One- Di nensi onal Quant um Syst ens

The Schrodi nger equation in 1-dinension is

_h_2 dy(X)
2m  dx?

+ V(X e(X) = Eye(X)

The solutions y.(x) are the energy eigenstates (eigenfunctions). As we
have seen, their tine dependence is given by

'Et
ye(xt)=e "y (x0) where yg(x,0)=(x|E)
~2

and HIE)=EE) ad H=+V(}
2m

We are thus faced with solving an ordinary differential equation with
boundary conditi ons.

Since ye(x) is physically related to a probability anplitude and hence
to a neasurable probability, we assunme that wyc(X) i s continuous.

Using this fact, we can determ ne the general continuity properties

of et
dx

is derived as follows:

The continuity property at a particular point, say x=Xx, ,

Xo +

desz(X)dX= fgd(dwg(x)\

dx? U dx /

Xo—€

2m
TR

E [ye(x)dx- fo)%(x)dx}
Taking the limt as €¢—0

)

X=Xq—¢

”m( dye(X)
e=~0{  dx

_dye(x)
xexpre  OX

2m
=T

E LLn;' fl/}E(X)dX -~ LLn;' fV(x)sz(x)dx]

or

Xo+E€

dyc(xX)\ 2m,.
A(T) =?L|Lr()1x!_’t/(x)wE(x)dx

where we have used the continuity of y.(x) to set nq}waoow<=o. Thi s

Xo—€

makes it clear that whether or not Eﬂﬁffl has a discontinuity depends

directly on the potential energy function.

If V(x) is continuous at x=Xx, 1I.e€.
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|£Lng[V(xO +8)-V(x,-¢)]=0

t hen
(d"”dx(x)) 2”‘nm fV(X)tp (X)dx = 0
and QEEQQ i's continuous.

X

If V(x) has a finite discontinuity (junp) at x=Xx,, i.e.,

I Dg[V(XO + &)= V(x, - )] = finite

t hen
A(d‘/’dx(x)) 2mnm fV(x)tp (X)dx = 0
and QQEQQ i's continuous.
dx

Finally, if V(x) has an infinite junp at x=x,, then we have two
choi ces

(1) if the potential is infinite over an extended range of x, then we
must force y(X)=0 in that region and use only the continuity of
Y:(X) as a boundary condition at the edge of the region

(2) if the potential is infinite at a single point, i.e.,
V(X)=6(x-x,), then we woul d have

Xo+E Xo +€

(d’/’dx(x)) 2mnm fV(x)w (x)dx-—llm fé(x X, ) (X)clx
2m
= hz Ilmw (XO) hz 1/’ (XO)
and, thus, Eﬂﬁffl i s discontinuous.

The last thing we nust worry about is the validity of our probability
interpretation of y.(x), i.e.

Ye(X)=(x|yz) = probability anplitude for the

particle in the state |y ) to be
found at x

whi ch says that we must al so have

<wE|IzUE> = f|1/1E(X)|2dX < o0

This nmeans that we nust be able to normalize the wave functions and
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make the total probability that the particle is sonewhere on the X-
axi s equal to one.

A wi de range of interesting physical systens can be studied using
1-di mensi onal potential energy functions.

Quanti zed Energy Levels in the Infinite Square Wel| Potenti al

We now consi der the potential energy function

0 —EsXs
V() = 2

NN D

o' x| =

This is the so-called infinite square well shown in the figure bel ow

V=00
I II III
1
P . ¥=0
X=-§ X= 2
We consider the three regions labeled I, II, Ill. This is an exanple

of a potential that is infinite in an extended region. Therefore, we
must require that the wave function y(x)=0 in these regions or the
Schr odi nger equation makes no sense mathematically. In this case we

have
1,1),(X)=0 and W|||(X)=O
In region Il, the Schrodi nger equati on becones
2 2 2 21,2
_h_dUJz”:Ew” , E:p_=hk
2m dx 2m  2m

whi ch has a general solution given by
Y, (x) = A6 + Be™

where k is sone paraneter to be determ ned. The continuity of the

wavef unction at x==:g says that we nust have

ik—a . ka

w,l(_g) —Ae 2+Be? =0

- ka . ka

w”(g)=Ae|2+Be'2 -0

Page 3



whi ch inply that

B _ _gika _ _gka
A

This is an equation for the allowed val ues (values corresponding to a
valid solution) of the paraneter k.

The equation is € =1. The allowed values of k forma discrete
spectrum of energy eigenvalues (quanti zed energies) given by

n’ky _ i’
2k a=2nr — = , h=1234,.......
K, K= TR o L
The correspondi ng wave functions are
kna a
(n)(X) A1(elk X —|k a —ik, X) Ahe SER 2 ( ik (x+5 ) ~ikn (X+§))

- A sink [ x+2)
Ahsmkn\x+2)
where A is determned by the normalization condition
2
2
(9 e =1
E
Substituting the value of k, we get
M(x) = A sn (x4 2
P (X) = As a(x+2)
or
P00 =AsnT (x+ ) = Asdn(T + 2) = Acos(T)
~ 2 a, 5 . 27X ~ 27X
1/)|(|2)(X)=A&S'n?(x+§)=A&S”‘(?+”)=A&S'n(?)
~ . 31 a, =~ . 3ax 3w, =« 3
w,(f)(x)=Agsmg(x+§)=ﬁgsm(?+?)=Ascos(?)

or
. NaX
snc:;q neven
Y, (x) =
' cox(ngz) nodd

We have mathematically solved the ordinary differential equation
probl em now what is the physical neaning of these results?

We find a discrete spectrumof allowed energies corresponding to
bound states of the Ham | tonian. Bound states designate states which
are localized in space, i.e., the probability is Iarge only over
restricted regions of space and goes to zero far fromthe potenti al
regi on.

The | owest energy value or |owest energy |evel or ground state energy
is
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2h?

= >0
with
Acos X < g
yl(X) = a a
0 X ==
2
This mnimmenergy is not zero because of the Hei senberg uncertainty
principle. Since the particle has a nonzero anplitude for being in
the well, we say that it is localized such that Ax=a and thus
h h
Ap=—=—
P AX a

This says that the kinetic energy (or energy in this case because the

potential energy equals zero in region Il) nust have a m ni mum val ue

gi ven approxi mately by
E K. =

min min

The integer n-1 corresponds to the nunber of nodes (zeros) of the
wave function (other than the well edges).

They al so have the property

p(=x)=y(x) n odd
Y(-x)=-y(x) n even

The above discrete transformation of the wave function corresponds to
the parity operator @ where we have

PP =w(-x)=y(x)  means even parity
() =w(-x)=-y(x) means odd parity

Let us |look nore generally at the parity operation. Suppose that the
potential energy function obeys the rule V(X)=V(-X) and let y(X) be a
solution of the Schrodi nger equation with energy E

o, ) .
——V?+V -E
( oyt (x))w(x) Y (X)
Now et X—-X to get the equation

(3" + V) (30 - En (%)
or

(=g + VOO (30 = (%)
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This say that, if (X) is a solution of the Schrodi nger equation with
energy E, then y(-X) is also a solution of the same Schrodi nger
equation and hence with the same energy E. This says that y(X)zy(-X)
are al so solutions of the sane Schrodi nger equation with the sane
energy E. Now

Y (X) + 1 (-=X) — an even parity solution

Y (X) -y (-X) — an odd parity solution

This says that if V(X)=V(-X), then we can al ways choose sol utions that
have a definite parity (even or odd).

We formally define the parity operator by the relation

(Xl@ly) = (-X[w)
Since (X|py)=(-X|ply)=(Xly), we nust have $>=1, which nmeans the
ei genval ues of @ are =1 as we indicated earlier.

We can show [A,g%]=0 for symretric potentials by

9 H|E) = 9E|E) = EP|E) = =E[E)

HP|E) = H[E) = =E|E)

since |[E) is an arbitrary state. As we saw earlier, this comutator
rel ati onshi p says that

A
I

~

%A =H

I
I <

H»
S
1

N ~A A

$Hp =H

which means that H is invariant under the @ transformation. W have
used %=1 in this derivation. It also says that

H(|E)) = PH|E) = E(D|E))
or p|E) is an eigenstate of H with energy E as we stated.

The concept of parity invariance and the fact that H and ¢ share a
common set of eigenfunctions can greatly sinplify the solution of the
Schrodi nger equation in nmany cases.

Tunnel ing through a Potential Barrier
We now change the potential energy function so that we have a

barrier. The new potential energy function is shown in the figure
bel ow.
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V=VO

V=0 2!
x=0
The interesting physical case for quantum systens corresponds to when
E<V,.

In the classical case, there is no probability of the particle
appearing on the right side of the barrier if it started out on the
left side of the barrier. In order to appear on the right side of the
barrier, the particle would sone how have to pass through region |

wher e E<\@—+T¥=%nw2<0. Classically, the kinetic energy cannot be

negati ve, which neans there would have to be a violation of
conservation of energy if the classical particle appeared on the
right side of the barrier.

As we shall see, it turns out that a real traveling wave can appear
on the other side of the barrier (even though it started on the |eft
side and there are no sources of particles on the right side) in this
case. This is called quantum tunneling. Let us see how it works.

We have three regions |, Il and IIl to consider as shown in the
figure. We get three equations in the three regions
hoday
x=<0 -———L=E
= 2m dx? v
) ) 2 h2k2
- Ae*+Be™ | E=P . , k red
Y, =Ae” +B om = om
hoday
Osx=<a —% dXZH +VOIPII = EUJ”
hzyz
y, =Ce”+De™ | V,-E= , y red
2m
hody
X=a —EE—EﬁL=E¢m
: . 2 h2k2
1/)|||=Azekx+Bzekx ) E:2p—m= o k rea

A termof the form Ae®™ corresponds physically to a particle traveling

towards +x (to the right) and a termof the form Be™ corresponds

physically to a particle traveling towards -x (to the left).

If we set up the experinment so that there are particles noving
towards +x (on the left) at the start, the later we expect particles
also to be traveling to towards -x (on the left). Hence, we expect
both coefficients A and B to be nonzero. On the other hand, there are
no particle sources on the right and thus, the only way particles can
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be on the right is if they cane fromthe |left side and therefore nust
be traveling towards +x. W therefore assune that the coefficient

B,=0

We have two sets of continuity equations (at x=0 and x=a). At x=0
we get

W|(O)=1:U||(O) —-A+B=C+D

dy,(0) _ 99, () _ iin _BY—v(C-
% = dx ik(A-B)=r(C-D)

and at x=a we get

vy (@) =vy,(a) — Ce® +De™" = Azeika

dy,(8) _ dy,(@) e noey ia
o = d y(Ce*® — De™) = ikAe

The reflection and transm ssion probabilities are given by
2 2
S B A

- 2 ! - 2

A A
Al gebra shows R+T=1 as it nust in order to conserve probability (or
particles). Evaluating (horrible algebra that you will do in a later

course) the expression for T we get is
1 2m
T= : . =\, -E)—
+V025|nh2)/a 0 n?
4E(V, - E)

The fact that T>0 for E<V, inplies the existence of tunneling. The
probability anplitude | eaks through the barrier.

It is inportant to realize that the fact that T>0 DOES NOT say that
particles passed through the barrier. No neasurenent can be done on
the systemthat will allow us to observe a particle in the region
O<x<a wth E<V,, since this would violate energy conservation.

It is ONLY probability that is |eaking through. If this causes the
probability anplitude and hence the probability to be nonzero on the
other side of the barrier, than it nust be possible for us to observe
the particle on the other side, i.e., we can observe the particle on
the left side of the barrier wwth E<V, and later in tinme on the right

side of the barrier wwth E<V,, but we can never observer it in the
region of the barrier with E<\,.

That is what is being said here.
The Finite Square Wl |

We now consi der the potential energy function
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a
V(X) = 2

This is the so-called finite square well shown in the figure bel ow

¥=0
I II III
1
1 V=-Y
x=-2 X= = ?
2 2
The sol utions are:
. a n® d*y
Region | : x<-— - L=E , 0=E=-V. , n’k*=2mE , E=-|E
g : o = Ev : miE (=

Y, (x) = Ae™ + Be™

Since x=-» is included in this region, we nust exclude the e* term
by choosing A=0, which gives

Y, (X) = B x<-2
2
. a a n* d*y
Reg| on I1: EZXZ_E , —%dTZH—VOU)” = E'l/J”
0=E=-V, , n”’k*=2mE , E=-f , p*=2m(V,-|E)
iEx —in
Y, (x)=Ce" +De "
Region I11: x>2 ﬁim:&p 0=E=-V, , #’k*=2mE , E=-|f
2 2m dx? e o ’

Y, (X) = Fe* + Ge™

Since x=« is included in this region, we nmust exclude the €* term by
choosing F=0, which gives

Y, (X) = Ge™ X>g

This represents a general solution to the problem There seens to be
4 unknown constants, nanmely, B, C, D, and G However, since
V(X)=V(-x), parity is conserved and we can choose even and odd

Page9



solutions, or solutions of definite parity.

Even parity inplies y(X)=y(-x) or G=B and C=D. This solution is

Coos®” , IX < a

/] 2

IPeven(X) = Be_kx ’ X> g
Be® , X < _a

2

Qdd parity inplies p(X)=-yp(-x) or G=-B and D= -C This solution is

csnX | xs2

h 2

wodd(x)=< Be ™ ) X>g
-Be® , X<—E

2

Thus, by using parity we reduce the nunber of unknowns in the problem
to two for each type of solution. W now i npose the continuity

conditions of the wave function and its derivative only at =2 for
both solutions. Since these are definite parity solutions the

o o a . : : : :
continuity condition at x=—§ will give no new information and is not

needed.

Even parity

ka ka

AcosP2_ce 2 and -PAsnP?_ _kce?
2h h 2h

ka

> _e2cosPlo PezgnP?
A 2h Bk 2h
ptan@ = hk
2h

This last equation is a transcendental equation for the E and its
solutions determne the allowed E values for the even parity states
for this potential energy function. These E values are the even
parity energies or energy levels of a particle in the finite square
wel | potential.

Qdd Parity
Asmp——Ce 2 and EAcosEl=—kCe 2
2h h
ka ka
—ezgn2 o _ P a2 psP?
A 2h fik 2h
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Again, this last equation is a transcendental equation for the E and
its solutions determne the allowed E values for the odd parity
states for this potential energy function. These E values are the
odd parity energies or energy levels of a particle in the finite
square wel | potential.

In general, at this stage of the solution, we nust either devise a
cl ever numerical or graphical trick to find the solutions of the
transcendental equations or resort to a conputer.

The first thing one should always do is change variables to get rid
of as many extraneous constants as possible. In this case we |et

p-ka-2/omE . a-a-La-2 2my,-)

The first useful equation we can derive is

2
a’ + % = 2m\£0a = constant for a given well
h
2
This is the equation of a circle or radius \E@ﬁéﬂ__ Wth these new

vari ables the two transcendental equations are
a . (04 .
B=a tanE evenparity and f=-a cotE odd parity

We can find solutions graphically by plotting as shown bel ow for the
case (effectively a choice of the quantity V,a?

circleradius =

2mv,@®  5r
2

Ve 2
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Transcendental Equations

g
alpha

The solutions correspond to the intersections of the circle (fixed
for a given well) and the curves represented by the two
transcendental equations. It is shown in the figure.

For the choice of potential well shown in the figure we have 2 even
parity solutions and 1 odd parity solution. These correspond to the
al l oned energy levels for this particular well and the corresponding
wave functions and energies represent bound states of the well.

We can also do a straight nunerical solution for even parity by
rearrangi ng the equations as foll ows:

2
o’ + %= 2m\£0a and p=atan?
h 2
a2+ tan? 2y = o = 2m\ea”
cos? & n
2

2 2
For the case 2mvea” _ Sm we have a2—25ﬂ

oA 2

c052%= f(a)=0
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The nunerical solution of this equation can be carried out by any
standard t echni que (New on- Raphson nethod, for instance) for finding
the zeros of the function f(a). For this case we get

a=24950 and 7.1416
which is clearly in agreenent with the graphical result.
Del ta- Function Potentials
We now consi der the potential energy function

V(X) = Ad(x - a)

wher e
o(x-a)=0 x=a

}f(x)d(x -a)dx = f(a)

and solve the correspondi ng Schrodi nger equation

_h_deIIJ(X)
2m dx?

+V(X)y (x) = Ey(x)

As we discussed earlier the wave function y(x) is assunmed to be
continuous for physical reasons relating to the probability
interpretation. The derivative of the wave function, however, is not
continuous at x=a for this potential. W can see this as follows. W
have

;l;ajfd l/J(X)dx AT(S(X alV(X)y (X)dx = ET‘P(X)C'X

In the limt £—=0, using the continuity of w(x), we get

h2 'dw d’/) 1 ) a+e
“om| dxly.,  dxly | Ew(a)afng— Ay (2)
hz 'dw dw 1 ~ ate
2m | dX o, ~dx ae | - Elp(a)fdx— Ay (@)
disconti nuity( (jj_il:) ( (jjw ) 2mA

For sinmplicity we choose a=0. W have two regions to consider
region I x<0, region Il x>0

and the derivative is discontinuous at x=0.

Transm ssi on Probl em

We first carry out the calculation of the transm ssion and reflection
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probabilities. W assune that A>0 (we have a delta function
barrier), E>0 and an incident wave of unit intensity comng in form
the left.

In region | we have

- = Ey, — X)=¢ Be'™ with E-= 0
om dx? Y, 1/’|( ) + om >
W& have both an incident and a refl ected wave.
In region Il we have
n* d%y : . h°k?
—%TZH= Ew” —>1/)”(X)=Cekx with E = om >0

There is only a transmtted wave.
The boundary conditions (at x=0) give

Y, (0)=v,(0)—1+B=C

wc;lx( )_ u;lx( )=?A1/}||(O)e|kC—lk(1— B)=?AC

The sol utions are

mA
ik "
C=—mma ad B=—"1x
“w k=
W then have
T = transmission probability = |C* = ﬁ
1+ ———
2n°E
R = reflection probability = [BF = —
2n°E
1+ vy

W note that T+R=1 as it nust for the probability interpretation to
make sense.

From our previous discussion, we suspect that the energy val ues of
the poles of the transm ssion probability correspond to the bound

state energies for the delta function well problem (A<O). For the
single delta function potential, T has a pole at

mA?2
2n?

E=
Bound- St at e Pr obl em

W let A—=-A,A>0. In region | we have

hz dZ/ll}I h2a2

-—— L= —|Ejy, =y, (X) = Be”™ with E=-|E|=- 0
2 =B = v (9 === <
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We have excl uded the negative exponential termsince it would diverge
inregion |l as Xx— -,

In region Il we have
n* d*y o p22
__2m dlel = —|E|1/J|| — Y, (X) =Ce with E= _|E| — o <0

We have excluded the positive exponential termsince it would diverge
inregion |l as X— +x,

The boundary conditions give

Y, (0)=y,0)—B=C

dy, (0) _dy,(0) __2m e oC_gB=_2m
- L=~ AV (0) > —aC-aB= -~ AB

The resulting equation for o gives the allowed the bound state
energi es. W have

cx=E?—+omylsjmmnomy—>1bmmd§me
h

na’® mA?

S VB

which is the sanme value as we obtained fromthe pole of the
transm ssi on probability.

We al so note that the solution has definite parity (even) since
Yy(X)=y(-X). This nust occur since V(x)=V(-x) and hence parity comutes
wth the Ham Itonian. As we also saw in the square well case, if only
one solution exists then it is always an even parity sol ution.
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