Pol ari zati on

| nt roducti on

W will nake a first pass at photon polarization in this section and
return to a conplete theory later on. Here we will introduce

pol ari zati on and sone of its properties and then di scuss sone
experinents that illustrate the problens with the cl assica

description and the strangeness of quantum phenonena.

Light is really oscillating E(electric) and B(magnetic) field
vectors. In particular, these vectors oscillate intine in a

pl ane(two-di mensi onal space) perpendicular to the direction of
propagation (nmotion) of the light (called the transverse direction).
This is why you are able to see light. Your eye is actually
responding to these oscillating el ectromagnetic fields. The

oscillations are of very-high frequency (10®/sec)

direction of
propagation

As stated, the electric field vector is oscillating in sone direction
at any instant of tine. Suppose we choose to associ ate that

i nst ant aneous direction of the E vector with a new quantity call ed
pol ari zati on.

The E-vector then defines the plane of polarization(orthogonal to
direction of propagation) and the direction of polarization of the
beam of |ight.

Have you ever observed pol arization?

Yes....you all have oriented the aerial of portable radios, FMradios
or TV rabbit ears to get the best signal...you were |ining them up
with the polarization of the el ectromagnetic waves in each case.

Al so, as we shall investigate in nuch detail shortly, you all have
used pol aroi d sungl asses. These glasses only allow [ight with
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pol arization in a single direction to get through, thereby cutting
down the intensity(amount) of the |ight reaching your eyes.

Now for some |ive experinental denp (watch these carefully...). They
contain nore than it seens at first sight and actually contains
everything we need to know about quantum nechanics.... Stop by ny

| aboratory (Science Center 127) and try them out for yourselves

Now we can al ways choose the plane containing the electric and

magnetic fields to be the x-y plane and represent the E vector as
the sumof a two vectors, one in the x-direction and the other in the

y-direction, such that the E vector makes an angle a with the
X- axi s.

Then we say that the E vector is a conbination(sun) of an
E.-vector(field) and an E,-vector(field) as shown bel ow.

A

my

direction of
propagation z

In terns of the polarization, we say that the direction of

pol ari zation as represented by the E vector is a (linear)conbination
of two polarizations, one in the x-direction and one in the
y-direction, i.e., the polarization state of a systemis a |inear
conbi nati on of an x-polarized state and a y-polarized state.

Shortly, we will see how to cal cul ate how nuch of each state is
present in the total state.

Many materials have a property that they will only let |ight pass
through themif the polarization is in a particular direction, i.e.,
it isin a particular or definite polarization state. Call this axis
the special or preferred or optic axis. To get through the Iight nust
be pol arized (have direction of polarization) in a direction parall el
to the special axis. As | said earlier, you have all seen such

mat erial in sunglasses or sheets of Polaroid film
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Let us |look at some experinents involving polaroid materials, a block
of calcite and a | aser.

The | aser we use produces unpol arized light -- what does that nean?

It means that if we check(neasure) the anount of polarization in any
di rection(anmount of light getting through an oriented polaroid), then
we will find the sane anobunt of polarization in all directions.

Experi ment al Checks:
(1)

Send the | aser beaminto a polaroid. Qur only observation is that
the brightness or intensity decreases (if we carefully neasured
it....it would drop by about 1/2). If we rotate the polaroid we
observe no change, which says that the amount of light in the beam
with polarization parallel to the preferred direction is the same no
matter how | orient the polaroid(how | point the preferred

di rection).

The fact that we get the same intensity (1/2 of total) no matter what
direction we choose....... says that the light coming out of the |aser
has equal anmpbunts of polarization in the two directions(no matter

whi ch you two you choose). This is called unpolarized light (we wll
give a nore formal definition later).

So,if we choose a preferred direction(done when | pick up the
polaroid and orient it in the apparatus), then the polarization of
any system(the light fromthe laser in this case) we are

i nvestigating nust be thought of as either be parallel or

per pendi cul ar to that chosen direction....

no other cases will occur in the real world

After passing through the polaroid we say that the light is polarized
in a particular direction (parallel to the polaroid preferred axis).

Al the light with polarization in the orthogonal direction has been
removed(that is what the pol aroid does).

If this is true, then if | use 2 identical polaroids rotated by 90
degrees with respect to each other, how nmuch light will cone out?

The answer nust be none!

So we add another polaroid and rotate so that no |ight cones through.
These two polaroids are now oriented at right angles with respect to
each other and since there are only these two possible polarizations

with respect to the polaroid directions, no |ight conmes out.

If we rotate the polaroids, keeping there relative orientation fixed

no light comes through. This neans that there are only two

pol ari zations with respect to the new orientations also and they have
cancel | ed out al so.

Again this says that the laser is emtting unpolarized |ight.

In this experinment, we choose a preferred direction by bringing the
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pol aroid over. At that point, the light can be thought of as being
partly nmade up of |ight polarized parallel to the preferred direction
and partly of |ight polarized perpendicular to the preferred
direction and the truly amazing result, as we shall see in our |ater
di scussions, will be that it "doesn’t decide" until | bring over the
pol ar oi d.

Thi nk about that statenment carefully! It reflects the strange
soundi ng expl anations that result when we try to use "words" to
descri be what is happening. Mathematically, as we shall see later,
there will be no confusion about what is happening.

(2)

Now we send the |aser beaminto a calcite crystal and we get two
beans. Calcite also has an intrinsic(built-in) preferred direction.
Cal cite causes bending of a |light beamw th the anount of bending
depends on whet her the polarization is parallel or perpendicular to
the calcite’'s preferred direction. Since there are only two possible
pol ari zations with respect to the preferred direction of the calcite
crystal, we now see two beans.

If | rotate the calcite what will | find?

The sane answer with respect to the new preferred direction, of
course, i.e., just two beans.

Thus, "the qunatumworld" is not set until | walk over and nake a
decision and fix the orientation of the calcite crystal.

Agai n, think about that statenment for a carefully!!! Reflect on the
strange expl anation in these words.

The physical world is waiting for the observer to nake a deci sion
about what neasurenment will be made. This strange idea, which makes
no sense in the classical world, is going to get us into a |ot of
very hot water later in our discussions.

This result is connected to the fact(as we shall see later) that the
act of neasuring or finding out sone property of a systemin sone way
determ nes the state of the system bei ng neasured.

Now back to the calcite beans.

We check with a polaroid to see that each of the two beans represents
light that has a definite polarization by rotating the polaroid.

Using 2 pol aroids, where the 1% cuts out some |ight and the 2™ cuts
out sonme nore, if the rule above is correct and we orient them so
that their preferred axes are at right angles, then all |ight should
be stopped. They affect different beans indicating that the beans
represent different (orthogonal polarizations).

Mrrors have no effect on polarization....they just redirects beans.
(3)
Now renmove the calcite crystal and rotate the pair of polaroids until
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there is no light intensity. Then rotate the second polaroid 45
degrees. The light intensity returns (actually 1/2 of the 0 degree
intensity).

Let us see how cl assi cal physics explains these polaroid experinents
for intense(many photon) beans of |ight.

Classically, if an incident beamof light is polarized parallel to

the special or optic axis, then it all of its energy gets through the
polaroid. If it is polarized orthogonal to the optic axis, then none
of its energy will get through the polaroid. If it is polarized at an

angle a to the preferred axis, then a fraction cos’a of its energy
gets through the pol aroid

Therefore, we can explain polarization experinents when the notion of
electric field vectors nake sense (when we have intense light or lots
of photons) as follows.

Consi der 2 polaroids at right angles — intensityout=0. |In pictures,

A A no light out

+

light
light

where the dashed arrows represent the electric field conponents or
pol ari zations and the solid arrows represent the preferred directions
of the polaroids. Wth conponents of vectors we have

Ein = Exéx + Eyéy g Eintermediate = Eyéy g Eout = O
Now 2 pol aroi ds at 45° degrees — intensity out=0

components relative
to new direction

light _
light light
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Wth conponents of vectors we can derive the follow ng:

W can wite the unit vector that nmakes an angle 6 with the x-axis as

N = coskg, +Sinoe,
We t hen have
E,-E&+ES
Einemediae = (Ein - €,)8, — that iswhat a polaroid does
-E8,
Ene = (Epnameae '), = ((E,8) - (068, +Sin64,))(cos6d, +sin68,)
= E,sin6(cos6e, +sinoeg,)

Sone special cases are:

6=0° — orthogona polaroids

Eout =0
0 =90° — pardle polaroids
Eout = Eyéy

0 =45° — aboveexample

E, = E,SiN45°(cos45°¢, +sin45°,) = %(éx +8)
So the classical wave theory of el ectromagneti smseens to be able to
expl ain pol ari zation experinents for intense beans by using standard
vect or al gebra.
When there are | arge nunbers of photons in an intense beamthe beam
behaves as if it had wave properties. Think of water nol ecul es nmaking
up a water wave

Li ght, however, is really conposed of individual particles called
phot ons.

(4) Now let us add another polaroid to the experinent:

| aser + calcite + [2 polaroids at 90 degrees] — all gone

[2 pol aroids al one at 90 degrees] — all gone
This nmeans that first polaroid reduces beans to only one direction
whi ch cannot get through the second polaroid (they are the wong
kind... have the wong direction).

Now t hat things seemto be nmaking sonme sort of sense, we disturb this
system wi t h anot her neasurenent.

* if we |eave the systemalone NO light is observed
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e if third polaroid sane as first, then sane result(no change)

t here shoul d not be any change because we are
not gai ning any new i nformation....

we al ready know that half is polarized in each direction
e if third polaroid sanme as second, then same result(no change)

again there should not be any change since we
are still not gaining any new information.....

we al ready know that the remaining half are
pol arized in the other direction

e if third polaroid oriented in a different direction
— different result
now sone |ight gets through the 2nd polaroid .....
what does this nean?
Does it mean that we have sonehow recreated the other kind of |ight?
Renove the third polaroid and put calcite in its place to see!
It will turn out that it was the act of neasurenent(inserting a third
polaroid to obtain new information) that disturbed the original

system and changed the experinmental result.

Al'l of the physics contained in the quantumworld is in these sinple

experinments with lasers, polaroids and calcite crystals..... we j ust
have to pull it out and we will in our |ater discussions.
Let nme illustrate a dil emm.

Let us start with a | arge nunber of photons (10®). This very intense
beam t hen behaves |i ke a wave. C assical physics should then be able
to expl ai n what happens.

Place a polaroid in a | aser beam
Hal f of the |ight gets through

Pl ace a second polaroid at right angles.
No |ight gets through

Place a third polaroid in between at 45 degrees.
Hal f of the |ight gets through

This is easy to explain with waves or electric field vectors and
vector conponents as we saw earlier

Polaroid 1 in y-direction (6=90°direction)
Polaroid 2 in 45 degree direction (newy' direction or 6=45%
Polaroid 3 in x-direction (6=0° direction)
We have the experinment shown bel ow
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EIEIEIE
r1r 1
#1 #2 #3 polaroids

Anal yzing with vectors we have:

E,-E&+EQ
E, =E, (unpolarized light)

E -+ B~ E - -
E = f(ex+e,)

Energy = E* — total energy in beam
, E2 1 . o
E, =?e§ of energy in x - polarized light
2

E; = E?%% of energy iny - polarized light

After 1
_ . E . E° 1 y
E =Eg =—-€ —energy=—=_ of origina energy
N2 2 2
After 2
E, = VEZ in45°(cos45°¢, +sm45°ey)——(eX &)
_E* 1 .
—energy = 22 of original energy
After 3

of original energy or sone | i ght

E3_

Now renove the 45 degree pol aroi

Polaroid 1 in y-direction (6=90° direction)
Polaroid 3 in x-direction (6=0° direction)

After 1

N

E=Eg§= %éy — = of original energy
R

After 3
E,=O—energy = 0 or no |ight

So cl assical physics has no troubl e expl aining what is happening for
i ntense beans where we can tal k about dividing energy between

di fferent processes. At each step, the explanation wll say that sone
fraction of the photons or sone fraction of the energy does not pass
t hough a particular polaroid and at each stage the intensity of the
beam which is related to the nunber of photons or the energy, wll
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change in the expected nanner.

But what about any particular photon in the beam each of which is
pol arized at 45° to the preferred axis at polaroid #3?

Now t he answer is not clear at all and the fundanental dilenma of the
subatomic world rears its ugly head.

Renenber, each indivi dual photon cannot be subdi vi ded

As will becone clear during our discussions of quantum nechanics,
this question about what will happen to a particul ar photon under
certain conditions is not very precise and if we do not ask precise
guestions, then we should not be surprised that we get confusing
answers or answers that seem ngly defy reason

In order for the theory to nmake cl ear predictions about experinments,
we will have to learn how to ask precise questions. It will take tine
but we will |earn how.

Renenber, only questions about the results of experinments have a real
significance in physics and it is only such questions that

t heoretical physics has to consider. The questions and the subsequent
experinments devised to answer the questions nmust be clear and

preci se, however.

In this case, we can nake the question clear by doing the experinent
wi th a beam containing only one photon(very weak beam and observe
what happens as it arrives at the polaroid.

It was not until the 1980's that experinents of this sort could
actually be carried out.

In particular, we make a sinple observation to see whether or not it
passes through the polaroid.

The nost inportant result is that this single photon either passes
t hrough the polaroid or it does not.

We never observe 1/2 the energy of a single photon passing through
t he pol aroid. W always observe either no energy or all the energy.

One never observes a part of a photon passing through and a part
getting absorbed in the polaroid.

In addition, if a photon gets through, then observation shows that
its polarization changes such that it is now polarized in a direction
parallel to the optic axis of this particular polaroid (instead of at
45° with respect to that axis as it was before it encountered the

pol aroi d).

In a beamof N photons, each will independently behave as the single
photon did. No experinment can determ ne which photon will pass
t hrough and which will not, even though they are all identical. In

each experinent, however, exactly 1/2 of the total energy and 1/2 of
the photons will pass through pol aroid #3.

The only way this result can be interpreted is to say that each
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photon has a probability = 1/2 of passing through. W are forced into
a probabilistic point of view by the fact that the energy of the
photons in an el ectromagneti c wave is quantized (not contiuous).

We have managed to preserve the indivisibility of the photons(or
ultimately the quantization of their energy). W were able to do this
only by abandoni ng the determ nacy of classical physics with respect
to identical objects, i.e., in classical physics if two objects are
prepared identically, then they will behave the sanme way in identical
experi nments.

The results in this experinent are not determ ned by the experinental
conditions(initial) under control of the experinenter, as they would
have been according to classical ideas.

The nost that we will be able to predict in any experinment is a set
of possible results, with a probability of occurrence for each.

The experinent described above involving a single photon pol arized at
an angle to the optic axis, represents the only experinental and

t heoretical question we can ask.

It is what | shall call a go-nogo experinent.

Does the photon go through or is it absorbed? That is the only
legitimate question we can ask in this case.

So if | arrange ny experinent so that only one photon is inside the
apparatus at any one tine we have a problem Let us redo the
experinment with two pol aroids at 45°.

What happens as it conmes to the first polaroid?

It either gets through or it does not or GO NOGO.

At the second polaroid it is again GO NOGO.

In fact, at the end, it either gets through or it does not!

Now send anot her single photon through. It is identical to the first
and is al so GO NOGO.

What they do is in no way related to each other.

Wait a century before sending the second photon so the first does its
thing long before the second is even created.

What happens after a | arge nunber of unpol arized photons are sent
t hrough a single polaroid? The answer is that 1/2 get through!

Just |l ook at the two polaroids in the experinent. If a photon gets
t hrough the first polaroid, what happens at the second?

GO NOGO.

But if we send nmany, then we get exactly 1/2 of those getting
through the first getting through the second(at 45°).
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The only interpretation that works here is that after a photon passes
through the first, the photon has a probability of 1/2 of passing
t hrough t he second.

We do not know and cannot predict what any particul ar photon will do,
but we can predict what a | arge nunber will do.

That is how probability works.

As we will see QMwill force us to say that between the first and
second pol aroids the photon is in an unresol ved indeterm nate state
with a 50-50 chance of passing through the second 45° pol aroi d.

This is once again the nmysterious superposition rearing its ugly
head!

We shall see that questions like....

What deci des whet her a phot on goes through?
When does the photon decide whether it will pass through?
How does a photon change its polarization direction?

cannot be answered by experinent and therefore they nust be regarded
as outside the domain of quantum theory and possibly all of physics
and cannot be relevant to any new theory we m ght devel op.

What will our theory of quantum nmechanics say about the state of the
si ngl e phot on?

It will be shown that the photon polarized at an angle to the optic
axis is in a very special kind of state that we will call a

superposition of being polarized perpendicular to the optic axis and
of being polarized parallel to the optic axis.

In this state, there will exist an extraordinary kind of relationship
bet ween the two kinds(nutually perpendicul ar directions) of
pol ari zati on.

The neani ng of the word superposition follows fromthe mathenati cal
formal i sm and | anguage we are developing. It represents a new
physi cal connection to mathemati cs.

This is suggested by an attenpt to express the neani ng of
superposition in ordinary |anguage(words). If we attenpt to explain
t he behavi or of the photon polarized at an angle to the optic axis
usi ng ordinary | anguage, then we woul d have to say sonething like
this

not polarized parallel to the optic axis

not pol arized perpendicular to the optic axis

not simultaneously possessing both polarizations

not possessing neither polarization

For this experinent with only two possible polarizations, this
exhausts all the logical possibilities allowed by ordi nary words.

Superposition is sonmething conpletely different than any of the above
and it is not all of the above. Its physical content will, however,
be precise and clear in our new mat hemati cal formalism
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When the photon encounters the polaroid, we are observing it. W are
observing whether it is polarized perpendicular or parallel to the
optic axis of the polaroid. The effect of this neasurenent will be to
end up with the photon having one or the other polarizations. It

al ways makes a "junmp” froma state of superposition to a state of a
definite pol arization.

Which of the two states it "junps" to cannot be predicted. W can,
however, predict the probability of each for a |arge set of identical
neasur enent s.

If it "junps"” into the parallel state, it passes through. If it
"junps" into the perpendicular state, it gets absorbed.

W will have a great deal nore to say about the two new words,
superposition and junp, as we proceed.

Usi ng Photons and Pol ari zation to Explain How Quantum Mechani cs
Wor ks?

We now | ook at photons and polarization in nore detail (repeating nuch
of what we just said) and use our nathematical |anguage to understand
how gquant um nmechani cs wor ks.

As we said, many experinents indicate that el ectromagnetic waves have
a vector property called polarization.

Suppose that we have an el ectromagnetic wave (we w

[l just say |ight
from now on) passing through a piece of polaroid materi

al .

Renenberi ng our earlier discussion, the polaroid material has the
property that it only allows the Iight with polarization vector
oriented parallel to a preferred direction in the polaroid(called the
optic axis) to pass through the nmaterial.

Thi nki ng classically once again, if an incident beamof light is
pol ari zed parallel to the optic axis (as in the figure below), then
experinment says that all of its energy gets through the pol aroid.

Polaroid
Direction
of
Polarization
A Direction
of
OPTIC AXIS
/ All of the light gets through
LIGHT !
Direcﬁon
of
Propagation

If, instead, the light is polarized perpendicular to the optic axis
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(as in the figure below), then experinment says that none of its
energy gets through the polaroid.

Polaroid
Direction
of
Propagation
. Direction
* of
\ OPTIC AXIS
I
None of the light gets through
LIGHT
//
Direction
of
Polarization

In a nore general case, if it is polarized at an angle o to the optic
axis (as in the figure below), then experinment says that a fraction

cos’a of its energy gets through the pol aroid.

Polaroid
Direction '
of A
Polarization
Fraction cos’a ofthe light getsthrough o %‘* Dfirection
0
: OPTIC AXIS
LIGHT ,

1
1
1
1
1

Direction

of

Propagation
By definition, when we specify the polarization of light, we are

actually giving the direction of the electric field vector E
associated with the light. The polarization property or polarization

vector of |ight depends only on the direction of the E vector.

Classically, in Maxwell's theory |light waves are represented by pl ane
el ectromagneti c waves. This neans that the associated electric field

vector E and the associated magnetic field vector B are both
per pendi cular to the direction of propagation specified by a third

vector k. According to Maxwel|l theory, if we choose(arbitrary) the
direction of propagation to be the z-axis, which is specified by the

unit vector &, , then E and B |lie somewhere in the x-y plane, which
is the plane perpendicular to the direction of propagation. E and B
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are perpendi cul ar to each other

Now, any vector in the x-y plane can be specified in terns of a pair
of orthonormal vectors (called the basis) in that plane. For |ight,
the pair of orthonormal vectors are called the basis polarization
vect ors.

Two standard sets of orthonornal vectors are often chosen when one
di scusses pol arization. One of the two sets is

(1 (0

§X=L0J , §y=L1J (01)
0 0

As we shall see, they correspond to pl ane-polarized waves.

A second orthonormal set is

1 1
fo=f 1(i\ =i 1 i\ (02)
R= ¢ = 774 ) L=e- =75~
/2 2
’ LOJ d OJ
They will correspond to circularly-polarized waves.

For classical electronagnetic fields, a |light wave propagating in the
z-direction is usually described (using one the two orthonormal sets)
by electric field vectors of the form given bel ow.

Pl ane- pol ari zed basi s:

( E«(F, ) (1) (O)
E(F,t) = LEY(F,t) J - EX(F,t)LOJ + Ey(F,t)Ll J = E(F,)é, + E,(T,1)é, (03)
0 0 0
Circul ar-pol ari zed basi s:
(E (T, 1)) o o
E(.0) - LEY(”)J _ ( E(r ,t)\"'ElEy(l’ ’t))éR . ( E(7,1) —EIEy(r ’t))éL (04)
0 J \

By convention and for mathematical sinplicity, we represent the field
conponent s by

EX(F,t) - E)E)ei(kz—u)t+ax)

Ey(f,t) _ ESei(kz—(ut+ay)

wher e k=r%?, A 1s the wavel ength, o is the angular frequency,

(05)

a, and a, are phases and E; and E) are the (real) anplitudes of the

electric field conponents. This is just the traveling wave formalism
we used earlier.

The actual "real" electric field conponents are given by the real
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parts of the expressions in (05)
E, () = Ege® ) = E(cos(kz - wt + ) + isin(kz- ot + at, ))
E, pysca (7:1) = Ey cos(kz - at + az, )
E,(F.t) = E€“ ) = EY(codkz- ot + ) +isin(kz- ot + a, )
E, prysca (1) = EC cos{kz— oot + at,)

What do these expressions say about the physical electric field
vector?

(06)

These rel ations say that in ideally nonochromatic |ight (single
wavel ength or frequency) the x- and y-conponents of the electric
field vector oscillate with a definite frequency at each point al ong
the direction of propagation.

For sinmplicity, let us look at z=0. W have
E(F,t) = EJ cogwt + at, )
E (1) = ES Cos(a)t -+ ay)

w = 2naf

f = frequency
A = wavelength
C = speed = Af

(07)

wher e

The total electric field vector is a sumor superposition of the two
conponent s

E(F.t) = E(F.t)e, + E,(T,t)e, (08)

or it is the resultant effect produced by superposing two i ndependent
ort hogonal oscillations.

Case #1: The orthogonal oscillations are in phase, say a,=a,=0 for
sinplicity. We then have

E(F,t) = (Ee, + Egé,) cos(wt) = E° cos{wt) (09)

This says that the electric field vector(the tip) oscillates with the
sane frequency in a single direction.

This is called linearly-polarized or plane-polarized Iight.
Case #2: When the orthogonal oscillations are not in phase the

resultant electric vector noves around in an ellipse, i.e., the
direction is changing with tine.

E(F.t) = E(F,t)e, + E,(T,t)e,

0 N - (10)
= E, coqwt)e, + E/ cos(wt + a)e,
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where we have chosen «a,=0,a, =c.

This corresponds to an equation for the vector tip given by

2

( X) +(J%) —2c0sa > _sn?a (11)
|E7) EC E
whi ch | ooks |i ke
4 T T T
2_ -

|
=

—4 2 0 2 4
for E'=20,E°=10,a=x/6.

This is called elliptically-polarized light. If the ellipse is a
circle, the it is called circularly-polarized |ight.

If the tip of the electric field vector, when we |look at it as the
I ight conmes straight toward us, goes around in a counterclockw se
direction, the light is right-hand circularly polarized. If it goes
cl ockwi se, the light is left-hand circularly polarized.

Mat hematical ly, the relationship between the polarization state of

the light and the E vector is shown by a few exanpl es bel ow. Using
equations (03) and (04), we have these special cases:

(1) If E =0, the wave is plane-polarized in the x-direction

) (1)
E=Egé, = EXLOJ (12)

(2) If E =0, the wave is plane-polarized in the y-direction
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E=§%=Eyj (13)
0
(3) If E=E, the wave is plane-polarized at 45°
) (1)
E=E@w+@%=E*j (14)
0

(4) If Ey=-4EX=eJEEU then the y-conponent |ags the x-conponent by

90°(out of phase by -x/2) and the wave is right circularly
pol ari zed

) (1)
E=Eé,=E]i (15)
o

(5) If Ey=iEX=65Ew t hen the y-conponent | eads the x-conponent by
90°(out of phase by x/2) and the wave is left circularly polarized

(1
E=E@L=E{—j (16)
0

This set of polarization properties is sufficient for our
di scussi ons.

One final case to consider is called unpolarized |ight.

If the relative x- and y-phase, i.e., a,-a, =relativephase is not kept

fixed, then the electric field vector will oscillate in different
directions so that the polarization is constantly changing. In
particular, if the polarization direction changes nore rapidly than
we can detect it, then the light is called unpolarized

Let us now return to the question - what is a polaroid?

We first discuss birefringence.

An interesting effect of polarization is that there are substances
for which the index of refraction is different for light linearly
polarized in different directions relative to the material.

Suppose sone material consists of |ong, nonspherical nolecules (nmuch
| onger than they are wi de) and suppose that these nol ecul es are
arranged in the material with their | ong axes parallel.

What happens when an oscillating electric field passes through this
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mat eri al ?

Suppose that because of the structure of the naterial, the el ectrons
in the material respond nore easily to oscillations in the direction
parallel to the |ong axes of the nolecules than they would respond if
the electric field tries to push them perpendicular to the | ong axes.
In this way we expect a different response for polarization in
different directions.

The direction parallel to the long axes is called the optic axis.
When the polarization is parallel to the optic axis or along the |ong
axes of the nolecules, the index of refraction is different then when
the polarization is perpendicular to the optic axis. Such a materi al
is called birefringent. It has two indices of refraction depending on
the direction of the polarization(relative to the optic axis) inside
t he substance.

The index of refraction affects the electric field as it propagates
t hrough the nmaterial as shown bel ow

E(F,t) = E, cogkz - wt) = E, cogkz - wz/ V)

17
= E,cogk - nw/c)z (47

where n = index of refraction and v=c/n=speedoflightinmaterial.

What do we expect to happen if we shine polarized Iight through a
plate of birefringent material ?

If the polarization is parallel to the optic axis, the light is
transmtted with one velocity; if the polarization is perpendicul ar
to the optic axis, the light is transmtted with a different

vel ocity.

What happens when the light is Iinearly polarized 45° to the optic
axi s?

Light that is linearly polarized at 45° to the optic axis is
represented by the electric field

) (1)
E-Eé +Eé, = Extl (14)
0
or
E(F.t) = E{ co((k - nw/c)z)e, + EJ cos((k - nycu/c)z)éy

= E° cos45°cog((k - nw/€)z)é, + E°sin45° cos((k - nya)/c:)z)éy (18)
0
= i(cos((k -nw/c)z)é, + cos((k - nyw/c)z)éy)

This corresponds to representing 45° polarization as a superposition
of x- and y-polarizations of equal anplitudes, frequency and in
phase. Let us assune that we choose the y-axis to line up with the
optic axis (x-axis is perpendicular to the optic axis). This choice
is always arbitrary. As the |ight passes through, the phases change
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at different rates, i.e., at z' the phases will not be equal
(k-nw/0)Z)=((k-nw/c)z) (19)

Thus, if the two conponents start out in phase, they will go in and
out of phase as they travel through the material. The phase
difference is proportional to the depth into the nmaterial, i.e.,

A(phase) =~ 2 (n, -n,) (20)

If the thickness is just right to introduce a 90° phase shift between
the x- and y-conponents, the linearly polarized (entering material)
light wll leave the material circularly polarized. A plate with such
a thickness is called a quarter-wave plate. In this case we have

0
Entering : -EE(&(+§QCOQaﬁ)
A/
(21)

0

Leaving : E—E(cos(oot)éX + co(wt + 7/ 2)¢,) = — (cos(wt)é, +sin(wt)e,)
N

EO
V2
If we send the |ight through two such quarter-wave plates, then it

exits linearly polarized again in a direction at right angles to the
original direction. In this case we have

0
Entering : -EE(&(+§Qcodaﬁ)
v

(22)

0 0
Leaving %(cos(wt)éx +co(wt + m)e,) = \E—E(éx - £,)cos(wt)

Exanpl e: Birefringence of cell ophane

Cel | ophane consists of long, fibrous nolecules. It is not isotropic
since the fibers lie preferentially in one direction. W create a
beam of linearly polarized |ight by sending unpolarized |ight through
a sheet of polaroid. As we have said earlier, polaroid has the useful
property that it transmts light that is linearly polarized parall el
to preferred axis of the polaroid with very little absorption, but

I ight polarized perpendicular to the preferred direction is strongly
absorbed (not transmtted).

When the unpol ari zed beamis sent through the polaroid, only that
part of the beam (the conmponent of the electric field) that is
vibrating parallel to the preferred axis of the polaroid gets though.
In this nmanner, the exiting beamis linearly polarized (in the
direction of the preferred axis).

This sanme property of a polaroid is useful in determning the
direction of polarization of any linearly polarized beamor in
determ ni ng whether the beamis |linearly polarized or not.

If the beamis linearly polarized, it will not be transmtted through
the sheet when the preferred axis of the polaroid is orthogonal to
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the direction of the polarization.

If the transmtted beamintensity is independent of the orientation
of the polaroid, then the beamis not linearly polarized.

The birefringence of cellophane is illustrated by setup bel ow

.- Polaroid .

.

#
/

/S~

/ “~ -

/
T/ Cdl Iophar';: /

The first polaroid produces a linearly polarized beam (from an
entering unpol ari zed beam). The linearly pol arized beam then passes
t hrough the cell ophane and finally through a second pol aroid. The
second pol aroid detects the effect of the cell ophane on the

pol ari zati on of the beam

b

D

If we initially set the axes of the two pol aroi ds orthogonal to each
other, no light is transmtted through the pair (no cell ophane
present).

We now i ntroduce the cellophane as shown in the diagram If we rotate
t he cel |l ophane sheet around the beam axis, we find that sonme |ight
transmts through the second polaroid. In addition, there are two

ort hogonal orientations of the cell ophane which permt no light to
pass through the second pol aroi d.

These two directions are such that the cell ophane has no effect on
the linear polarization of the beam so that none gets through the
second polaroid. The directions are parallel and perpendicular to the
optic axis of the cell ophane.

We assune that the |ight passes through the cellophane with two
different speeds in these two different directions, but it is
transmtted without changing the direction of polarization. Wen the
cel | ophane is turned hal fway between these two directions (as in the
di agram above) we observe that the |ight passing through the second
pol aroid is bright.

It turns out that ordinary cell ophane is very close to hal f-wave

t hi ckness for nost of the colors in white light. Such a sheet w |
turn the direction of linear polarization through 90° if the incident
linearly polarized beam nmakes and angle of 45° with the optic axis, so
that the beam energing fromthe cellophane is then vibrating in the
right direction to pass through the pol aroid sheet.

The cel l ophane will be a half-wave plate for only one wavel ength in
the white light and the transmtted Iight will be that color. The
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transmtted col or depends on the thickness of the cell ophane.
Finally we explain polaroids.

Pol aroids are materials where not only the index of refraction but
al so the anount of absorption is different for [ight polarized in
different directions. Polaroid consists of a thin |ayer of snall
crystals of herapathite (a salt of iodine and quinine), all aligned
with their axes parallel (the optic axis). These crystals absorb

[ ight when the polarization is orthogonal to this direction and do
not absorb |ight when the polarization is parallel.

As we said earlier, if we send light into a polaroid so that the
light is linearly polarized at an angle 6 to the optic axis. Wuat
intensity will come through?

We sinply resolve the incident light (its electric field) into
conponents parallel (cosf) and perpendicular (snf) to the optic axis.
The light that cones out of the polaroid is only the cosfd part; the
sing part is absorbed. The anplitude that is transmtted is smaller
than the anplitude that entered.

Entering : E°(cos€§X+sin9§y)

(23)
Leaving : E°cosfe,
The intensity or brightness or energy is:
Entering : (E°cosf)’ +(E°sing)? = (E®)?
(24)

Leaving : (E°cosf)” = (E®)*(cosh)® < (E®)?
The absorbed intensity is (E®%?(sing)’.

The interesting experinent (it will becone a paradox later), which we
have al ready nmentioned and shall use many tinmes in our guantum

di scussions later, is the follow ng. W know that no Iight will be
transmtted through two polaroids if their optic axes are orthogonal.

Now, however, place a third polaroid with its optic axis at 45 wth
respect to the first polaroid between them bservations show t hat
sonme light will now be transmtted through the second pol aroi d.

We know t hat pol aroids only absorb light - they do not create |ight.

Neverthel ess, the addition of the third polaroid allows nore |ight
get transmtted.

As before, using conponents of the corresponding electric fields we
can explain these results easily.

Only two pol aroi ds:
Entering 1st polaroid : Eo(coseéxl +sin9§y1)

Leaving 1st polaroid : E°cosbe,
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(25)
Entering 2nd polaroid : E°cosbe,
Leaving 2nd polaroid : O

So no energy (no light) gets through

Three pol ar oi ds:

Entering 1st polaroid : Eo(coseéxl +sin9§y1)

Leaving 1st polaroid : E°cosbe,
Entering 2nd polaroid : E°cosf(cos45%, +sind5%, ) (26)
Leaving 2nd polaroid : E°costcos45’s, = v—%E" coste,

Entering 3rd polaroid : E°costcos45°(cos45°¢, +sind5%, )

Leaving 3rd polaroid : E°cosfcosd5cosd5’s, = %EO coste,

In this case, energy = %(anwef gets transmtted.

We have assuned that the x-axis for each polaroid is its optic axis.

Al'l of the preceding discussion takes place at the classical |evel.
Al'l the phenonena di scussed can be explained with classical physics
concepts.

W w il see shortly that all such explanations fail at the quantum
| evel where ideas |ike electric fields and conponents of electric
fields wll break down.

Many experinments, including several that we will discuss |ater,
indicate that |ight(and everything else in the universe as it turns
out) exhibits both particle-like and wave-like properties. (W wl|
define both of these terns nore carefully later and decide then if
this sinple statenent nmakes any sense).

The "particle" associated with light is called a photon (from
Ei nstein).

We now ask a very fundanental question: Can the experinental
pol ari zati on/ pol aroid results indicated above be reconciled with the
idea of a particle-like photon?

Suppose we assune that the classical |light wave polarized in a
certain direction that we have been tal king about is actually nmade up
of a large nunber of photons each of which is polarized in that sane
direction.

The particle properties of light, as represented by photons,
invariably | ead to sone confusion.

It is not possible to elimnate all of this confusion at this
el ementary di scussion | evel because a satisfactory treatnent of
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phot ons requires quantum el ect rodynam cs.

We can, however, nake nany of the nore inportant physical properties
cl ear.

We consider a sinple representation of an el ectromagnetic wave (and
its associ ated photons) with angul ar frequency o and wavel ength A

noving in a direction given by the unit vector k as shown in the
figure bel ow
- ) —

VU

o—> o0—> o—>
_»
o— o—> o—— E.p
o—> o0—> QoQ—>
o— o——> o— »

We assune that such a nonochronmatic el ectromagnetic wave i s conposed
of N photons, each with energy E and nonmentum p, such that we have
t he rel ati onshi ps

E-hw , p=hk=-—K (27)

h
A

where Kk is the wave vector, h==%l, w=2rv, h = Planck’s constant,
JT

v = frequency = %n and ¢ = speed of light. W note that

h C
E=—2nv=hv=h==pc 28
o v =hv=h==p (28)

as required by relativity for a particle with zero mass(such as the
phot on) .

The nunber of photons in the wave is such that the total energy of
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the N photons, NE=Naw is equal to the total energy W in the
el ectromagneti ¢ wave

W = NE = N (29)

Here, we are using the fact, derived fromnmany experinents, that the
energy of the light wave is quantized and thus can only take on
certain discrete values (i.e., its energy value is a nultiple of sone
guantum of energy hw). A nore detail ed discussion of the quantum
mechani cs of photon pol arization will be discussed shortly.

The picture we are proposing assunes that each photon has the sane
pol ari zation as the |ight wave, which is, in fact, verified by
experi nment.

This experinmental property |leads to sonme fundanental difficulties for
cl assi cal nechani cs.

If the incident beamis polarized parallel or perpendicular to the
optic axis of a polaroid, then classical physics has no probl ens
........ all the photons(and thus all the energy) either pass through
or do not pass(none of the energy) through the pol aroid.

But what about the case where the wave is polarized at 45° to the
optic axis of the pol aroi d?

For the beam as a whole (a very |large nunber of photons), the

experimental result is that 1/2 (cos’45=1/2) of the total energy and
hence 1/2 of the photons pass through the pol aroid.

But what about any particul ar photon, each of which is polarized at
45° to the optic axis?

Now t he answer is not clear at all
Let nme repeat what | said earlier because the point is so inportant.

As will becone clear during our discussions of guantum nechanics,
this question about what wll happen to a particul ar photon under
certain conditions is not very precise.

In order for any theory to nake cl ear predictions about experinents,
we wll have to learn how to ask very precise questions. W nust al so
remenber that only questions about the results of experinents have a
real significance in physics and it is only such questions that

t heoretical physics nust consider.

All relevant questions and the subsequent experinents devised to
answer the questions nust be clear and precise, however.

In this case, we can nake the question clear by re-doing the
experinment with a beam containing only one photon and observe what
happens after it arrives at the pol aroid.

In particular, we nake a sinple observation to see whether or not it
passes through the pol aroid.

The nost inportant experinental result is that this single photon
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ei t her passes through the polaroid or it does not
Il will call this type of experinment a go-no-go experiment.

We never observe 1/2 the energy of a single photon. W al ways observe
either no energy or an energy exactly equal to %Zw. One never
observes a part of a photon passing through and a part getting
absorbed in the polaroid.

In addition, if a photon gets through, then experinent says that its
pol ari zati on vector changes such that it ends up polarized in a
direction parallel to the optic axis of this particul ar pol aroid
(instead of at 45° with respect to that axis when it was incident on
t he pol aroid).

In a beam of N photons, each photon will independently behave as the
singl e photon did. No experinent can determ ne which of the photons
w Il pass through and which will not, even though they are al
identical. In each experinent, however, exactly 1/2 of the total
energy and 1/2 of the photons will pass through the 45° pol aroid.

As we shall showin this semnar, the only way this result can be
interpreted is to say that each photon has a probability = 1/2 of
passi ng through the 45° pol aroid.

We are forced into this probabilistic point of view due to the fact
that the energy of the el ectronmagnetic wave is quantized (or

equi valently, that the el ectromagnetic wave is nmade up of photons)
and we cannot have fractions of the energy quantum appearing during
an experiment.

We have managed to preserve the indivisibility of the photons (the
guanti zation of their energy), but we were able to do this only by
abandoni ng the determ nacy of classical physics and introducing
probability.

The results in this experinent are not conpletely determ ned by the
experinmental conditions (initial) under control of the experinenter,
as they woul d have been according to classical ideas.

As we shall see, the nost that we will be able to predict in any
experinment is a set of possible results, with a probability of
occurrence for each.

The experinent descri bed above involving a single photon pol arized at
an angle to the optic axis, allows us to ask only one type of
experinmental and theoretical question, nanely, does the photon go
through or is it absorbed?

That will turn out to be the only legitimte question we can ask in
this case.

We shall see that questions like....
 What deci des whether a particul ar photon goes through?

» When does a particul ar photon decide whether it will pass through?
* How does a particul ar photon change its polarization direction?
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cannot be answered by experinent and, therefore, nust be regarded as
out si de the domain of quantumtheory and possibly all of physics.

Think | ong and hard about that |ast statenent!!!!

What will our theory of quantum mechanics ultinmately say about the
state of a single photon?

It will be shown that the photon polarized at an angle to the optic
axis is in a very special kind of state that we will call a
super posi tion of being polarized perpendicular to the optic axis and
of being polarized parallel to the optic axis, i.e., a superposition
of all its possibilities (when we set up a polaroid t he photons

ei ther get through or they do not - there are only two
possibilities).

In this superposition state, there will exist an extraordi nary kind
of relationship between the two kinds(nutually perpendicul ar
directions) of polarization. The neaning of the word superposition
will follow fromthe mathenmatical formalismand | anguage we wil |l
develop in this semnar. It will require a new physical connection to
mat hemat i cs.

This, as we shall se later, is suggested by an attenpt to express the
meani ng of superposition in ordinary |anguage(words). |If we attenpt
to explain the behavior of the photon polarized at an angle to the
optic axis using ordinary |anguage, then, as we shall see, we would
have to say sonething like this:

The photon is

not polarized parallel to the optic axis

not pol arized perpendicular to the optic axis
not sinmultaneously possessing both pol ari zations
not possessing neither polarization

For this experinment with only two possible polarizations, these
statenents exhaust all the logical possibilities allowed by ordinary
words and none is correct!!!!

Superposition is sonething conpletely different than any of the above
and it is not all of the above.

Its physical content will, however, be precise and clear in our new
mat hemat i cal formalism

When the photon encounters the polaroid, we are observing it. W are
observing whether it is polarized perpendicular or parallel to the
optic axis of the polaroid.

The effect of this neasurenent will be to end up with the photon

havi ng one or the other polarizations (the one we neasure). In such a
nmeasur enent, the photon al ways nakes a junp froma state of
superposition to a state of a definite polarization. Wich of the two
states it junps to cannot be predicted. W can , however, predict the
probability of each

If it junps into the parallel state, it has passed through. If it
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junps into the perpendicular state, it has been absorbed.

W will have a great deal nore to say about the two new words,
superposition and junp, as we proceed.

The Quantum Theory of Photon Pol ari zati on

We now carry out the details of a special case that will illustrate
how Quant um Mechani cs works and also illustrate the nathemati cal
formalismthat we developed in earlier chapters.

As we nmentioned earlier, the electric field vector E of plane

el ectromagnetic waves lies in a plane perpendicular to the direction
of propagati on of the wave. Choosing the z-axis as the direction of

propagation, we can represent the electric field vector as a

2-di nensi onal vector in the x-y plane. This nmeans that we wll only

require two nunbers to describe the electric field.

Since the polarization state of the light is directly related to the
electric field vector, this neans that we can al so represent the

pol ari zati on states of the photons by 2-conponent colum vectors or
ket vectors of the form

) = (Z),

This gives the condition ng4ﬂ¢J2=l . Now we can choose to wite

) where we assume the normalization condition (y|y)=1 (30)
y

y,=AE, , vy,=AE, where A = constant (31)
The normalization condition then inplies that
A*(E; + E]) =1= A°E?

Now E*/8v is the energy density in an electric field and, thus, we

must have
2

energy of a photon = g%\/=hw

where V = volunme where the associated field is nonzero. This gives

E2 =@ or A2 =L
\ 8rhw
or
V V
- |- E  and - |— 32
IzUX \87Th6l) X lpy &Thwa ( )

The conponents in the real state vectors are independent of the
volunme V and depend only on the actual polarization state of the
phot on.

The state vector contains all the infornmation that we can know about

the state of polarization of the photon (renenber that consists of
just two nunbers).
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Exanpl es

1
) — X — polarized photon(linear or plane polarization)

o

o

) y — polarized photon(linear or plane polarization)

p
l-

H

— Right circular — polarized photon (33)

II
l—\;/

P
I\J'_\%V'_\

) — Left circular - polarized photon

|45) = (1) — photon polarized at 45° to the x - axis

=z
m\H

(linear or plane polarization)

The bra vector or linear functional corresponding the ket vector |y)
is given by the row vector

wl=(w, w,) (34)

which clearly inplies via our inner product rules

. RYL!M
Yly)= (U)x Wy)(wy) = |1/JX|2 +‘1py‘2 =1

0-(5)

the i nner product rule says

In general, for

(Olw) = b+ o, = (Wlg) (35)

W al so have
(X|x)=1=(y|]y) and (x|y)=0=(y|x) — orthonormal set (36)
(RIR =1=(L|L) and (R|L)=0=(L|R)— orthonormal set (37)

Each of these two sets is a basis for the 2-di nensional vector space
of polarization states since any other state vector can be witten as
a linear conbination of them i.e.,

Yy

v)= (wy

)=wx((1)) +wy(2) =YX +,ly) (38)
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|¢>=(wx) v, an (I) v, an (_i)=wx—iwy|R/+wx+iwy|L> (39)

v, 2 V2
We can find the conponents al ong the basis vectors using
(Xlw) = (X1 %)+, Y) =, (XIX) + 9 (X]y) = 9, (40)
V) = (Yl x) +w, ) =, lyx) +w,(yly) = w,
or
[w) = IX)X[w) +|[y)ylw) (41)
and simlarly
[w) =IR(Rlw) +[L){L[w) (42)
Basically, we are illustrating exanples of a superposition principle

whi ch says that any arbitrary polarization state can be witten as a
superposition (linear conbination) of x- and y-polarization states or
equi valently, as a superposition of right- and left-circularly

pol ari zed st at es.

Qur earlier discussions of a beamof |ight passing through a pol aroid
can now be recast in terns of these polarization states.

Cl assi cal physics says that the beamis a superposition of an
Xx-pol ari zed beam and a y-pol ari zed beam and when this beam passes

t hrough an x-polaroid, its effect is to renove the y-polarized beam
and pass the x-polarized beam t hrough unchanged.

The energy of the beamis given by ‘Er, which is proportional to
|wA2+er. Thus, the beam energy after passing through an x-polaroid is

proportional to ng. The fraction of the beam energy or the fraction
of the nunmber of photons in the beamthat passes through is given by

v
2
v+

Qur earlier discussion for the case of a single photon forced us to
set this quantity equal to the probability of a single photon in the

state |y) passing through an x-polaroid or

=l = (X)) (43)

probability of a photon in the state |y)
passi ng through an x-polaroid = KXWOF (44)

This agrees with our earlier mathematical results.

Ve define (x|y) as the probability anplitude for the individual photon
to pass through the x-polaroid.

Anot her exanple confirmng these results is light passing through a
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prism

A prism passes right-circularly-polarized(RCP) light and rejects
(absorbs) left-circularly-polarized(LCP) light.

Since we can wite

[w) = |R(Rjw) +[L)(L|w)
we can generalize the polaroid result to say

(Ry) = anplitude that a photon in state [p)
passes through the prism

and (45)
KRW&F = probability that a photon in state [p)
passes through the prism

Pol aroi ds and prisns are exanpl es of go-nogo devices. Certain photons
are passed through while others are absorbed in these devices.

How Many Basis Sets?

We have already seen two exanples of basis sets for the 2-dinensional
vector space of polarization states, nanely,

Xy} and {IR,LY}

In the 2-di nensional vector space there are an infinite nunber of
such orthonormal basis sets related to the ﬂxﬂyﬁ set. They are al

equi val ent for describing physical systens (they correspond to
different orientations of the polaroid in the experinental
nmeasur enent .

We can obtain the other sets say ﬂxﬁJyﬂw by a rotation of the bases
(or axes) as shown in Figure la.

Y
Y\ g | ¥ &y |
X // X
= El
~ X
e
0 / 0
PN
X €y X
Fi gure 1la Fi gure 1b

We then have in the x-y basis
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W) =y ) +y,ly) = (Zy) - (gtﬁi) (46)

and if we choose to use the equivalent x' -y’ basis we have

(x Iw>)
(Y lw)

How are these conponents related to each other?

)= X) +y,lY) = (w) =( (47)

Py

We have from equation (41) that
[w) = OXw) +[y)ylw)
whi ch inplies

(XX [y ) + (X [y)Xylw)
Y X[y ) + (Y [y)yly)

(X[w)

Y w)
or in matrix notation

()~ o) (o

So we can transformthe basis (transformthe conponents) if we can
determ ne the 2x2 transformation matrix in equation (49).

(48)

It turns out that this result is quite general in the sense that it
hol ds for any two bases, not just the l|inear polarized bases used to
derive it.

For the linear(plane) polarized case, we can think of an analogy to
unit vectors along the axes in ordinary space as shown in Figure 1b.
Then we have(by anal ogy)

& *€ =cosf=(X|x) , & *@ =sinf=(Xly) (50)
8.8 =coso=(yly) . & & =-sino=(y[x
or
%) = (X)) + (XIy )y ) = cosblx) - sinely) (1)
|y) = (Y[x)X) +(y|Y)]Y) = sin6|x) + cosb]Y )
or
(x|1p>)= cos  sind (<x|zp>) -
[1o1) ™ Zame cos) iy o
with the transformation matrix, Ii(H) gi ven by
Ii(e)— cosf siné (53)
_(—sine cos@)
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There are two equivalent ways to interpret the result in eq (52).

First, we could say it tells us the conponents of |1p> in the rotated
basis (we keep the vector fixed and rotate the axes).

Second, we can rotate the vector and keep the axes fixed(rotate in
the opposite direction). In this case, we regard

[

as a new vector [y') whose conponents in the fixed x-y basis are the
same as the conponents of |y) in the x' -y’ -basis or

(X[y)=(x[yp") and (Y[p)=(yly') (54)

For real v, and v,, |y') is the vector [y) rotated clockw se by 6 or,
regar di ng I§(6) as a linear operator in the vector space we have

¥ = ROw) (55)

It is a transformation of vectors and is a unitary operator. W can

see this as foll ows:
- ~ cosf -sing
R™(0) = R(—9)=(

sing cose) = R(0)=R(©) (56)

Transformation operators are unitary because they transform state
vectors which nust not change | engths (otherw se probability ideas
are nmessed up). This follows fromthe fact that unitary
transformati ons preserve inner products

W)= ROW) ., |¢)=RO))

N A . (57)
(@[y') = IR (ORO)y) = (p[RO)RONw) = (9[I[w) = (9]w)

Si nce ﬁ(e) Is aunitary transformati on operator for rotations a very
general theorem says that we can express it as an exponenti al
operator involving the angul ar nonmentum operator with respect to the

axis of rotation (z-axis) jz, of the form

J

RO) =€ " (58)

PROOF: W can rewite é(e) as
~ cosf siné 1 00 .. /0 -i
R(6) =( ) = cose( 1) +|sm6)( )

—-sinf coso 0 i 0 (59)

=cosO | +isinoQ
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A

where the physical nmeaning of the operator Q is yet to be determ ned.

We now show t hat hé=jz. Expandi ng equation (58) in a power series we
have

) ], 2, J,
- 02 . J (i ;)2 (i ;)3 (i ;)4
RO)=€e " =1 +(i-2)0+ 0% + 0° + 0% +....
/] 2! 3 4 (60)
1d°RO) ., 1d°RO)| . 1d*R®)
2l do? 3 do’ 4 do*

= Ii(O) -+ 1 dR(O) 0 +
1 de

6=0

6=0

Using #Q=J, we have J?=#% so that we can wite

3 ~ ~ (I)3jz ~
R 0z A i)? 3 i*
eyt <TGy o+ QLo g O 1ge,
h 2l 3 il
0> o - . 6 J
=(1l-—+—-=- ) +i(0-—+..)2
( 20 4 ) ( 3 )h

= cosOl +1sin6Q

whi ch agrees with equation (58). Thus, we have
5280 61
1 ) (61)
must be the matrix representing the operator J in the |x),|y) basis.

z

We now work out the eigenvectors and ei genval ues of ﬁ«D, whi ch are
gi ven by the equation

RO)y) = dy) (62)

where c = the eigenval ue corresponding to the eigenvector [y). Since

all vectors are eigenvectors of the identity operator I, we only need
to find the eigenvectors and ei genvalues of J, in order to solve the
probl em for R(6). W |et

JJy) = M) (63)

Now, since J?=7°l we have

Sly) = 2w) = 11w) = #w)
whi ch says t hat

A =h? or A==h = eigenvaluesof J,

We can find the correspondi ng ei genvectors by inserting the
ei genval ues into equation (63)

33, = 1) =13, - 1)
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We assune that

3, =h>=® where [af? +|bf =1

(R NELNEL N

This gives the result ia=b, which together with the normalization

to get

condition says that =j§§- We have arbitrarily chosen a to be rea
since only the rel ative phase between conponents will be inportant in
guant um nechani cs. This then gives b=-%§. Finally we have the
N
ei genvect or
1 /1

J,=h)y=—=.|=|R 64

5.-0)- () =R (64)
Simlarly, we get

19, = -y == )= (65)

-3

So the eigenvectors of ‘L and hence of ﬁ«D are the RCP and LCP basis
states. W then have

R(6)|R) = (cosOl +i sine%n R)
= (cosf +isinf)|R) (66)
-¢'|R
RO)IL) = e"|L)
Physically, this says that the |R) and |[L) states are only changed by an

overal | phase factor under rotation of the basis. This allows us to
speci fy what happens to an arbitrary vector |yp) under rotations.

First, we expand the arbitrary vector in the |R,L) basis.

) =R(Rly) +[L)(L|w) (67)

We then apply the rotation operator to obtain

RO)w) = RO)R(Ry) + RO)| LYL[y)

| | (68)
= €’[R(Rjy)+e™[L)(L[y)

or the RCP conponent is multiplied by the phase factor e’ and the LCP
conponent is nultiplied by a different phase factor €.

Thus, rotations change the relative phase of the conponents, which is
a real physical change (as opposed to an overall phase change of the
state vector).
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Now, it is an experinental fact that if a photon traveling in the
z-direction is absorbed by nmatter, then the z-conponent of the
angul ar nonentum of the absorber increases by # or decreases by # .
It never remains the same, nor does it change by any val ue other than
7.

W interpret these results to say that the RCP photon is in a state

whi ch is an ei genvector of jZVWth ei genvalue 7 or that the photon in
that state has spin = a. Simlarly, a LCP photon has spin = -7

One cannot predict, for any single photon, whether the change will be
h or -h. W can, however, predict the probability of either value

occurring. In particular, according to our probability formalism we
nmust have

(Rly)[ = probability of +17
: (69)
(Ljy) = probabilityof -7
and the average val ue of the z-conponent of the angular nonmentumis

(3,)= (eigenvalue)x(probability of the eigenvalue)
al possibilities

or
(3,) = 1Ry - f(Lw)f (70)

In general, a photon is neither pure RCP nor pure LCP and the angul ar
moment um does not have a definite val ue.

We can still talk in terns of probabilities, however.

The di screteness of the angul ar nonentum spectrum forces a
probabilistic interpretation on us.

We can easily see how all of this works using our mathemati cal
formalismas follows:

(3,)= (|3 w)

[v) = [R(Rw) +[L)(L|w)

(3,) = (Rl ) (RI+(L[w) (LDI,(R{Rlw) + L)L)
= (RILIR|(Ry) + (LIZ L)Ly ) +

(RIILY(Rp) (Lfw) + (Lw) (Rlw }(LITIR)

j = (Rly ) ALy

as in (70).

Let us return for a nonent to the matrix representation of the jz
operator. W have found the follow ng results:

JJR =+hR) and JJL)=-hL)
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In the {HﬁJL» basis, these relations inply the natrix
representation

s ((RIJR (RIIJL) (1 0
%= LuuR MHL)h( )

which is the standard formof J in terms of one of the so-called

Pauli matrices, nanely
- 1 0 A -
oz=( )—>Jz=ho

z

0 1 (71)

R)+|L)) and |y)=—(R)-[L)

2
Nﬂ_'

%)=

and, therefore, in the ﬂxﬂyﬁ basis we have the matrix
representation

s (3 3y _ 0 -
"yl MMWth J

which is the formwe guessed earlier
Projection Operators

Let us now turn our attention to two other inportant operators,
nanmel y, projection operators and density operators, in the context of
phot on pol ari zati on.

The projection operator [yp)¢| can be represented by a 2x2 matrix in

the pol arization state vector space. It is constructed using the
mat hemati cal object called an outer product.

5 _ _ (VX[ (Vb W)
-wlol=( o )(o #)-(5 %) (72

or equivalently, by choosing a basis and finding the matrix
representation

R {<x|P|x x|P|y>
L<y|P|x> (lPy)
(<Xlw (@x) (xlw)ely
(Y[w)o[x) (ylw)4l

(Wb )
\w,o: w,9))

g

In particular, we have

¥d=(g o)+ X1=(g o)+ d=(; o) + Inivi=(g 3] (74



Fromthese results we easily see that

~

|x><x|+|y><y|=((1) 2) i

and

) = 1) = ) + o) =

as we specified in our earlier mathematical discussions. Simlarly,
we have

| = |R(R|+[L)L|
which | eads to

J, = 3,1 =3RRI+ I L)(L| = AR(R- HIL)(L| (75)
whi ch is the expansion of the operator jzin ternms of eigenval ues and

1-di mensi onal subspace projection operators (eigenvectors) that we
di scussed earlier.

The action of a polarizer can be consider as a neasurenment. \Wat are
the operators representing such neasurements? Clearly, the operators
for x- and y-polarizers are given by

6=xi=(g o) + O,=Ivivl=(g 1)
si nce A A

O,[w) = O,(alx) + bly)) = (|X)(x[)(&x) + bly)) = alx)
and so on.

If light is polarized at an angle 6 fromthe x-axis, it is is nthe
state

cosf
|0>=cos€|x>+sin6|y>=( )

sing

The operator representing the polarizer at angle 6 is (in the x-y
basi s)

- cos’d  sinfcosH
O, =0)(0]=| _ -
sin@ coso sin“ o

Note that the probability of measuring x-polarization when in a 6
state is

(xXI0,|%) = (x|6)(6|x) = (x|6)" = cos’ 6
as expect ed.

Ampl i tudes and Probabilities
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The probability interpretation we have been making follows fromthe
concept of superposition.

The superposition idea says that we can wite any arbitrary photon
state as a linear conbination of basis states

) =R(Rly)+|L)(L|y)

and then interpret KRW&F as the probability that the photon in the
state |y) will behave as a RCP photon in the state |R).

Generalizing this statenent, we say that a systemin a state |y), in

Quant um Mechani cs, has a probability K¢Wﬁr
the state |[¢).

of behaving like it was in

You m ght now conclude,fromthe experinental fact that only =% is
transferred to matter, that photons are always either in the state

IR} with probability a or in the state |[L) with probability 1-«

Thi s cannot be correct, however, as we can see by the foll ow ng
arguments.

FACT: An x-polarized photon never passes through a y-pol aroid

PROBLEM |f, the above interpretation of being either |[R or |[L) was
true, then

(a) an x-polarized photon has a probability = KRRN2=%-of bei ng RCP

and a RCP photon has a probability = KyH@F==% of being a
y-pol ari zed photon and thus passing through a y-polaroid.

(b) an x-polarized photon has a probability = KHXWZ=%-of bei ng LCP

and a LCP photon has a probability = KﬂLH2=%-of bei ng a

y-pol ari zed photon and thus passing through a y-pol aroi d.

This means that the total probability that an x-pol arized photon
woul d get through a y-polaroid in this interpretation is

(L yILf=> (76)

total probability = [(Rx)*(y|R)|
However, as we stated, it NEVER HAPPENS. \What is w ong?

SOLUTI ON:

When we think of an x-polarized photon being a RCP photon or a LCP

photon with equal probability, we are ruling out the possibility of
any interference effects between the RCP and LCP anplitudes.
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We give neaning to the word interference here in this way.

The correct calculation of the probability, which | ays the groundwork
for all of the anplitude mechanics in Quantum Mechani cs, goes as

foll ows:

(a) The probability anplitude of an x-pol arized photon passing
through a y-polaroid = (y|x)=0, which inplies that the probability

= [ly|x)[ =0 al so.

(b) I'f we say that the x-polarized photon is in a superposition of
IRy and |L) (we make no statenent about probabilities at this
point), this inplies that

%) = |R)(RIX) +[L)L|X)
whi ch gi ves
(¥1%) = (Y[ RIR[X) + {y| L)(L[X)

or the anplitude for an x-polarized photon to pass through a
y-polaroid is the sumof two anplitudes, nanely, that it passes

through as a RCP photon (y|RXR|x) and that it passes through as a
LCP photon (y|L)}L|x)

(c) The probability of passing through is then the absolute
square of the total anplitude

probability = [(y| R} R|x) + (y| L) L|x|
= ((YIR) (RIX)" + (yIL) (LIx) ) (YIRY(RIX) +{y[L)(L[X))
= [VIRIIRIX + (vl L L
+ (Y[ RU(RIX)(YIL) (LIx)" + (Y[R (RIX)(Y|L)(LIX)

(d) The first two terns are the sane as the incorrect calculation in
equation (76). The last two ternms represent interference effects
bet ween the two anplitudes (RCP way and LCP way).

A sinple calculation shows that the interference terns exactly cancel

the first two terns and that the probability equals zero in agreenent

wi th experinment !!

| NTERPRETATI ON:

The way to interpret this result is as foll ows:

(y|RXR|x) = probability anplitude for an x-polarized photon to
pass through a y-polaroid as a RCP photon

(y|LXL|x) = probability anplitude for an x-polarized photon to
pass through a y-polaroid as a LCP photon

These are indistinguishable ways for the process to occur, i.e., no
Page 39



measur enent exists that can tell us whether it passes though as an
RCP photon or as a LCP photon wi thout destroying the interference,
i.e., without radically altering the experinent.

To get the correct total probability, we add all the anplitudes for
i ndi stingui shabl e ways and then square the resulting total anplitude.

In the incorrect calculation, we found the probability for each
i ndi stingui shabl e way and then added the probabilities.

In one case, we elimnated the interference effects and got the wong
result and, in the other case, we included the interference effects
and obtained the correct result.

Summari zi ng, we have these rules for anplitude nechanics and
probabilities in Quantum Mechani cs:

(1) The probability anplitude for two successive events is the
product of the anplitudes for each event, i.e., the anplitude for
the x-pol arized photon to pass through the y-polaroid as a RCP
pol ari zed photon is the product of the anplitude for x-polarized

photon to be a RCP photon (R|x) and the anplitude for a RCP photon
to be a y-polarized photon (y|R

(RIx) {y|R)
(2) The total anplitude for a process that can take place in several

i ndi stingui shable ways is the sum of the anplitudes for each
i ndi vi dual way, i.e.

{¥x) = (Y[R(RX) + (y|L)(L[x)

We note here that this is nerely a reflection of the property of
projection operators that

~

| = |R}{RJ+|L)L|
whi ch says t hat

(Y1%) = (ylH]x) = (Y| RIRIX) + (y| L)L)
Thus, the mathematical sum over all projection operators being equal
to the identity operator is physically equivalent to the sumover al
possible internediate states and it turns into a sumover all the
anplitudes for indistinguishable ways in this interpretation.

(3) The total probability for the process to occur is the absolute
square of the total anplitude.

So, in classical physics, we

(1) find anplitudes and probabilities of each way separately
(2) add all probabilities to get total probability

W get NOinterference effects!!
| n Quantum Mechani cs, we
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(1) find the anplitudes for each indistingui shable way the
process can occur
(2) add all the anplitudes to get a total anplitude
(3) square the total anplitude to get the total probability
We get interference effects!!

The inmportant result here is that we nust consider ALL
| NDI STI NGUI SHABLE WAYS in step (2).

An i ndistinguishable way is characterized as foll ows:

(1) I'f two ways are indistinguishable, then there exists no
measur enent that can deci de which of the two ways actually
happened wi t hout altering the experinent.

(2) I'n particular, if we attenpt to find out, then the
interference effects will disappear and we will return to
the classical result obtained by addi ng probabilities.

What actually happens is that during any nmeasurenent trying to
di stingui sh the ways, the rel ative phase of the conponents in the
superposition becones conpletely uncertain and this will wash out the
i nterference.
Thi s happens as follows: instead of

%) = |R}RIX) +|L)L|x)

if we attenpted to add a neasurenent to determ ne of the x-polarized
phot on was RCP or LCP, we woul d have

%) = €| RI(RIx) + €t [L)(L[x)
The probability cal cul ation then gives
total probability = |(y| R (RIx) + [y|L) KLIx)f
+ 2Real(y| R)(RIX)e " (y|L) (L|x)']

The observed probability, which is the result of many "identical"”
nmeasurenents in the |aboratory, is an average over all val ues of the
extra phases(they are randon.

This involves integrating over the relative phase,i.e.,
i}]zei(‘)‘r*"‘“)d(ocR -a,)=0
2m <

It is clear that the interference termaverages to zero and we get
the classical result!!

Pure States, Unpure States and Density QOperators

| f the photon were in the state |x), then we would have, for sone
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A

i near operator A,
<A>=<X|A|X> = expectation or average val ue (77)
We define a property of an operator called the trace as

TrQ = E<qj Qq; ) = sum of diagonal matrix elements = E((AQ)jj (78)
I I

that is, the sumover the diagonal matrix el enents.
Sonme Properties of the Trace:
Tr(AB) = Tr(BA)

Tr(cB) = cTr(B) (79)
Tr(c(A+ B)) = Tr(cA) + Tr(cB) = cTr(A) + cTr(B)

A

Definition : A density operator is a positive, Hermtian operator W
with a discrete eigenval ue spectrum such that, given any orthonor nal

basi s set {|¢k>} we have

Ter=1=ZV\4k=2<¢kM/|¢k> (80)

where W, is the diagonal matrix elenment(in the basis) of the density
operator W

Quantum t heory says :
(1) A density operator exists for every real physical system

(in the sanme way that every physical system can be
represented by a state vector or ket).

(2) The expectation value of an operator Ais gi ven by
(A) = Tr(WA) (81)

Let us choose a sinple exanple of a density operator to get sone
handl e on what this postulate is saying.

In particular, |let us choose as our density operator W the proj ection
operator onto a 1-dinensional subspace spanned by sone vector |a)

W = |a)(al (82)

This is an idenpotent operator since W?=W and thus has ei genval ues
w, =01 only, i.e.,
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WIB) = B|B)
W2 B) = WB|B) = B2|8) = W) = B|B)

(B*-B)B)=0
p*-p=0—p=01
For equation (82) the eigenvector corresponding to eigenvalue 1 is

|a).
Properties of the Density Qperator
Zwk —0+1=1=TrW

A (83)
(ala) = falo)’ = 0

so that all required properties for a density operator are, in fact,
satisfied by (82).

| f we denote the eigenval ues of W by w, and the corresponding
ei genvectors by |w,) so that

W|Wk> = W, |W, )

A

then, since W has a discrete spectrum we can wite W in terns of
its eigenval ues and ei genvectors as

W = Zwk|wk><wk| (84)

A

Since W is Hermitian, its eigenvectors nmust forman orthonormal basis
wher e

(W |w,) = 8, (85)
We now derive sone other properties of this density operator object.

The spectrumof W is the discrete set of nunbers {m&}. W then have

TrW=1= 2<w,.M/‘w,->= 2<Wj W, |w; ) = 2W1<W1‘WJ>

(86)
A or 2;w3=1
Since W is Hermtian, we have
W= W
which inplies that the eigenval ues are real nunbers
W, =W, (87)
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Usi ng the fact that W is defined to be a positive operator, we then
have

(a)Wa) = <a|(2 w, [ w w, )|a) = Z w (@ w )(w, )

_ Zwk‘<a|wk>‘2 >0

for any vector |a). This can only be true, in general, if

w, =0 foralk (88)
The results

w,=0 foralk and 2Wk:

i nply that
O=w, =<1 (89)

Returning to the sinple case of equation (80), we then have

<L3>> = Tr'WB = (a|Blr) = expectation value of B in the state )

Proof :
wy) =[B) , [wy) =|er), (aB)=0 (90)
TG - z<a|wk><wk|é|vw><w|a>
k,[=1
- (a|Bla)
Since the inportant quantities for connection to experinment will be

t hese expectation values, we see that the state represented by W is

equally well represented by the state vector |a) in this sinple case.
The density operator and the state vector are equival ent ways of
representing a physical systemin this sinple case.

The nost inportant way of distinguishing whether a state is pure or
not follows fromthe foll ow ng property of density operators :

The density operator for a pure state cannot be witten as a

| i near conbi nation of the density operators of other states,
but the density operator for a “nonpure” state can al ways be so
witten.

This is illustrated below with sone exanpl es.

Using the [|x),]y) basis we have

(A) = (X|AIX) = Tr(WA) = (X\WAx) + (y\WAly)
= (XMWIA/X) + (yMWIAy)
= (XIWVIX)(XJAX) + (XW ) YIALX) + (YWIX)(XAy) + (YW Y)Y Aly)
This inplies that
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(XWIx) =1 and  (x[\W]y) = (yW|x) = (y|W]y) =
or

We ()= ot (91)
= =|x){x

o o

which is a linear conbination of density operators and says that |x)
is a pure state.

Now suppose that the photon is in the state

IO(y

5 1Y)

) ="K+

where we know that the phases are equal, a,=a, (the relative phase
a,-a,=0 between the conponents is known exactly in this state) so
t hat

) =@+ 1)

The terns €“, etc, are called phase factors.

But, since all states but have length 1 , we can ignore the overal
phase factor and wite

)= 510+ 51y

This says that the probability = 1/2 that the photon behaves |ike |x)
and the probability = 1/2 that it behaves l|ike |y) .

In this case, we have

(A) = G ) = [ XIAX) + (x1AYy) + (y1A) + (y &)
= Tr(WA) = (X[\WA ) + (yWAly) = (XMITAx) + (yWIAy)
= (XIWIX)(XJAIX) + (X W) yIA ) + (YWIX)(XAly) + (YW y)(y|Aly)
whi ch inplies that

(XIWIX) = = = (xMy) = (yMIx) = (yMy)

N

W=y -3 v-miw (92)

So, again we have a pure state.

But what happens if we only know that the probability = 1/2 that the
phot on behaves like |x) and the probability = 1/2 that it behaves |ike

ly).
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This says that the state vector is
[y) = ax) +bly)

where we only know t hat bf=4d2=%-. Let us choose

eiaa eiocb
and b=—
N2 N2

We do not have any phase information in this case. In addition, the
phases val ues could be different in each separate experinent. This
means that we nust average over the relative phase a,-a, when
conpuLing the probabilities and thus all interference effects wll
vani sh.

a=

When we cal cul ate the expectation val ue we have

(A) = G Bly) = 2[xIAX) + &) (xiAly) + ) i) + (y Ay

and when we average over the relative phase we obtain

<v——xwx www
Agai n, we nust have
(A) = Tr(WA) = (xMVAIX) + (yMAlY) = (WA x) + (yMTAly)
= (XNVIX)(XALX) + (XYY Y| A ) + (Y MIx)(XIALY) + (YW ) (Y AlY)
whi ch inplies that

(XWIx) = = = (yWly) and (y]W|x) = (x\W]y) =

N

or
~ 10
= %(0 1) = %IXXXI + %|y><y| = probability(x)|x)(x| + probability(y)|y)(y| (93)

This is a nonpure or m xed state.

So, we have a pure state only if the relative phase information is
known exactly.

Unpol ari zed Li ght
Consi der the follow ng experinent.

We have a beam of nonochromatic light that is conposed of photons
fromtwo sources which output photons in the states [y,) or |y,),

respectively . The sources emt the photons randonmly and are
i ndependent of each other, which inplies that we cannot tell which
source a particular photon conmes from

We assign these probabilities
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probability that a photon conmes from source #1
probability that a photon cones from source #2

P
P,

where p +p,=1. Now the probability that a particul ar observed photon
transfers n is

p, = p(Rw.)| + Bof(Rw,)f
and the probability that it transfers -n is

p_ = p(Llw. ) + pof(Llw,)f

This inplies that the average val ue of the angul ar nonmentum transfer
for the beam of photons is

(3,) = np, = nip_ = np)(Rly, )" + apy|(Rly, )~ ap(Llw, ) - ap,|(L|y,)|
= pl[h<R|¢1>‘2 - h‘<L|W1>‘2]+ pz[hK R|WZ>‘2 - h‘<"|¢z>‘2]
= n{d)+ (3

or, the average value of the angular nmomentumtransfer for the beam
of photons = sum over the average value in each beam wei ghted by the
probability that photon conmes fromthat beam

Let nme enphasize at this point that it is inportant to realize that
t he statenent

the photon is either in the state [y,) or [p,) but we
do not know which

is NOT the sane statenent as

the photon is in a state which is a superposition of
[wy) and [w,)

In the second case, we are saying the relative phase is known as in
the state

1 1
)= 50+ 51y

which we found to be a pure state.

Being in a superposition inplies that we know the rel ati ve phase of
t he conponents.

In the first case, however, we are saying that the relative phase is
unknown and, as we have seen, interference effects wll vanish.

In pure states, we have superpositions and the probability anplitude
rules apply. In nonpure or m xed states, where the systemis in one
of several states with definite probabilities, we find weighted
averages (weighted with the state probabilities) of the value in each
state. We use addition of probabilities with no interference effects,
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whi ch as we have seen, is equivalent to saying the relative phase is
unknown.

Unpol ari zed |ight has equal probability of being in any polarization
state. It is just a special nonpure or m xed state. No relative phase
information is known for unpolarized |ight.

How Does the Pol ari zation State Vector Change in Physical Systens?

Up to now we have been considering devices such as pol aroi ds and
prisnms, which are "go-nogo" devices. Sone photons get through and
sonme do not for these devices depending on their polarization state.

We now consi der devices where all the photons get through no natter
what their polarization state is, but the device changes the incident
pol ari zation state in some way.

In particular, we consider the exanple of a "birefringent" crystal,
such as calcite. A calcite crystal has a preferred direction called
the optic axis. The crystal has a different index of refraction for
light polarized parallel to the optic axis than it has for |ight

pol ari zed perpendicular to the optic axis. W assune that the optic
axis is in the x-y plane and send a beam of photons in the
z-direction. Photons pol arized perpendicular to the optic axis are
called ordinary and are in the state |o) and photons pol ari zed
parallel to the optic axis are called extraordinary and are in the

state |e).

The set of states ﬂ@J@} forms an orthonormal basis and general photon

states interacting with a calcite crystal are witten as
superpositions of these basis states.

This is an exanple of a general rule in quantum nmechani cs.

If we are doing an experinent using a particular neasuring device
t hat neasures the observable Q, then we should use as the basis for

all states, the eigenvectors of Q. As we shall see, this requirenent
pushes us to ask the correct experinental questions (those that
guant um nechani cs can answer). This particular basis is called the
home space for the experinent.

Now, as we saw earlier, the phase of a light wave wth wavel ength A
as it propagates through a mediumin the z-direction is given by the
gquantity

p=€ (94)
with
27 nw
= 95
T (95)
where n = index of refraction, w=27rv, v = frequency and ¢ = speed of
light.

Si nce the phase depends on the index of refraction, the effect of
passing through a calcite crystal is to change the rel ative phase of

the |o) and |e) conponents naking up the superposition
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We assune that the state of the photon entering the calcite crystal

i's
Win) = )y} +[0)olw,,) (96)

The two conponents have different indices of refraction n, and n,,
respectively .

| f the beam passes through a length ¢ of calcite, then the state upon
| eaving is given by inserting phase changes for each conponent and
remenbering that the conponent phases change differently.

ike!

|1/}out> =€ e><e|1pin> + eikOﬁ 0><O|Win> = UA/,‘|¢in> ( 97)

wher e

U, = €“|e)(e] + €'

0)(0| (98)

z

is a "tinme devel opnent™ operator of some sort since ¢ = distance
traveled in atinet.

Now we define two new quantities which will be with us throughout our
study of Quantum Mechani cs.

For transitions between two states (in and out in this case)

(oo} = (¢, Jw,,) = the transition anplitude for a
photon to enter the calcite in (99)
state |p,,) and leave in state [¢)

K¢W%m>2=k¢KLWh02 = the transition probability (100)
To proceed any further, we need to find out nore about UZ. Now
|1,uz> = state of the photon after traveing a distance z through calcite ( )
- 101
= Uz|1pin>
Fromthe formof U, we have
U,.. =€““le)el+ € |o)(o]
= (€"“[e)(e] + €**|0)(o])(e"’|e)(e] + €**|o)(0))
or
u,,.=00U, (102)

This is general result for all tinme devel opnent operators, nanely,

t'Ut

>

Ut+t‘ =

This inplies that L .
wm> = U£UZ|Win> = Us

¥,e) = U, w,) (103)

Now | et ¢—0 such that ke<<1l and ke<<1l and we can wite (tol®
or der)
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U, = % |e)(e| + €**|o)(0|
= (L+ike)le) el + (1+ik,e)|o)O (104)
=T +ieK
wher e A A
| =|e)e[+[o)}o] and K =kJ|e)e|+k,|oXo| (105)
Now, the relation
K =k /e)e| + k;|o)(o| (106)

is an expansion of an operator in ternms of its eigenval ues and the
correspondi ng projection operators (eigenvectors). It says that the

ei genvectors of K are |e) and |0) with eigenvalues k, and k, ,
respectively.

This illustrates the awesonme power in these nethods!!

W t hen have

W,e) = (T +ie)y,) (107)
or R

|wz+s> - |wz> = |8K|wz> ( 108)
or

jim Yzl =1¥2) iK[p,) (109)

e—0 £

which gives the differential equation for the "tinme" devel opnent of
t he state vector

d o
ax Ve = Kw) (110)

It is clearly simlar to the differential equation we obtained
earlier for the tine devel opnent operator. If we follow the anal ogy,
t hen we shoul d have

R=HamMaumaam and UZ=wMquﬂmm

Let us derive sone inportant results fromequation (31). W have,
using the x-y basis

(Xw,..) - (X|p,) = i€<X|KA|}Uz> ) ) (111)
=ie(x|Kify,) =ie(x|Kx)(X|y,) +ie(x[K|y)(yly,)

or the change in the x-conponent of WQ> as we nove an infinitesimnal
anount & has one part proportional to the x-conponent of hPJ and a
second part proportional to the y-conponent of WQ>.

Simlarly, we have
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(Yw,.e) - (Ylw,) =ie(ylK|p,)
=ie(y|Kify,) = ie(y|KIX)(X|y,) +ie(yK|y)yw,)

Now, since no photons are |ost as we pass through, we nust have

(112)

Woel¥sn) = 1= (W, |y,) (113)

for all z. Equations (111) and (112) give

2

Voe) = (0 hwr) + i (IRIX) — (XIRIX) ()
+ie(yIRIY) - (yIRl) |yl

e O<R1y) ~ (XK1Y Yyt
el (YIKIX) = (YIRDx) Joxhw )y

W,

2

whi ch says that we nust have

(XIKX) = (xIK[X)", (y[K]y) = (YK]y)
(XIK[Y) = (xIK]y) . (yIKIx) = (y[K|x)’

~

This says that K is a Hermtian operator.

N

Finally, one can show t hat U;U;IA so that U
time transformati on operator.

Is unitary as for the

z

From our earlier discussion, we identify

ljz = transformation operator

~

K = generator of the transformation
Cal culating the Transition Probability

We defined the transition probability as

2

T@) = [0 00)| =|010w0) (114)

lpz,out>

Usi ng U, = €*’|e)(e|+€""|o)o| and [y,)=4a0)+ble), where |af +bf =1, we get

T(2) = [(9[(€"*/e)(e| + €“70)(ol)(alo) + ble))| 1
- ‘<¢|(be”‘ez|e> + aeik"z|o>)‘2 = |be"*(p|e) + ae”‘°Z<¢|o>‘2
Now | et us ask a specific question.
Suppose =%=—ib, whi ch neans the that photon entering the calcite

crystal is an LCP photon.
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What is the probability that it will exit as a RCP photon? This neans

we choose
1
|¢>—‘ﬁ500>+ﬂe»
or
i 1

(9le)= 5 and (glo)=—

W t hen get
2

2_‘ I ikez

|
—e " —+—€"" —
V2 ﬁ2+ﬁ2 V2

T(2) = |oe"*(g|€) + ae"*(g| o)

ikoz

= l‘eikoz _e 2 _ 1(1_’_ 1- ei(k[,—ke)z _ e_i(kc_ke)z)
4

L1-costk, - k)2)

N |

| f we choose (k,-k)z=m, then T=1 and all the LCP photons are turned
into RCP photons by a calcite crystal of just the right |ength.

This sinple exanple clearly exhibits the power of these techniques.
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