I t oduction to the Schrodi nger Equation in One D nmension
(Difficult stuff but rewardi ng when done)

Ti me Evol ution

One way of doing quantum cal culations is called the Schrodi nger
Picture and involves the Schrodi nger equation for specifying the tine
evol ution of physical quantities.

In this picture

(a) states are represented by ket vectors that depend on tine, Wmo}
(b) operators Q representing observabl es or neasurable quantities
are i ndependent of tine

We then get a tinme-dependent expectation value of the form

(Q) = (w®Qw () (01)

Let t be a continuous paranmeter. We consider a famly of unitary
operators U(t), with the properties

U)=1

A -~ A (5.7)
U(tl + tz) = U(tl)U (tz)
Transformati ons such as displacenents, rotations and Lorentz boosts
clearly satisfy these properties and so it nake sense to require them
in general.

As we wll see, this operator is the tine devel opnent operator whose
exi stence was one of our postul ates.

Now we consider infinitesimal t. We can then wite the infinitesinal
version of the unitary transformati on (using a Tayl or series) as

di()

U@) =1+ t +O(t%) (03)

t=0

Since the unitary operator nust satisfy the unitarity condition

uu* =1 for all t

we have
[~ dU(t)

G0" = = (' du* <t> t4

\e
t+ JL+

iy dUﬂ)+dU (t) e
dt dt o
whi ch inplies that
dua)+dU (t) _0
dt dt o
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| f we define

i) s
T =—IH (04)

t=0

then the conditi on becones

or
H=H" (05)

whi ch says t hat H is a Hermitian operator. It is called the generator

of the famly of transfornmations O(t) because it determ nes these
operat ors uni quely.

Now consi der the property
Ut +t,) =Ut)U(t,) (06)
A partial derivative is defined by

H(xy,2) _df(x,y,2)|
07X dX |y,z=constants

For exanple, if f(xVy,2)=xy+xy'z+x’sin(2) then
=3x°y +y'z+2x8in(2)

= x%+7xy°z

Taki ng the appropriate partial derivative of equation (06) we have
d -
=|—U(t
40w

which is the sane as the equation for arbitrary t

A

J (1)

Eu(tl +1,)

1

U(t,) = -iHU(L,)

t,=0

d
dt

£,-0 t=t,

dU(t) 4
= = Hu® (07)

This equation is satisfied by the unique solution

U(t) =e™ (08)

whi ch gives us an expression for the tine devel opnent operator in
terms of the Ham |tonian. Formally, this result is called Stone's
t heorem
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The Schrodi nger picture follows directly fromthis discussion of the
U(t) operator.

Suppose we have sone physical systemthat is represented by the state
vector |yp(0)) at time t = O and represented by the state vector [y(t))
at tinme t

We ask this question. How are these state vectors related to each
ot her? We nake the foll ow ng assunptions (our earlier postul ates)

(1) every vector [p(0)) such that (yp(0)y(0))=|w(0))|=1 represents a
possi bl e state at tinme t=0

(2) every vector [yp(t)) such that (y®)y(t)=|y®)| =1 represents a
possi bl e state at tinme t

(3) every Hermtian operator represents an observabl e or neasurable
quantity

(4) the properties of the physical systemdeterm ne the state vectors
to within a phase factor since [e€y)|=|v)

(5) |w() is determined by |y(0))

Now, if [y¢(0)) and |¢(0)) represent two possible states at t=0 and [y(t))
and|¢a» represent the corresponding states at tinme t, then

K¢«»W40»F: probability of finding the systemin the state
represented by [¢(0)) given that the systemis in the state

lw(0)) at t=0
and

K¢UN¢U»F: probability of finding the systemin the state
represented by [¢(t)) given that the systemis in the state
lp(t)) at t

(6) it nmakes physical sense to assune that these two probabilities
shoul d be the sane

(@O @) =[(¢®w @) (09)
Wgner’'s theorem (linear q]gebra)then says that there exists a
unitary, |inear operator U(t) such that
[w(®) = U(®)w (0)) (10)
and an expression of the form
~ 2
(0(0)|B) (11)
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gives the probability that the systemis in state |a) at tine t
given that it was in state |[§) at tine t=0.

We assune that this expression is a continuous function of t. As we
have al ready showed, we then have U(t) satisfying the equation

dU(t) s
IT = HU(t)
or A
U@ =e™
and t hus, A -
[y (1)) = U )y (0)) = e[y (0)) (12)

which inplies the foll owi ng equation of notion for the state vector

O ) = Ad e )
(13)

. d ~
I—y(t)) = Hjyp(t
4 =Hy®)
which is the abstract form of the fanobus Schrodi nger equation. W
will derive the standard formof this equation shortly.
As we said earlier, the operator L](t)=e‘ilqt is called the tine evolution
oper at or

Finally, we can wite a tinme-dependent expectation val ue as
[ (1) = Uy (0)) = e[y (0)) (14)

(Q) = (w®Qw (1)) (15)

This is the Schrodi nger picture where state vectors change with tine
and operators are constant in tine.

We note that the Schrodinger picture is not the sane as the

Schrodi nger equation. The Schrodi nger equation involves a

mat hemat i cal object called the wave function which is one particul ar
representation of the state vector, namely the position
representation, as we shall see later. Thus, the Schrodi nger equation
is applicable only to Ham | tonians that descri be operators dependent
on external degrees of freedomlike position and nomentum The
Schrodi nger picture, on the other hand, works with both internal and
external degrees of freedom and can handl e a nmuch w der class of

physi cal systens, as will shall see.

The Schrodi nger Wave equation in the Coordi nate Representation

To forma representation of an abstract |inear vector space we mnust
carry out these steps:

(1) Choose a conplete, orthonornmal set of basis vectors ﬂak»
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A

(2) Construct the identity operator | as a sumover the
one-di nensi onal subspace projection operators |ak><ak

| = Z|ak><ak| (16)

(3) Wite an arbitrary vector |w> as a |linear conbination or
superposition of basis vectors using the identity operator

)= Ty)= (Zlak><ak|)lw> - Z<aklw>lak> (17)

It is clear fromequation (17), that know edge about the behavi or(say
intinme) of the expansion coefficients {(o/fy) will tell us the

behavi or of the state vector m& and allow us to nake predictions.

Renmenber al so, that the expansion coefficient is the probability
anplitude for a particle in the state |yp) to behave like it is in the

state |a).

A particular representation that has becone very inportant in the
study of many systens using Quantum Mechanics is fornmed using the

ei genstates of the position operator as a basis. It is called the
coordinate or position representation. We will restrict our attention
to one dinension for sinplicity.

The ei genst at es ﬂx» of the position operator X satisfy
X|X) = X|X) (18)

where the eigenvalues x are continuous variables in the range [-o,].
They formthe basis of the coordinate representation.

Expandi ng our earlier discussions, in this case, the summtions
becone integrals and we have

| = J1x){xldx (19)
[w) = Tw) = [y )ax = [(x[y)lx)dx (20)
The expansion coefficient in the coordinate representation is given
by
v (xX)=(X[y) (21)

Since the inner product is defined for all states |x), this new object
is clearly a function of the eigenvalues x. It will be the
probability anmplitude for finding the particle to be at the point x

in 1-di nensional space if it is in the (abstract)state vector [|p) . It
is called the wave functi on.

The bra vector corresponding to |yp) is
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(Wl = = [l |x)xidx = [(x[y) (x]dx
The nornalization condition takes the form
(wlw)=1=(w|ily) = [(w[x){x]y)dx
= [1(x]w)] ax = [l () ox
= [ (O (x)cx

(22)

(23)

The probability anplitude for a particle in the state |1p> to behave

like it is in the state |¢p), where

19) = T19) = [Ox)xD])ex = [{x|¢)|x)cx

is given by

(9lw) = ([{x|o) (XI(f(x [w)lx)x )
= faxfdx (x|g) (X [yr)}(x|x)

We need the normalization condition (X|X). W have

)= [(x[w)lx)dx
(Xly) = [(X[w)(x|x)dx
(%) = [ (X )(x[X)dx
whi ch inplies that
(%]%)=5(%- %)
wher e
undefined

0 otherwise

o(x-a)= {
}f(x)é(x —a)dx= f(a) forany functionf(x)

This "function" is called the Dirac delta function.

Putting this into equation (25) we have

P = [y (XXX )X = [1p(X )5 (x - X )oK

which is the defining integral.

(24)

(25)

(26)

(27)

Thus, the delta function nornalization follows fromthe conpl eteness

property of the projection operators.

Using this result we get
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(ply) = fax[dx (x|g) (X [)5(x~X) (28)
= [{X[¢) {x|w)x = [¢" (Y (x)x

W formally wite the X operator using the expansion in eigenval ues
and projection operators as

2=fﬂxXxwx (29)

W will also need the properties of the |inear nonentum operator. The
ei genst at es ﬂp» of the nonentum operator p satisfy

pip) = PP (30)

where the eigenvalues p are continuous variables in the range
[-0,0].  They formthe basis of the nobnentum representation.

As before, we have
~ 1
| = — d 31
5 [1P)(pldp (31)

) f (P)(PDly)dp = o— f(Plw)lp)dp (32)
The expansi on coefficient in the nonentumrepresentation is

w(p) = (plw) (33)

It is the probability anplitude for finding the particle with
monentum p if it is in the state |y).

The bra vector corresponding to |yp) is

(p|=@p|l === —[wlpi(pld p—— (ply) (pldp (34)

The normalization condition takes the form

(W) =1= (| Iw>—— (w|p)(ply)dp= fl plw ) dp
(35)

- Z_nh 1w p)| dp - % ¥ (P)¥(p)dp

The probability anplitude for a particle in the state Wﬁ to behave
like it is in the state |¢p), where

6)=119) = [(PHpD)cp = - [(pig) plcp

is given by
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1 . 1o
<¢Iw>=(% (p|¢) <p|dp)(ﬁ (Ply) p)dp)

=(&;y dp(dp (pl¢) (Plw)(plP)

The normalization condition follows from

¥)= 5o [Pl P)ap
(Pl = (B w)(pl )

‘P(p)——fw(p) plp)dp
whi ch inplies that

2Tm<10||0> 5(p-p) (36)

Using this result we get

{plw) = fdpfdp plo) (P[w)o(p-P)
(37)
=5 [{ple) <plw>dp=—f<1> (P)W(p)dp

W formally wite the p operator using the expansion in eigenval ues
and projection operators as

.1
=— d 38
5 J PLP)(pldp (38)
W will now derive the connections between the two representation.
W now need to determine the quantity (X|p). This is, in fact, the key

result. It will enable us to derive the Schrodi nger equation. W will
find that

(X[ p) = """ (39)
Deri vati on:

A representation of the Dirac delta function is
i}e""x‘x')dp =5(x-X) (40)
2mh J
By representation it is inplied that we can show that
ff(x) ife‘p(x‘f"’dp dx = f(a) for any function f(x)
J 2nh Y,

which follows from Fourier transformtheory.

Now we can rewrite equation (40) in another way
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1 7 ip(x-x' f (1
Z—thep‘ 'dp = 6(x - x') = (x|x) = (x]I|x)

=<x|[_}| p><p|dp}|x->=_}<x| p><p|x'>dp=_}<x| 0)(x ) dp

which is clearly satisfied by (39).

It is not a unique choice, however. It is the choice, however, that
al  ows Quantum nechanics to make predictions that agree with

experi nment.

We m ght even say that this choice is another postul ate.

Now, we can use these results to determ ne the expectation val ues of
operators involving the position and nonentum oper at ors.

Since we are interested in the coordinate representati on we need only
determ ne the follow ng quantities.

The position operator cal culations are straightforward

(XXy)=x(x|y) and (x|f(R)y)=fO)Nx[w) (41)

For the nonmentum operator we wite
(X|plw) ——fdp Xp{p){ply)
f dp(x|plp){p|w) = f pdp(x| p)(plw)
Usi ng equation (39) we have

p(X|p) =it (x| p) = (XIf{P) (42)
and

(X(Bfw) = [dp(xf{ P} plw)
~ - [dp(x[pip){pl) ——fdp[ g e (ol (43)
=12 dp(x|pi{ply) = -in-o (<)
W can al so show t hat

(31w = 'hd—) (R[y) =~

,

o Xw) (44)

Usi ng these equations, we can now derive the Schrodi nger wave
equati on.

The Schrodi nger wave equation in one dinension is the differential
equation that corresponds to the eigenvector/eigenval ue equation for
the Ham | toni an operator or the energy operator.
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The resulting states are the energy eigenstates. W already saw t hat
energy eigenstates are stationary states and thus have sinple tine
dependence. This property will allowus to find the tine dependence
of anplitudes for very conplex systens in a straightforward way.

W have H|y.)=Elp.) where E = a nunber and

H = energy operator = (kinetic energy + potential energy) operators

~2
= ;—m+V(>“<)

We t hen have
(x | +V(x)|w )= E(X[ye)

(x| 2k )+ (V(Rhve) = E(xye)

hz d2 (45)
~ oz (Xlwe) + VO(Xlwe) = E(xwe)
_g_m%wum(x) = Eye(X)

which is the tinme-independent Schrodi nger wave equation in one
di nension. The quantity y.(X)=(x|y.) i s the wave function or the energy

ei genfunction in the position representati on correspondi ng to energy
E.

The quantity |1/;E(x)|2=‘<x|1,uE>‘2 represents the probability density to find
a particle at coordinate x if it is the state represented by the
vector |yg).

Now t he energy eigenfunctions have a sinple tine dependence, as we
can see fromthe foll ow ng.

Si nce )
ah ik
U(t)|1JJE>=e g |U’E>=e g |’¢/’E> (46)
we have
—iEt
(0O e)=vetxt=e * (ve) (47)
pe(xt)=e " (x0)
Ther ef or e,
I 't
2 SHLOD Ve (x) = Ewe(x)
m dx (48)
K2 d%yp (Xt - . d
2 SN V(R (x ) = 11 Sy e(x)

which is the tinme-dependent Schrodi nger wave equati on.
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Clearly, systemchange in tinme. One change is the coll apse process,
whi ch is discontinuous (and non-unitary). W have al so devel oped
(frompostulate #4) a deterministic (unitary) time evol ution between
nmeasur enent s.

Bet ween neasurenents states evolve according to the equation

[y () = U]y (0)) = €™/ |3y (0))

For energy eigenstates we found that

- iy -k
|1/}E(t)>u(t)|1.UE(O)> =e ” |IPE(0)> =e’ |IPE(0)>
that is, they only change by a phase factor.
Let us look at a sinple exanple to illustrate the process.

We consider a particle wth the hardness property but now we place it
in an external force that nmakes the system have a hi gher energy when

the particle is in the hard state |h) than when it is in the soft
state |s). We define these two energies to be +E, for |h) and -E, for
|s). These energies are just the corresponding energy eigenval ues for

these two states. Therefoe, the energy operator (in the hard-soft
basis) is given by

~ +E, O
H=
o )
Thus, we have
[y (0)) =|h)
Case #1

|7,U(t)> _ e—il:it/h|h> _ e—iEot/h|h>
and

[ (0)) =|s)
Case #2 . -
[y (t)) =e™"|s) = =""]s)

In either case, if we neasure the hardness of this particle at tine
t, it still has the sane value as at t=0, that is, for case #1

(hly @) = nle ™™ |n" = [thn)ff =1
|<S|1,U(t)>|2 _ ‘<S|e—iEDt/h|h>‘2 _ |<S| h>|2 -0

or the hardness of the particle does not change intinme if it starts
out in a state of definite hardness (they are energy eigenstates).

Wen the initial state is not an energy eigenstate, that is, when it
is a superposition of hard and soft states, the it will change with
time. The change will be in the relative phase between the
conponent s.

We illustrate this bel ow
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N
|w(t)>= e—il—]t/h|w(o)> =ée—iﬁt/h(|h>+|s>)=é(e—iﬁt/h|h>+e—iﬁt/h|s>)
N2 N2
=iz(e—iEot/h|h>+eiEOt/h|S>)

N

so that the relative phase is /" This state is not an eigenstate
of hardness or color! Wiat is the probaility of neasuring various
resul ts?

Initially:
2 1 2
(hly (O))f = 5 = sl ()
(@) =1 . [mly©@) =0
At tinme t:
2 2
2 _ (i -iEgt/ 7 Eot/ e ) _i -iEot/ 7 _1
(b @)F = 0 e+ i) < Se=e] -3
2 2
2 {i —iEgt/ R iEgt/ A1)\ |) _i iEqt/h _1
\slw () _Skdik lh, +e |$b —Mée -5
2
1/ o iEg
|\g|w(t)>|2 _ ‘<g|(ﬁ(e E t/h|h/ + eE I/h|s>))
2 2
=‘%e—iEot/h\g|h>+%eiEot/h<g|S> _ %e—iEot/h_l_%eiEot/h =COSZ%
A\ ~
2
1 -iE, iEqt/ 7
|<m|w(t)>|2 _ ‘<m|(ﬁ(e Et/h|h/+eEt/f|S>)>
1 iean 1 eyl ‘1 e L geanl _ o2 2Bt
Y 0 h = 0 = |= 0 _ - 0 = ~—=0"
\Jﬁe \m|>+ J§e {m|s) 2e 2e sin P

So the probability of measuring the hardness of this particle that
was originally in the green state remains 1/2 (as it was at t=0). But
much nore interesting is the fact that the probability for

nmeasur enents of color oscillates between probability = 1 for green
and probability = 1 for magenta.

So the procedure is the follow ng:
(1) find the energy operator for the physical system

(2) Express the initial state as a superposition of energy
ei genst at es

(3) Insert the sinple time dependence of the energy eigenstate to
obtain the tinme dependence of the state of the system

(4) Determ ne probability for final neasurenents by taking
appropriate inner products.
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