cannot tell which beama particul ar 45°
photon originally cane from.... we have erased that information!!!

More about this point |ater.
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