Expanded Notes on Probability
Excerpts from Chapter 3 - Boccio - Quantum Mechani cs

1. Probability Concepts

Quantum nechanics will necessarily involve probability in order for
us to nmake the connection with experinmental neasurenents.

W will be interested in understanding the quantity
P(A|B) = probability of event A given that event B is true

In essence, event B sets up the conditions or an environnent and then
we ask about the (conditional) probability of event A given that
those conditions exist. The | synbol neans "given" so that itens to
the right of this "conditioning" synbol are taken as being true.

In other words, we set up an experinental apparatus, which is
expressed by properties B and do a neasurenent with that apparatus,
which is expressed by properties A W generate nunbers
(measurenents) which we use to give a value to the quantity P(A|B) .

(a) Standard Thinking ........

We start with the standard mat hemati cal formali sm based on axi ons. W
defi ne these events

A= occurrenceof A
(denotes that proposition A istrue)
~ A= NOT A= nonoccurrence of A
(denotes that proposition A isfalse)
A& B= A AND B = occurrenceof bothA and B
(denotes proposition A and B istrue)
Av B=A OR B=occurrenceof atleast one of theevents A and B
(denotes proposition A or B istrue)

and standard Bool ean | ogi c as shown bel ow
Bool ean | ogi c uses the basic statements AND, OR, and NOT.
Usi ng these and a series of Bool ean expressions, the final
out put woul d be one TRUE or FALSE statenent.
This is illustrated bel ow
If Ais true AND B is true, then (A AND B) is true
If Ais true AND B is false, then (A AND B) is false
If Ais true ORBis false, then (A ORB) is true
If Ais false OR B is false, then (A ORB) is false

or witten as a "truth" table:



A B (ArB)) (AvB)
11 1 1
10 0 1
01 o0 1
00 O 0

where 1=TRUE,O=FALSE.
We then set up a theory of probability with these axi ons:

(1) P(A[A)=1
This is the probability of the occurrence A given the occurrence of
A. This represents a certainty and, thus, the probability nust = 1.
This is clearly an obvious assunption that we nust make if our
probability ideas are to nake any sense at all

In other words, if | set the experinental apparatus such that the
nmeter reads A, then it reads A with probability = 1.

(2) 0=P(A|B)=P(B|B)=1
This just expresses the sensible idea that no probability is greater

than the probability of a certainty and it nmake no sense to have the
probability be I ess than 0.

(3) P(A|B)+P(~A|B)=1 or P(-A|B)=1-P(A|B)

This just expresses the fact that the probability of sonething
(anyt hi ng) happening (Aor ~A) given Bis a certainty (=1), that is,
since the set Aor ~A includes everything that can happen, the tota
probability that one or the other occurs nust be the probability of a
certainty and be equal to one.

(4) P(A&B|C)=P(A|C)P(B|A& C)
This says that the probability that 2 events A, B both occur given
that C occurs equals the probability of A given Cnultiplied by the
probability of B given (A& ), which nmakes sense if you think of them
happeni ng i n sequence.
All other probability relationships can be derived fromthese axions.

The nonoccurrence of A given that A occurs nust have probability = 0.
This is expressed by

P(~A|A)=0
This result clearly follows fromthe axi ons since

P(A|B)+P(~AlB) =1
P(A|A) +P(~AlA) =1
P(~A|A)=1-P(A|A)=1-1=0
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Exanpl e: Let us evaluate P(X&Y|C)+P(X& ~Y|C).

We use axiom (4) in the 1st termwith A=X,B=Yand C=C and in the
2nd termwith A=X,B=~Yand C=C to get

P(X&Y|C)+P(X& ~Y|C)=P(X|C)P(Y | X& C)+ P(X|C)P(~Y|X& C)
=P(X|C)P(Y|X&C)+P(~Y|X&C)]=P(X|C)1] usingaxiom (3)
and finally
P(X& Y|C)+P(X& ~Y|C)=P(X|C)

whi ch says probability that X is true regardless of whether Y is
true, is the sumof the probabilities of X and Y for all
possibilities associated with Y(Y and ~Y in this case).
Now | et us use this result with X= ~A,Y= ~B . This gives
P(~A& ~B|C)=P(~ A|C)-P(~A& B|C)=1-P(A|C)-P(~ A& B|C)
Expanding the last termusing X=B,Y=A we then have

P(B& ~ A|C)+ P(B& A|C) = P(B|C)

or
P(~ A& B|C)=P(B|C)- P(B& A|C)
whi ch gi ves
P(~A& ~B|C)=1-P(A|C)-P(B|C)+ P(A& B|C)
Now
P(AvB)=1-P(~(AvB)|C)=1-P(~ A& ~B)|C)
and since

(~(AvB))=(~A& ~B)

i.e., we can construct a 'truth table" as shown bel ow, which
illustrates the equality directly

A B (~(AvB)) (~A& ~B)

1 1 0 0
1 0 0 0 (this is the "truth table")
0 1 0 0
00 1 1

we finally get
P(Av B)=P(A|C)+P(B|C)-P(A& B|C)

This is a very inportant and useful result.

If we have P(A& B|C)=0, then events A and B are said to be nutually
exclusive given that C is true and the relation then reduces to

P(Av B)=P(A|C)+ P(B|C) (3.1)
This is the rule of addition of probabilities for exclusive events.

Sone other inportant results are:
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If A& B=B& A , then P(A |C)P(B|A & C)=P(B|C)P(A |B& C) (3.2)

P(B|C)
P(A[C)

If P(A|C)=0, then P(B|A& C)=P(A|B& C) (3. 3)

which is Baye’'s theorem It relates the probability of B given Ato
the probability of A given B.

When we say that B is independent of A, we will nean
P(B|A& C)=P(B|C) (3.4

or the occurrence of A has NO influence on the probability of B
given C. Using axiom (4) we then have the result:

if A and B are independent given C,
then P(A& B|C)=P(A|C)P(B|C)

This is called statistical or stochastic independence. The result
generalizes to a set of events {A , i:]qz_wn}. Al these events are
i ndependent if and only if

P(A& A& ...& A,|C) = P(A |C)P(A, |C)........P(A, | C)
for all m=n .

Now | et us think about these ideas in another way that has
fundanental inportance in nodern approaches to quantum theory. The
fundanental result in this vieww !l turn out to be the Bayes formula
and its relationship to neasurenents.

(b) Bayesian Thinking ........
Two Different Axions

(1) If we specify how nuch we believe sonething is true, then we
must have inplicitly specified how nuch we believe it is false.

(2) I'f we first specify how nuch we believe that (proposition) Y is
true, and then state how nmuch we believe X is true given that
Yis true, then we nust inplicitly have specified how nuch we
believe that both X and Y are true

We assign real nunbers to each proposition in a manner so that the
| arger the nunerical value associated with a proposition, the nore we
believe it.

Only using the rules of Boolean |ogic, ordinary al gebra, and the
constraint that if there are several different ways of using the sane
informati on, then we should always arrive at the sanme concl usi ons

i ndependent of the particul ar anal ysis-path chosen, it is then found
that this consistency could only be guaranteed if the real nunbers we
had attached to our beliefs in the various propositions could be
mapped (or transforned) to another set of real positive nunbers which
obeyed the usual rules of probability theory:
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prob(X|1) + prob(~ X|I)=1 (sane as axi om3)) (3.5
prob(X& Y |[I)= prob(X|Y & I)x prob(Y|l) (same as axiom (4)) (3.6)

Equation (3.5) is called the sumrule and states (as earlier) that
the probability that X is true plus the probability that X is fal se
is equal to one.

Equation (3.6) is called the product rule. It states (as earlier)
that the probability that both X and Y are true is equal to the
probability that X is true given that Y is true tinmes the
probability that Y is true (independent of X).

Note that all the probabilities are conditional on proposition(s) or

conditioning(s) I, which denotes the rel evant background information

on hand. It is inportant to understand that there is no such thing as
an absolute probability (wthout prior information).

Bayes' Theorem and Margi nalization

As before, we can use the sum and product rules to derive other
results.

First, starting with the product rule we have
prob(X& Y |[I) = prob(X|Y & 1) x prob(Y|1)

W can rewite this equation with X and Y interchanged
prob(Y & X|I)= prob(Y| X & 1) x prob(X]|I)

Since the probability that both X and Y are true nust be logically
the same as the probability that both Y and X are true we nust al so
have prob(Y& X|I)= prob(X& Y|I)

o prob(X|Y & I)x prob(Y | 1) = prob(Y | X & I)x prob(X|1)
o prob(Y | X & I)x prob(X|I)

prob(Y|1)

prob(X|Y& ) = (3.7)

whi ch is Bayes theorem (as earlier).

Most standard treatnments of probability do not attach nuch inportance
to Bayes' rule.

This rule, however, which relates prob(X|Y&I) to prob(Y|X&1), allows
us to turn things around with respect to the conditioning synbol,
which leads to a reorientation of our thinking about probability.

The fundanental inportance of this property to data anal ysis becones
apparent if we replace X and Y by hypothesis and dat a:

prob(X|Y & I) « prob(Y | X & 1) x prob(X| 1)
prob(hypothesis|data & 1) o prob(data | hypothesis& I) x prob(hypothesis| 1)
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Note that the equality in equation (3.7) has been replaced with a
proportionality because the term prob(datajl)= evi dence has been
omtted. The proportionality constant can be found fromthe
normal i zation requirenent that the sumof the probabilities for
sonet hi ng happeni ng nust equal 1.

The power of Bayes' theoremlies in the fact that it relates the
quantity of interest, the probability that the hypothesis is true
given the data, to the termthat we have a better chance of being
able to assign, the probability that we woul d have obtai ned the
measured data if the hypothesis was true.

The various terns in Bayes' theorem have formal nanmes. The term
prob(hypothesis|lI) = prior probability represents our state of

know edge(or ignorance) about the truth of the hypothesis before we
have anal yzed the current data. This is nodified by the experinental
measur enents through the term prob(data|hypothesis& 1) = |i kel i hood
function. This product gives prob(hypothesis|data& |I) = posteri or
probability representing our state of know edge about the truth of
the hypothesis in the light of the data(after neasurenents).

In sone sense, Bayes' theorem encapsul ates the process of | earning,
as we shall see later.

Second, consider the following results fromequation (3.6)

prob(X& Y |I)= prob(Y & X|1) = prob(Y|X& I)x prob(X]1)
prob(X& ~Y|1) = prob(~Y & X|I)= prob(~Y | X& I)x prob(X]|1)

Addi ng these equations we get
prob(X & Y | 1)+ prob(X& ~Y | 1) = (prob(Y | X & I) + prob(~ Y | X & 1))prob(X|1)
Since prob(Y|X& 1)+ prob(~Y|X&I)=1 we have
prob(X& Y |I) + prob(X& ~Y|I) = prob(X|I) (3.8)
whi ch, again, is the sanme result as earlier.
If, on the other hand, Y—>{Yk;k=J,2, ..... ,M} representing a set of M

alternative possibilities, then we generalize the two-state result
above as

iprob(X&Yk|l)=prob(X|l) (3.9)

We can derive this result exactly as we did in equation (3.8).

prob(X& Y, | 1) = prob(Y, & X|I) = prob(Y, | X& 1) x prob(X|1)
prob(X& Y, | 1) = prob(Y, & X|I) = prob(Y, | X& I) x prob(X|1)

prob(X& Y, | 1) = prob(Y,, & X|I) = prob(Y,, | X& I) x prob(X|I)
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Addi ng these equations we get

ﬁpmux&ﬁ|n=pdeH{ﬁprﬁ|X&D)

| f we assune that the {n} forma nutually exclusive and exhaustive

set of possibilities, that is, if one of the Y's is true, then all

the others nust be fal se, we then get
M

Zprob(Yk|X&l)=1 (3.10)

which is a normalization condition. Thus, we get equation (3.9).

If we go to the continuumlimt where we consider an arbitrarily

| arge nunber of propositions about sone result (the range in which a
given result mght lie), then as long as we choose the intervals in
a contiguous fashion, and cover a big enough range of values, we wll
have a nutual ly exclusive and exhaustive set of possibilities. In the

[imt of M—o, we obtain
prob(X|I)=fprob(X&Y|I)dY (3.11)

which is the marginalization equation. The integrand here is
technically a probability density function rather than a probability.
It is defined by

pdf(x&Y=y||)=6”n2)[pr0b(X& y=Ysy+dy|l)]
y—)

oy

(3.12)

and the probability that the value of Y lies in a finite range
between y, and y, (and X is also true) is given by
Y2

prob(X&ylesy2|I)=fpdf(X&Y|I)dY (3.13)
Y1

and equation (3.11) then follows directly. In this continuumlimt
the normalization condition takes the form

1= [prob(Y|X& 1)dY (3.14)

Margi nalization is a very powerful device in data anal ysis because it
enabl es us to deal with nuisance paraneters, that is, quantities

whi ch necessarily enter the analysis but are of no intrinsic

i nterest. The unwanted background signal present in many experi nental
measurenents, and instrunmental paranmeters which are difficult to
calibrate, are exanpl es of nui sance paraneters.

2. Probability Interpretations

(a) Standard thinking ...........

In the standard way of thinking about probability in relation to
experinments, neasured results are related to probabilities using the
concept of alimt frequency. The |limt frequency is linked to
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probability by this definition:

If C can lead to either Aor ~A, and if in n repetitions, A
occurs m tines, then

P(A|C)=LL@(%) (3. 15)

We nust now connect the mathematical formalismwith this limt
frequency concept so that we can use the formalismto nake
predi ctions for experinments in real physical systens.

Thi s approach depends on whet her we can prove that the limt nakes
sense for real physical systens. Let us see how we can understand the
real neaning of the above interpretation of probability and thus

| earn how to use it in quantum nechanics, where probability will be

t he dom nant property.

Suppose that we have an experinental nmeasurenent, M, that can yield
either Aor ~A as results, with a probability for result A given by

P(AIM) =p

In general, we |et any sequence of n independent neasurenents be
| abel  ed as event M" and we define n, as the nunber of times A
occurs, where O=n,=n.

Now i magi ne we carry out a sequence of n independent neasurenents and
we find that A occurs r tines. The probability for a sequence of
results that includes result A r tinmes and ~A (n-r) tines

(i ndependent of their order in the sequence) is given by

prqn—r
q=P(~A[M)=1-P(AIM)=1-p

wher e

The different sequence orderings are nutually exclusive events and
t hus we have

P(n,=rIM")= ¥ p'q” (3.16)
all possible
orderings
The sum just counts the nunber of ways to distribute r A’s and
all possible
orderings

(n-r) ~A's, where all the terns contain the common factor p'q"". This
result is given by the Binomi al probability distribution as
n!

ri(n-r)!
so t hat
nl
P(n,=r|M")=———p'q""' 3.17
(=T IM7) = o PG (3.17)
Now to get to the heart of the problem The frequency of Ain M" is
gi ven by
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This is not necessarily = p in any set of neasurenents.

What is the relationship between thenf? Consider the follow ng:

(n,) = average or expectation value

= sum over [possible values times probability of that value] (3.18)
n n n'

=yYrP(n,=r|M")=>yYr———p'q""’
EO Ny =r[M") EO TP

We now use a clever mathematical trick to evaluate this sum For the
nmoment consider p and g to be two arbitrary independent variables. At

the end of the calculation we will let q=1-p as is appropriate for a
real physical system

From t he Bi nom al expansion fornula, we have , in general,
\ n! rn-r n
Y pq" =(p+0q)

W then have
J < n! rn-r _ i n
P in_ PO =P (pra)
N n‘ rn-r n-
Nr————p'q" =np(p+0)""

& ri(n-r)!
or

Y rP(n, =1 |M") =np(p+a)™
r=0
or (ny)=np(p+q)"*

In a real physical system we nust have p+q=1, so that we end up
with the result

| (ny) =np (3.19)
an
(f.)= <r:f> = p (3. 20)

This says that p = the average frequency.

Thi s does not say, however, that f is actually close to p.

n

Now consi der a nore general experinment where the outcone of a
nmeasurenent is the value of some continuous variable Q, with
probability density (for its continuous spectrun) given by

P(d<Q<q+dq|M)=h(g)dq
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If we let h(g) contain delta-functions, then this derivation is also
valid for the discrete part of the spectrum

We can now derive the follow ng useful result. If Q is a nonnegative
vari abl e, which neans that h(gq)=0 for q<O0, then for any >0

(Q) = [h(a)qda = [h(q)adq = £ [h(q)dq = eP(Q = & | M)
This inplies that ) )
P(QzelM)s@ (3.21)
&

Now we apply this result to the nonnegative variable [Q-d* where
a>0 and ¢ = nunber, to obtain
|Q-d)

P(Q-cz¢|M)=P(Q-c[" 2¢“|M)<——+— (3.22)

a

which is call ed Chebyshev’'s inequality.

In the special case where

a=2 , c=(Q)=meanof distribution

QQ—CF>=QQ—<QW>=<Q3—KQV==02=vaﬁwme, e=ko

we have
PIQ- Q)= ko M) = (3. 23)

or, the probability of Q being k or nore standard deviations fromthe
mean i s no greater than ﬁ% (i ndependent of the formof the
probability distribution).

Now we return to the n repetition experinent and choose

a=2 Q:nA=i&

1=1

where £, = 1 if outco.meofith repetition of M isA
0 otherwise
c={(Q=np
We then have

P(n,-np/=¢|M) = 2

{(n = np)*) = <{E<f - p>}2>
D PYCRL IO
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Each repetition is independent, which inplies that

(6 =)t =)= (- p){t; - p)=0 fori=]

((n. - p)?) - <{}j<£ - p)}2> <n

n
P(|nA—np|2£|M)s? (3.24)

so that

Thus, we have

For f, =relative frequency of A=n—r? we then have
€ n
P(f, - pl=Z|M) < —
(f,~pl=IM)s

If we | et =5n t hen we have
n

P(f, -p=0d|M)= (3. 25)

1
nod’?
This inplies that the probability of f (the relative frequency of A

in n independent repetitions of M) being nore than ¢ away from p
approaches 0 as n— o .

This is an exanple of the law of |arge nunbers in action.

This DOES NOT say f =p at any tinme or that f remains close to p as

n
n— o,

It DOES say that the deviation of f from p becones nore and nore
i nprobabl e or that the probability of any devi ati on approaches 0 as

n— oo,

It is in this sense that one uses the Iimt frequency from experi nent
to conpare with theoretical probability predictions in quantum
mechani cs.

From probability theory one derives only statenents of probability,
not of necessity.

(b) Bayesian thinking ........

How do we reason in situations where it is not possible to argue wth
certainty? In other words, is there a way to use techni ques of
deductive logic to study the inference problem arising when using

i nductive logic? No matter what scientists say, this is what they are
actual ly doing nost of the tine.

The answer to this last question resides in the Bayes' rule.

To Bayes(along with Bernoulli and Laplace), a probability represented
a "degree-of-belief" or "plausibility", that is, how nuch one thinks
that sonething is true, based on the evidence on hand.

The devel opers of probability(Fisher, Neyman and Pearson) thought
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this seened too vague and subjective a set of ideas to be the basis
of a "rigorous" mathematical theory. Therefore, they defined
probability as the long-run relative frequency with which an event
occurred, given infinitely nmany repeated experinental trials. Since
such probabilities can be neasured, probability was then thought to
be an objective tool for dealing with random phenonena.

This frequency definition certainly seens to be nore objective, but
it turns out that its range of validity is far nore |imted.

Let us imagi ne an experinent to neasure the nass M of Saturn. Assune
that we are given orbital data(astronom cal neasurenents). W then
conpute the posterior pdf for the mass M given the data and all the
rel evant background information | (laws of classical mechanics, etc)
prob(M [{data} & ). Suppose that we find the result shown bel ow

Posterior pdf

YR
AR

i 0.5 w1 w2 1 15 z
Mass of Saturn

prablia | datatal)

The shaded area under the posterior pdf curve between m and m, is a
measure of how nuch we believe that the mass of Saturn is in the

range ms=M=m,.

Clearly, the position of the maxi num of the posterior pdf represents
a best estimate of the mass; its width, or spread, about this optim
val ue gives an indication of the uncertainty in that estimate.

How woul d this data (as in the figure) be interpreted in terns of the
frequency definition?

In order to think of the mass of Saturn as a random variable, we
woul d have to inmagine a | arge ensenbl e of universes in which
everything remains constant apart fromthe mass of Saturn, which is a
very strange procedure to say the |east.
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Al ternatively, we could think of the data in the figure in terns of
the distribution of neasurenents of the mass in many repetitions of
t he experi nent.

Clearly, having to think of a frequency interpretation for every data
anal ysis problemis rather perverse.

What do we nean by the "neasurenent of the mass" when the data
consi st of orbital periods?

Way shoul d we have to think about many repetitions of an experinent
t hat never happened?

What we need to do is nake the best inference of the mass given the
(few) data that we actually have, which is precisely the Bayes' view
of probability.

In this view, probability represents a state of know edge. The
conditional probabilities represent |ogical connections rather than
causal ones.

Exanpl e:

Consi der an urn that contains 5 red balls and 7 green balls.

If a ball is selected at "randont, then we would all agree that the

probability of picking a red ball would be 5/12 and of picking a
green ball would be 7/12.

If the ball is not returned to the urn, then it seens reasonabl e that
the probability of picking a red or green ball nust depend on the
outcone of the first pick (because there will be one less red or
green ball in the urn).

Now suppose that we are not told the outcone of the first pick, but
are given the result of the second pi ck.

Does the probability of the first pick being red or green change with
t he know edge of the second pick?

Initially, many observers would probably say "no", that is, at the

time of the first draw, there were still 5 red balls and 7 green
balls in the urn, so the probabilities for picking red and green
should still be 5/12 and 7/ 12 independent of the outcone of the

second pi ck.

The error in this argunment becones clear if we consider the extrene
exanple of an urn containing only 1 red and 1 green ball.

Al t hough, the second pick cannot affect the first pick in a physical
sense, a know edge of the second result does influence what we can

i nfer about the outcone of the first pick, that is, if the second
ball was green, then the first ball nust have been red, and vice
versa.

We can calculate the result as shown bel ow
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Y = pick is GREEN(2nd pick)

X = pickis RED(1st pick)

| = initial number of RED/GREEN balls={n,m}
A Bayesian would say :

prob(Y | X & I) x prob(X|I)

robo(X|Y&I)=
prob(X Y & 1) prob(Y [1)
m
prob(Y | X & {n,m}) x %N
_ n+rm_ _ _ (n+m-1 __n
prob(X Y & {n,m}) = n m . m m-1 ~ nm +nKm—D"n+m_1
n+mn+m-1 n+mn+m-1 n+m-1 n+m-1

n

n=m=1 rob(X|Y&{1,1}))=———=1
= Prob(X |Y&{1.1}) = oy
5

nN=5mM=7= prob(X|Y&{5,7})=1—1=O.456

Non - Bayesian says:

prob(X|{5,7}) = % = 0417

Clearly, the Bayesian and Non-Bayesi an di sagr ee.

However, the Non-Bayesian is just assuming that the cal cul ated result
0.417 is correct, whereas, the Bayesian is using the rules of
probability (Bayes' Rule) to infer the result 0.456 correctly.

The concerns about the subjectivity of the Bayesi an vi ew of
probability are understandable. | think that the presuned
shortcom ngs of the Bayesian approach nerely reflect a confusion
bet ween subjectivity and the difficult technical question of how
probabilities(especially prior probabilities) should be assigned.

The popul ar argunent is that if a probability represents a
degree-of-belief, then it nust be subjective, because ny belief could
be different fromyours. The Bayesian view is that a probability does
i ndeed represent how nmuch we believe that sonething is true, but that
this belief should be based on all the relevant information
avai | abl e(all prior probabilities).

Wil e this makes the assignnent of probabilities an open-ended
question, because the information available to nme may not be the sane
as that available to you, it is not the same as subjectivity. It
sinply means that probabilities are always conditional, and this
conditioning nust be stated explicitly.

oj ectivity demands only that two people having the sane information
shoul d assign the sane probability.

Cox | ooked at the question of plausible reasoning fromthe
perspective of |ogical consistency. He found that the only rul es that
wor ked were those of probability theory! Al though the sum and product
rules of probability are straightforward to prove for frequencies
(using Venn diagrans), Cox showed that their range of validity goes
much further. Rather than being restricted to frequencies, he showed
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that probability theory constitutes the basic cal culus for | ogical
and consi stent pl ausi bl e reasoni ng, which nmeans scientific inference!

Anot her Exanple - Is this a fair coin?
We consider a sinple coin-tossing experinent.

Suppose that | had found this coin and we observed 4 heads in 11
flips.

If by the word "fair" we nean that we woul d be prepared to nake a
50: 50 bet on the outcone of a flip being a head or a tail, then do
you think that it is a fair coin?

If we ascribe fairness to the coin, then we naturally ask how sure
are we that this was so or if it was not fair, how unfair do we think
it was?

A way of formulating this problemis to consider a |arge nunber of
conti guous hypot heses about the range in which the bias-weighting of
the coin might lie. If we denote bias-weighting by H, then H=0 and
H=1 can represent a coin which produces a tail(not a head!) or a
head on every flip, respectively. There is a conti nuum of
possibilities for the value of H between these limts, with H=1/2
indicating a fair coin. The hypotheses m ght then be, for exanple

(a) 000=<H=<0.01

(b) 0.01<H=<0.02

(c) 0.02=<H=<0.03
and so on

Qur state of know edge about the fairness, or the degree of
unfairness, of the coin is then conpletely sunmarized by specifying
how much we believe these various hypotheses to be true. If we assign
a high probability to one (or a closely grouped few of these

hypot heses, conpared to others, then this indicates that we are
confident in our estinmate of the bias-weighting. If there was no such
distinction, then it would reflect a high I evel of ignorance about

t he nature of the coin.

In this case, our inference about the fairness of the data is
sumari zed by the conditional pdf prob(H|{datat&1). This is just a
representation of the limting case of a conti nuum of hypot heses for
the value of H, that is, the probability that H lies in an
infinitesimally narrow range between h and h+déh is given by
prob(H = h|{data} & I)dH. To estimate this posterior pdf, we need to use
Baye's theoren(eq 3.7), which relates the pdf of interest to two
others that are easier to assign:

prob(H |{data} & 1) « prob({data} |H & I) x prob(H | I) (3.25)
We have omtted the denom nator prob({data}|l) since it does not involve
bi as-wei ghting explicitly and replaced the equality by a

proportionality. The omtted constant can be determ ned by
normal i zati on
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j‘prob(H |{data} & 1)dH =1 (3.26)

The prior pdf, prob(H|[I), on the right side represents what we know
about the coin given only that I found the coin. This neans that we
shoul d keep an open m nd about the nature of the coin. A sinple
probability assignnent which reflects this is a uniform pdf

O<H=<1

3.27
otherwise ( )

1
prob(H | 1) = {0

This prior state of know edge (or ignorance) is nodified by the data
t hrough the Iikelihood function, prob({data|H& 1), which is a neasure
of the chance that we woul d have obtained the data we actually
observed if the value of the bias-weighting H was given (as known).
If, in the conditioning information I, we assunme that the flips of
the coin were independent events, so that the outconme of one did not

i nfluence that of another, then the probability of obtaining the data
R heads in N tosses is given by the binomal distribution

prob({data} |H & 1) o« HR(1- H)"® (3.28)

According to eq 3.25, the product of eqs 3.27 and 3.28 gives the
posterior pdf that we require. It represents our state of know edge
about the nature of the coin in light of the data.

It is instructive to see how this pdf evolves as we obtain nore and
nore data pertaining to the coin. A conputer sinulation given by the
follow ng I DL code

; function probhi, h
:z=1.0D0

yreturn, z

; end

; function probhi, h

; z=exp((-(h-0.5D0)"2)/(0.01))
yreturn, z

; end

function probhi, h, choice

if choice eq 1 then z=1.0D0

if choice eq 2 then z=exp((-(h-0.5D0)"2)/(0.01))

if choice eq 3 then z=exp((-h*2)/(0.005))+exp((-(h-1.0D0)"2)/(0.005))
return, z

end

function probdhi,h,n,r

z=exp(r*al og(h)+(n-r)*al og(1. 0D0-h))
return, z

end

function coin, hO
h=r andonmu( seed)
z =h1lt hO
return, z
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end

pro bayes1, choi ce

h0=0. 25D0

nn=1000

r=0

n=0

hpl ot =0. 001DO+f i ndgen(999) *0. 001D0

red=[0, 1, 1,0, 0]

green=[0, 1,0, 1, 0]

bl ue=[0, 1,0, 0, 1]

wi ndow, 0, xsi ze=800, ysi ze=400, xpos=50, ypos=50

tvl ct, 255*r ed, 255*gr een, 255* bl ue

val =pr obhi (hpl ot, choi ce) * probdhi (hpl ot, n,r)

pl ot, hpl ot, val / max(val ), col or =3, xrange=[ 0.0, 1. 0], yrange=[-0.2,1.2], $
xtitle="Bias-weighting for head h', ytitle= prob(h|{data},l)', $
title="Bayes Simulation - Initial Probability Prob(h/I)', $
xstyl e=1, ystyle=1

wi ndow, 1, xsi ze=800, ysi ze=400, xpos=50, ypos=550

pl ot, hpl ot, val / max(val ), col or =0, xrange=[ 0.0, 1. 0], yrange=[-0.2,1.2], $
xtitle="Bias-weighting for head h', ytitle= prob(h|{data},l)', $
title='Bayes Sinmulation - Running Probability Prob({data}|h,I)*prob(h|1)', $
/ nodat a, background=1, xstyl e=1, ystyl e=1

for i=1,nn do begin
r =r +coi n( h0)
n=i

val =pr obhi (hpl ot, choi ce) *probdhi (hpl ot, n,r)
opl ot, hpl ot, val / max(val ), col or =2
oplot,[hO,h0],[-0.2,1.2],col or=4

wai t, 0.01
opl ot, hpl ot, val / max(val ), col or=1
oplot,[hO,h0],[-0.2,1.2],color=1
;wait, 0.1

endf or

opl ot, hpl ot, val / max(val ), col or =2

oplot,[hO,h0],[-0.2,1.2],col or=4

print,n,r

end

all ows us to denonstrate what happens in sone typical cases.

The code allows for three distinct and very different prior
probabilities:

(1) Uniformdistribution
(2) Gaussian distribution centered around 0.5 with sone spread
(3) Sumof two Gaussians with different centers

These prior probabilities represent very different initial know edge
(1) total ignorance-we have no idea if it is fair
(2) know edge that nean is 0.5[with spread]-we think it is fair
(3) knowl edge that it is unfair (either all tails or all heads)
[with spreads]
The code also allows us to choose the true nean value (h), which is
then reflected in the sinmulated coin tosses (the data).
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As can be seen fromthe inmages below, the only effect that different
prior probabilities have is to change the period of tinme evolution to
the final posterior pdf (which is the sane eventually in all cases)!

(1) total ignorance - we have no idea if it is fair
Priar pdf=probihll)
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(2) know edge that nean is 0.5 [with spread] - we think it is fair
Priar pdf=probihll)
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(3) knowl edge that it is unfair (either all tails or all heads) [with
spr eads]
Priar pdf=probihll)
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In each case, the first figure shows the posterior pdf for H given no
data (it is the sane as the prior pdf) and the second figure shows
the posterior pdf after 1000 tosses and they clearly indicate that no
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matter what our initial know edge, the final posterior pdf will be
the sane, that is, the posterior pdf is dom nated by the Iikelihood
function(the actual data) and is independent of the prior pdf.

The Problem of Prior Probabilities

We are now faced with the nost difficult question. How do we assign
probabilities based on prior informtion?

The ol dest idea was devised by Bernoulli - the "principle of
insufficient reason” or the "principle of indifference". It states
that if we determne a set of basic, nutually exclusive,
possibilities, and we have no reason to believe that any one of them
is nore likely to be true than another, then we nust assign the sane
probability to each of them Cearly, this makes sense. Thi nk of
flipping a coin with two possibilities, heads and tails. If it is a
legitimate coin, then we have no reason to favor heads over tails and
we nust assign equal probability to each possibility, that is,

prob(heads| 1) = probaans|l)=-%

Let us el aborate on the idea of "not having any reason to
believe....". Suppose we had ten possibilities | abelled by

X ,i=12..10and we had no reason to think any was nore |ikely than any
ot her. We would then have

prob(X, | 1) = prob(X, | 1) = ... = prob(X,, | 1) = %

Suppose that we relabel or reorder the possibilities. If the
conditioning on | truly represents gross ignorance about any details
of the situation, then such a reordering should not make any
difference in the probability assignnents. Any other statenment has to
nmean that we have other inportant information besides the sinple
ordering of the possibilities. For exanple, inmagine that you called a
certain side of the coin head and therefore the other side tails.
Not hi ng changes if your friend swi tches the neaning of heads and
tails. This justification of the Bernoulli principle |led Jaynes to
suggest that we think of it as a consequence of the "requirenent of
consi stency".

This principle of insufficient reason can only be applied to a
l[imted set of problens involving ganes of chance. It |eads, however,
to some very famliar and very inportant results if conbined with the
product and sumrul es of probability theory.

Exanpl e 1:
Assume W white balls and R red balls in an urn. W now pick the

ball's out of the urn randomy. The principle of indifference says
that we should assign a uniformprior probability (actually a pdf)

. 1 .
rob(j|1)=————,j=2123,...R+W 3.29
prob(j | 1) =~k 1, + ( )
for the proposition that any particular ball, denoted by index j,

will be picked. Using the marginalization idea fromeq(3.11)
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prob(X|1) = fprob(X& Y | HdY
we have -

R+W R+W R+W

prob(red | 1) = 2 prob(red & j|1) = 2 prob(j | 1)prob(red | j & I)=ﬁ2 prob(red |j & I)
=1 =1 =1

where we have used the product rule. The term prob(red|j&I) is one if

the j™ ball is red and zero if it is white. Therefore the summation
equal s the nunber of red balls R and we get

R+W R

1 ,
b(red|1) = —— b(red|j& ) =—-— 3.30
probired 1) = ¢ 5 probired [1& 1) = (3.30)

as expected. We have derived this result fromthe principle of
i ndi fference and the product rule. It also follows fromthe basic
notion of probability, that is,

number of cases favorable to red R
prob(red [ 1) = : =
total number of equally possiblecases R+ W
We now assune that after each pick the ball is returned to the urn
and we ask the question: what is the probability that N such picks
(trials) will result inr red balls?

Usi ng margi nalization and the product rule we can wite

prob(r [N & I)=Zprob(r&3<|N& I)=Zprob(r|SK& N& I)prob(S [N& I)

where the summation is over the 2" possible sequences of red-white
out cones {SK} of N picks. The term prob(r|S & N&l) equals one if §

contains exactly r red balls and is zero otherw se so that we need
only consi der those sequences which have exactly r red outcones for
prob(S [N& 1).

Now we have
r - N-=r RrWN_r
prob(S, [N & 1) = prob(red | 1)] [ prob(white| )] = ReW)™ (3.31)

for those § that matter and
prob(r | S, & N& |) = prob(r IN& I)

since we are only considering those § which contain exactly r red
balls. Finally,
N!
rob(r[IN&Il)=——— 3.32
probir N& 1) = o= (3.32)
whi ch is the nunber of sequences (pernutations) containing r red
ball's. Thus,

| r N-r |
prob(r IN& I) = N RW N N-T

AN-1) (ReW)" ~ri(N—ryi P &P
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R L o W
wher e = robability of picking a red ball and g=1-p=—— =
p= R+ W =p y p g q p R+ W
probability of picking a white ball; note that p+q=1 as it should

since red and white balls are the only possibilities.

Equation(3.30) allows us to conmpute the frequency r/N with which we
expect to observe red balls. W have

- T N! r N-r
< >=2Nprob(r|N&l) EN—rI(N_r)lpq

=E(r (N_l)l r N- r_ E (N 1) JqN—l—j (3 34)

—DKN—JN & jf(N-1-j)!
R
_ N-T _
= p(p+0) Re W
as the "expected" or "anticipated" result. Thus, the expected
frequency of red balls, in repetitions of the urn" experinent", is
equal to the probability of picking one red ball in a single trial.

A simlar calculation for the nmean-square deviation gives the result

G )= (o)

Since this becones zero in the limt of large N, it agrees with the
result we derived earlier (eq (3.25)). It also verifies that

Bernoul li's fanmous theoremor |aw of |arge nunbers is valid:
lim{ ) = prob(red [1) (3. 36)
==\ N/

This relationship, which allows prediction of the |ong-run frequency
of occurrence fromthe probability assignnent, goes in a direction
opposite to the one we want, that is, we would |like to be able to
determ ne the probability of obtaining a red ball, in a single pick,
given a finite nunber of observed outcones. This is, in fact, exactly
what Bayes theoremallows us to do!

How do we generalize Bernoulli's principle of insufficient reason to
the case of continuous paraneters, that is, when the quantity of
interest is not restricted to certain discrete values (heads/tails)?

Suppose we have a variable X which represents the position of sone
object. W then define a probability as follows. G ven the
information |, the probability that X lies in the infinitesiml range
between x and x+06x is

prob(X=x|I)=!irrgprob(x$X<x+6x||) (3.37)
so that we are treating continuous pdfs as the limting case of
di screte ones. Although it is still awkward to enunerate the
possibilities in this case, we can still make use of the principle of

consi stency which underlies the principle of indifference.
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Exanpl es:

A Location Paraneter

Suppose that we are unsure about the actual |ocation of the origin.
Shoul d this nake any difference to the pdf assigned for X? Since |
represents gross ignorance about any details of the situation other
than the knowl edge that X pertains to a |ocation, the answer nust be
no; otherw se we nust already have information regarding the position
of the object. Consistency then denmands that the pdf for X should not

change with the location of the origin or any offset in the position
val ues. Mathematically, we say

prob(X | 1)dX = prob(X + X, | )d(X + X,)
Since X, is a constant, d(X+Xx,)=dX so that we have
prob(X|1) = prob(X + X, | I) = constant

so that the conplete ignorance about a |ocation paraneter is
represented by the assignnent of a uniform pdf.

A Scal e Par anet er
Suppose that we have another paraneter that tells us about size or
magni tude, a so-called scale paraneter. If we are interested in the
size L of sonme object and we have no idea about the |length scale
i nvol ved, then the pdf should be invariant with respect to shrinking
or stretching the length scale. Mathematically, the requirenent of
consi stency can be witten
prob(L | 1)dL = prob(AL | 1)d(pL)
where B is a positive constant. Then since d(fL)=pdL we nust have
prob(L | 1) = Bprob(pL | 1)

whi ch can only be satisfied if
prob(L||)oc%

which is called Jeffrey's prior. It represents conplete ignorance
about the value of a scale paraneter.

Now we nust have
prob(L | I)dL = prob(f(L)|1)df (L)

since we are |ooking at the sane domain of values in each case. W
t hen have
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prob(log(L) | I)d(log(L)) = prob(L | I)dL
proong(L)|I)£%1= prob(L | I)dL
prob(log(L) | 1) = Lprob(L | I) = constant

So that assignment of a uniform pdf for log(L) is the way to represent
conpl ete i gnorance about a scal e paraneter.

3. Testable Information: The Principle of Maxinmm Entropy

Clearly, sonme pdfs can be assigned given only the nature of the
guantities involved (as we saw above). The net hods enpl oyed hi nge on
t he use of consistency argunents along with "transformtion groups”,
whi ch characterize the ignorance for a given situation.

For a set of discrete probabilities(finite) the associated pdf nust
be invariant with respect to any pernutation of the propositions
(permutation group). In the continuous paraneter case, the associ ated
transformations are translation (origin shift) and dilation
(shrink/stretch), which are also group transformations.

Now | et us npbve on to a situation where we do not have tota
i gnor ance.

Suppose that a die, with the usual six faces, was rolled a very |large
nunber of tinmes and we are only told that the average result was 4.5.

VWhat probability should we assign for the various outcones {x} t hat
the face on top had i dots?

The information | provided by the experinent is witten as a sinple
constraint equation

ii prob(X [1) = 4.5 (3.38)

I f we had assuned a uniform pdf, then we would have predicted a
di fferent average

S 1&. 1
Z| prob(X “):6,:1':6(21):3'5

whi ch nmeans the uniformpdf is not a valid assignnent.

There are many pdfs that are consistent with eq(3.38). Wiich one is
best ?

The constraint equation (3.38) is called testable information. Wth
such a condition, we can either accept or reject any proposed pdf.
Jaynes proposed that, in this situation, we should make the
assignment by using the principle of maxi numentropy (MaxEnt), that
is, we should choose that pdf which has the nost entropy S while
satisfying the avail abl e constraints.

Explicitly, for case if the die experinent above, we need to maxim ze
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S=-> plog.(p) (3.39)

=1

where p =prob(X |I) subject to the conditions

6
Epl=1 normal i zati on condition (3.40)
1=1
and
6
Ei p =45 constraint equation (testable information) (3.41)
1=1

Such a constrained optim zation is done using the nethod of Lagrange
mul tipliers as shown bel ow

Defi ne the functions
6
f(p)=Yp -1=0=2"u0

= P,
- '07 (3. 42)
: g
gp)=Yip-45=0=—7=0
The maxi m zati on problemcan then be witten
Boa M ia B0 j-123456 (3. 43)

aw,ap Cap,
where the constants A;,A, are called undeterm ned nultipliers.
We get the equations

-log.(p,) -1+ 4, +jA,=0 [j=123456

We then obtain
—109.(p;.,1) =1+ A; + (j + DA, = —l0g.(p;) =1+ A; + jA,

= log, Pint _ Ay => % = B = constant
J J

and
_Ioge(pl) -1+ )\’f + lOge(ﬁ) =0
Ay =1+Ioge%

Ther ef or e,
6
>p=1=p@++ 2+ + B+ 7)
1=1
6

ip=45=pl+28+3B>+4p°+58" +6B°)

1=1

or
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1+2B+3B° +4B8° +5B" +6B° _
1+B+ B2+ B3+ B +B°
1.58° +0.56* - 0.58° -1.58° -258-35=0

4.5

Solving for B we get 1.449255 so that

1
LB p g
p, = pp, = 0.07877
p, = Bp, = 0.11416
p, = Bp; = 0.16545
p. = pp, = 0.23977

Ps = fBp; = 0.34749

is the MaxEnt assignnent for the pdf for the outconmes of the die
roll, given only that it has the usual six faces and yields an
average result of 45.

Why shoul d the function specified in eq(3.39) be the choice for a
selection criterion?

Let us look at two exanples that suggest this criterion is highly
desirabl e and probably correct.

Kangeroo Problen(Gull and Skilling)
The kangeroo problemis as foll ows:

Information: 1/3 of all kangeroos have blue eyes and 1/3 of al
kangeroos are | eft-handed

Question: On the basis of this information al one, what proportion of
kangeroos are both bl ue-eyed and | eft-handed?

For any particul ar kangeroo, there are four distinct possibilities,
nanmely, that it is

(1) blue-eyed and | eft-handed

(2) blue-eyed and right-handed

(3) not blue-eyed but |eft-handed

(4) not blue-eyed but right-handed
Bernoulli's |law of |arge nunbers says that the expected val ues of the
fracti on of kangeroos with characteristics (1)-(4) will be equal to

the probabilities (p,p,.p;pP,) We assign to each of these propositions.

This is represented by a 2x2 truth or contingency table as shown
bel ow:
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Left - Handed | Left - Handed
True False
Blue - eyed
True Py P
Blue - eyed
False Ps P

Al t hough there are four possible conbinations of eye-color and
handedness to be considered, the related probabilities are not
conpl etely i ndependent of each other. W have the standard
normal i zati on requirenent

S

1=1

I n addi ti on,
probabilities

we al so have two conditions on the marginal

p, + p, = prob(blue& left | I) + prob(blue& right) = prob(blue| 1) =1/3
p, + p; = prob(blue& left | 1) + prob(not — blue& left) = prob(left | 1) =1/3

Since any p=0, these inply that O=<p =<1/3. Using this result we can

characterize the contingency table by a single variable x=p as in
t he tabl e bel ow

Left — Handed | Left - Handed
True False
Blue - eyed 1 1
Osx=-= — =X
True 3 3
Blue - eyed 1 2
——X —+X
False 3 3

where we have used
X=p

FE B
pl 2 3 2 3

+ —E—> —}—X +p,+pP+pP,=1— —E+X
P p3—3 p3—3 v Pt Pt Pt Py = p4—3

where O0=x<1/3,
is avail abl e.

Al'l such sol utions,
testabl e informati on that

satisfy the constraints of the
Whi ch one is best?

Comon sense | eads us towards the assignnent based on i ndependence of
these two traits, that is, any other assignnment would indicate a
know edge of kangeroo eye-color told us sonething about its
handedness. Since we have no information to determ ne even the sign
of any potential correlation, let alone its nmagnitude, any choice

ot her than independence is not justified.

The i ndependence choi ce says that
X=p, = prob(blue& left | 1) = prob(blue| I)prob(left|1) = %
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In this particular exanple it was straightforward to deci de the nost
sensi bl e pdf assignnent in the face of the inadequate information.

W now ask whether there is sone function of the {g} whi ch, when

maxi m zed subject to the known constraints, yields the "independence”
solution. The inportance of finding an answer to this question is
that it would becone a good candi date for a general variational
principle that could be used in situations that were too conplicated
for our comon sense.

Skilling has shown that the only function which gives x=1/9 is the
entropy Sin eq(3.39) or

S= —i p log.(p) = —xlog.(x) - 2(%— x) Ioge/}— x) - (}+ x) Ioge\%+ x)

& \3 \3
The results of Skilling's investigations, including three proposed
alternatives, is showm in the table bel ow
Variationa . Implied
. Optimal x ,
Function Correlation
-y plog.(p)| 01111 None
—2 p? 0.0833 Negative
- loge(p) | 0.1301 Positive
-y 0.1218 | Positive

Clearly, only the MaxEnt assunption | eads to an optinal value with no
correl ati ons as expected.

Let us | ook at another exanple that |ends further support to the
MaxEnt pri nci pl e.

The Team of Monkeys

Suppose there are M distinct possibilities {X& to be considered. How

can we assign truth tables (pnﬁXXiH)==g) to these possibilities given

sone testable information |I. What is the nost honest and fair
procedur e?

| magi ne pl aying the follow ng gane.

The various propositions are represented by different boxes all of
the sane size into which pennies are thrown at random The tossing
job is often assigned to a team of nonkeys under the assunption that
this will not introduce any underlying bias into the process.

After a very large nunber of coins have been distributed into the
boxes, the fraction found in each of the boxes gives a possible

assi gnment of the probability for the corresponding {Xx}.

The resulting pdf may not be consistent with the constraints of |, of
course, in which case it nust be rejected as a potential candi date.
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If it is in agreenent, then it is a viable option.

The process is then repeated by the nonkeys many tinmes. After many
such trials, sonme distributions will be found to conme up nore often
than others. The one that occurs nost frequently (and satisfies I)

woul d be a sensible choice for FWdX{K}IU- This is so because the team

of nonkeys has no axe to grind (no underlying bias) and thus the nost
frequent solution can be regarded as the one that best represents our
state of know edge. It agrees with all the testable informtion
avai l abl e while being as indifferent as possible to everything el se.

Does this correspond to the pdf with the greatest val ue of
_2 B Ioge(p|)7

After the nonkeys have tossed all the pennies given to them suppose
that we find n in the first box, n, in the second box, and so on. W

t hen have
M

N = Eni =total nunber of coins (3. 44)

1=1

which will be assuned to be very |large and al so much greater than the
nunber of boxes M.

This distribution gives rise to the candi date pdf {p} for the
possibilities {x}:

p=1, i=12...M (3. 45)

Since every penny can land in any of the boxes there are M" nunber of
di fferent ways of tossing the coins anong the boxes. Each way, by
assunption of randomess and no underlying bias by the nonkeys, is
equally likely to occur. Al of the basic sequences, however, are not

distinct, since many yield the sane distribution {q}. The expected
frequency F with which a {g} will arise, is given by

number of ways of obtaining {n }
M N

F{p} = (3. 46)

The nunerator is just the nunber of ways to distribute N coins in a
di stribution {n} which is given by

number of ways of obtaining {ni} = N (3.47)
n'nt....... Ny!
Using (3.44) in (3.43) we get
M
Iog(F)=—NIog(M)+Iog(N!)—EqIog(ni!) (3.48)
1=1

Using Stirling' s approximation log(n')=nlog(n)-n for n large, we find
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log(F) = -Nlog(M) + Nlog(N) - i nlog(n)- N+ %ni

=-Nlog(M) + Nlog(N) - ir} log(n)
Now usi ng (3.42) we get -
log(F) = —Nlog(M) + Nlog(N) - E pNlog(pN)

= —Nlog(M) + Nlog(N) - E pN(log(p) +1og(N))
- ~Nlog(M) + Niog(N) - N'Y' p log(p) +NIog(N) ¥ p (3. 49)
- ~Nlog(M) + Niog(N) - N'Y' p log() +NIog(N)

= -Nlog(M) - N’ p log(p)

Maxi m zing the log(F) is equivalent to maximzing F, which is the
expected frequency with which the nonkeys will cone up with the
candi date pdf {p}, that is, maximzing log(F) will give us the

assi gnment prob({)ﬁ}“) whi ch best represents our state of know edge
consistent with the testable information I. Since M and N are
constants, this is equivalent to the constrai ned nmaxi m zati on of the

entropy function S=-Y plog.(p).
Di scussi on

I n di scussions of Bayesi an net hods, opponents often use the words
'subj ective probabilities" to say that the nethods are not as valid
as normal "objective" probability theory.

These opponents are m sgui ded.

The main point of concern centers around the choice of the prior pdf,
that is, what should we do if it is not known?

This is actually a very strange question. It is usually posed this
way by opponents of the Bayesian nethods in an attenpt to prove its
subj ective nature.

No probability, whether prior, |ikelihood or whatever, is ever
"known. It is sinply an assignnent which reflects the rel evant
information that is available. Thus, prob(x|l,)= prob(x|l,), in general,

where the conditioning statenments I, and |, are different.

Nevert hel ess, objectivity can, and nust, be introduced by demandi ng
the two people with the sane information | should assign the sane
pdf. | think that this consistency requirenent is the nost inportant
i dea of all.

We have seen how invariance argunents, under transformation groups,
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can be used to uniquely determ ne a pdf when given only the nature of
the quantities involved. MaxEnt provides a powerful extension when we
have testabl e constraints.

Wiile we may yet be far from know ng how to convert every piece of
vague information into a concrete probability assignnment, we can deal
with a wide variety of problens with these ideas.

The inmportant point is that nowhere in our discussion have we
explicitly differentiated between a prior and a |ikelihood. W have
only considered how to assign prob(X]|l) for different types of I. If
X pertains to data, then we call prob(X]|l) a likelihood. If neither X
nor | refers to (new) neasurenents, then we nmay say it is a prior

The distinction between the two cases is one of nonenclature and not
of objectivity or subjectivity. If it appears otherwise, then this is
because we are usually prepared to state conditioning assunptions for
the |ikelihood function but shy away from doing |i kew se for the
prior pdf.
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