The Mat hemati cal Language of Quantum Mechani cs
|. Probability and Statistics

We need to devel op several concepts of probability theory in order to
under stand many aspects of quantum theory.

Let us imagi ne that we have a box which contains N balls, each marked
wi th some number, which we denote generically by v. In general, the
sane v-nunber may appear on nore than one ball. W let n be the

nunmber of balls on which there appears the particular v-nunber v, .
The box of balls is therefore described by two sets of nunbers

{vi}=v1,v2,v3,v4, ............ : {ni}= My Ny Mgy Ny s

Since the total nunber of balls is N we nust have

N=N+N+N,+N, +............ =N

Suppose that we select a ball at randomfromthe box; what is the
probability p,  that the selected ball wll show the value v,? Since

out of N possible selections, n of these would yield the v-nunber
v,, we concl ude that

nk
- & 01
po= (01)
Thus, if n =0 it would be inpossible to select a ball show ng v, ,
and we would have p, =0 ; on the other hand, if n =N it wuld be an
absolute certainty that the selected ball would show v,, and we woul d
have p,=1. These results all agree with our commopn sense notions of

probability. In general, the nunbers {p} satisfy the conditions

O<p, =<1 foralk (02a)

Zpk=1 (02b)

and

Proof: we have

n
pk=ﬁk ’ an=N , =0

or OsnksNeOspk=%sl

Connection to quantumtheory: As we nentioned earlier, it will turn
out, however, that in the quantumworld | can, after meking a very
| ar ge nunber of neasurenents on these "identical" systens, state a
"probability" that the position will have a particul ar
value........ that is, for the next neasurenent to be nade of the
position x, we have
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number of timesvalue x was measured
total number of measurements

probability(x) =

This type of statement is one that is based on the results of all
previ ous neasurenents. The goal of quantum nmechanics is to predict
t hese probabilities before the neasurenents are done.

This type of probability statenent is one that is based on the
results of all previous nmeasurenents and is fundanental to all of
science. It is called the frequency nodel and is strictly valid only
if the nunber if identical neasurenents tends to infinity.

Exanpl e:

Suppose we neasure the heights of Swarthnore students and we find for
N=1300 = total nunmber of neasured heights(in cm

n, | h
50 | 150
100 | 160
200 | 170
300 | 180
300 | 190
200 | 200
100 | 210
50 | 220

where n, = nunber of tinmes height h was neasured. Then the probability

that we will neasure h=190 cmif another student (if we m ssed one)
wal ks in is

probability(h = 190cm) = number of timesvalue 190 was measured _ i (23%)
total number of measurements 13

This is a very sinple and intuitive definition and it works very well
(it is exact inthelimt of total nunber = N—=oo, which we cannot
really do in any real experinent).

Ganbl i ng Probabilities

The probability of rolling a 2 when tossing a die is

B number of waysto roll atwo
total number of waysto roll anything

1
6

The probability of getting heads when flipping a coinis

0= number of waystoflipaheads 1
total number of waysto flip anything 2

I n general,
number of successful outcomes

p(success) = :
number of possible outcomes
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Does this rule apply to surgery where the only two possi bl e outcones
are survival and death?

The answer clearly is no, i.e., we hope that p(survival)>>1/2.

To use the rule for surgery, one nust delineate a w der range of
out cones and then do the counting.

For exanple, consider a |lottery. There are only two outcones ....
wi nning or |losing, but the probability of winning is not 1/2. In fact,

number waystowin 1
number of possibletickets # combinations

p(winning) =

Suppose we are to pick the correct 6 nunbers out of a selection of 40
nunbers(no repeats). W buy 1 ticket. The nunber of possible
conbi nati ons, however, is

So the probability of wwnning is so snall that you have a | arger
chance of being hit by a neteoritel

Now | et us calculate the probability that a single random sel ection

fromthe box will yield a ball show ng either v, or v,. Since out of

N possible selections, a total of (n +n;) would yield one of these
v-nunbers, we concl ude that

N +n;
p(v, or v;) =

=pj+pk (033-)

This allows us to interpret Eq.(02b) as sinply stating that it is an
absolute certainty that a randomy selected ball will show sone v,
nunber, i.e., sonething nmust happen!

Exanple: Toss a die. What is the probability of rolling either a 1
or a 37?

In this case, there are six possible outcones and two successf ul
out cones. W then get
1 1 1

=676 3

In general, the word or is a signal to add probabilities.
Suppose we now nmake two random sel ections, taking care to return the

first selected ball back to the box before naking the second
selection (thus it is possible to pick the sane ball both tines).

What is the probability that the first ball will show the value v, and
the second ball wll show the value v,?

There are n,_ ways to select a v,-ball, and for each of these ways
there are n, ways to select a v;-ball; thus, there are a total of n,-n
ways to select a v.-ball and then a v,-ball. There are, however, N
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possi bl e selections for the first ball and for each of these there
are N possible selections for the second selections; thus, there are
a total of N-N possible double selections. W conclude then that

ne-n,
p(v, andvj)= N-N =P P (03b)

Egs. (03a) and (03b) will formthe basis for alnost all of our
consi derations involving probability theory.

Exanpl e: Toss a die and sinultaneously flip a coin. Wat is the
probability of getting a 2 and a tails?

In this case, there are 12 possi bl e outcones
1H, 2H, 3H, 4H, 5H, 6H, 1T, 2T, 3T, 4T, 5T, 6T

The probability of success here is then

In general, the word and is a signal to nultiply probabilities.
Exanple: Flip 3 coins(or flip 1 coin 3 tines).

Qut cone Tabl e

possible | probability number
outcomes | of this outcome | of heads
HHH 1/8 3
HHT 1/8 2
HTH 1/8 2
THH 1/8 2
HTT 1/8 1
THT 1/8 1
TTH 1/8 1
TTT 1/8 0
Therefore
1 3 3 1
p(3heads) == , p(2heads)=— , p(1head)= — , p(0 heads) ==
8 8 8 8
Note that the sumof all terms nust = 1, i.e., the probability of

sonet hi ng happening nust = 1, which it does.

Exanpl e: Toss 2 dice(or toss 1 die 2 tines). What is the probability
that the sum of the face-up dots is 4?

If the first die |lands on 4 and the second on 3 we will denote the
out cone [4, 3].
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p([11]) “ 556 3" P(2) X p(2)
or
11 1
p([n,m])=6xg=£=p(n)xp(m) , hym=12345,6

The we have
plaumis4) = p(2,2]) + (L3 + PI31) = 1

Suppose now t hat we subject our box of N balls to M sanplings, that
is, we select a ball at randomfromthe box, record its v-nunber and

return it to the box a total of M tinmes. W denote by v the v-val ue

recorded on the i" sanpling, and we make the follow ng two
definitions:

The nmean or average value of the v-values recorded is

(v)= = (04)

which is the standard definition of the average or "best value" of a
series of measurenments. One nust be careful not to inply that (v) has

any truth or legitimcy beyond that of any of the individual v®
val ues.

The root-nean-square (or rns) deviation of these values is

SW-wf
Av = \“—M (05)

To calculate this quantity, we nust first calculate the deviation

fromthe mean v —(v), of each v-nunber obtained; we next conpute the
average of the squares of these deviations (the squares taken to keep
the positive and negative deviations from cancelling each other) and
finally, to counteract, to some extent, the squaring, we take the
square root of this average. Thus Av is the square root of the nean

of the squares of the deviations of the v values from (v). This
gquantity is also called the rns dispersion, since it clearly measures

the extent to which the v val ues are dispersed about (v).

We can rewite this expression in a nore useful formthat is easier
to cal cul ate. W have

M (v(i) —<v>)2 i((v(i))Z — 20y +(v)2) M (V(i))Z iv(i) il
() == - M VI iy +<V>2ﬁ

2 2 M 2 2
= (v¥) = 2(v)(v) +(v) M=<V )= v)

or
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Av = \f’<v2> —(v)? (06)

In words, the rms deviation of the v values is equal to the square
root of the difference between the average of the square and the

square of the average. W note that (v’)=(v)* only if every v® value

coincides with (v) so that there is no dispersion or no deviation from
t he mean.

I f we have know edge of the two sets of nunbers %@} and {g}, it would
seemthat we ought to be able to predict approximtely what val ues
woul d be obtained for (v) and Av. The key to neking such a prediction
is the follow ng assunption: since n_ of the N balls have the nunber
v,, then in M random sanplings of these balls we ought to obtain the
val ue v, approximately m tinmes where

me_Ne
M N
Using Eq. (01) we then find the approxi mate nunber of tines the val ue
v, shoul d appear in the set of values v®v® ...v™ is
n
m<=NkM=pkM

Wth this result, the sumin Eq.(04) can be witten
18 4 1 1
(v)= ™M |=1V() = MZ myv, = ™M (pkM)Vk =Z PV (07)

Eq. (07) expresses (v) as a "weighted suni of the possible v, val ues;
t he wei ght assigned to any particular value v, is just the probability
of its occurrence p, . This value is the "theoretically expected"

val ue; the "experinental” value in Eg.(04) will generally differ
somewhat fromthis theoretical value owing to the randomess
i nvol ved. However, in the limt of very nmany experinental sanplings

(M—), the value in Eg.(04) may be expected to get arbitrarily

closes to the value in Eq.(07), that is, the rns deviation from(v) in
Eg. (07) shoul d approach zero.

Equation (07) may be generalized quite easily as shown in the
fol |l ow ng exerci se.

Let f be a given function of v, and let this function be eval uated
for each of the v"-values. The average or nean of the resulting set
of f(v")-val ues is

(f(v)) = 2 pf(vi) (08)
We note that by putting f(v)=v we get Eq.(07).
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Proof: we have

1M

(W)= 35>

(V)= =S M) == S aM )= 3 pf)

By putting f(v)=Vv® in Eq.(08) we see that

=Zm%

Using this result and Eqg.(07), we can then wite Eqg.(06) as

oo (3w (3me) o

W now see that Egs.(07) and (09) express the two basic quantities (v)
and Av wholly in terns of the nunbers {w} and {g}. Thus, given a set
of val ues {w} distributed with probabilities {@} Egs. (07) and (09)

allows us to calculate the theoretically expected nean and rns
devi ation to be obtained by any random sanpling of these v-val ues.

In terns of this definition of the average value for a set of
measurenents, the average height of our earlier sanple of heights is

gi ven by
L
(height) = 25

|—||—\

and we get

(height) = ()
1 (50x150-+100x1604—200x1704—300x1804—300x190 )

~ 1300 +200x200 + 100x210 + 50x220
_ 240500 o0
1300
or
. 1 n,
(height) = (h) = NZ nh= Z hﬁ =2 h- prob(h)
and
((height)?) = (h*)
(50x1507 +100x160? + 200x170? + 300x1807 + 300x190? \
1300L -+200x20024-100x21024-50x2202J
_ 1300
Finally,

(Ah)* = (h?) - (n)* = 271.2
Ah=16.5
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Meani ng of the Standard Devi ati on

For normal experinmental data with randomerrors, the standard
deviation has the following neaning. If we do a set of N neasurenents
and obtain a nean value X and a standard deviation o then

(1) the probability is 0.68 that any subsequent neasurenent of the

average value, say X lies in the range X+o,, where o,=0/JN

(2) the interval X=r, where r=0.670, =probableerror, is such that the

probability is 1/2 that a new neasurenent of the nean value would
liein this interval (and so also that the probability is 1/2
that it would |lie outside the interval), that is, a 50%

confi dence | evel.

Exercise 4 illustrates the overall significance of (v) and Av.
Certainly a conplete description of the expected results of a

"mul tiple sanpling” experinent requires the specification of all the
nunmbers (vy, P)s(Vo, B,) (Var P3)seereeen- However, if we are asked to describe the
results with only two nunbers, we would evidently do well to state
the values (v) and Av : (v) is essentially a "collective value" for

the set of v-nunbers, while Av (or the smallness thereof) provides a
guantitative nmeasure of the degree to which it is actually neaningful

to so characterize the set of v-values by the single value (v).
Probability Concepts (nore details)

Quantum nmechanics wi Il necessarily involve probability in order for
us to nmake the connection with experinental neasurenents.

W w il be interested in understanding the quantity
P(A|B) = probability of event A given that event B is true

I n essence, event B sets up the conditions or an environnment and then
we ask about the (conditional) probability of event A given that
those conditions exist. The | synbol neans "given" so that itens to
the right of this "conditioning” synbol are taken as being true.

In other words, we set up an experinental apparatus, which is
expressed by properties B and do a neasurenent with that apparatus,
which is expressed by properties A W generate nunbers
(measurenments) which we use to give a value to the quantity P(A|B) .

W start with the standard mat hematical fornmalism based on axions. W
defi ne these events
A= occurrenceof A (denotesthat proposition A istrue)
~ A= NOT A=nonoccurrenceof A (denotesthat proposition Aisfalse)
A& B=A AND B=occurrenceof bothA and B (denotes proposition A and B istrue)
Av B=A OR B=occurrenceof at least one of theevents A and B
(denotes proposition A or B istrue)

and standard Bool ean | ogi c as shown bel ow
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Bool ean | ogi c uses the basic statenments AND, OR, and NOT.
Usi ng these and a series of Bool ean expressions, the final
out put woul d be one TRUE or FALSE statenent.
This is illustrated bel ow
If Ais true AND B is true, then (A AND B) is true
If Ais true AND Bis false, then (A AND B) is false
If Ais true ORBis false, then (A ORB) is true
If Ais false OR B is false, then (A ORB) is false

or witten as a "truth" table:

A B (ArB)) (AvB)
11 1 1
10 0 1
01 o0 1
00 O 0

where 1=TRUE,O=FALSE.
We then set up a theory of probability with these axi ons:
(1) P(A[A)=1

This is the probability of the occurrence A given the occurrence of
A. This represents a certainty and, thus, the probability nust = 1.
This is clearly an obvious assunption that we nust make if our
probability ideas are to nake any sense at all

In other words, if | set the experinental apparatus such that the
nmeter reads A then it reads A with probability = 1.

(2) 0=P(A|B)<P(B|B)=1

This just expresses the sensible idea that no probability is greater
than the probability of a certainty and it nmake no sense to have the
probability be I ess than 0.

(3) P(A|B)+P(~A|B)=1 or P(~A|B)=1-P(A|B)

This just expresses the fact that the probability of sonething
(anyt hi ng) happening (Aor ~A) given Bis a certainty (=1), that is,
since the set Aor ~A includes everything that can happen, the tota
probability that one or the other occurs nust be the probability of a
certainty and be equal to one.

(4) P(A& B|C)=P(A|C)P(B|A& C)

This says that the probability that 2 events A, B both occur given
that C occurs equals the probability of A given Cnultiplied by the
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probability of B given (A&, which nmakes sense if you think of them
happeni ng 1 n sequence.

Al'l other probability rel ationships can be derived fromthese axi ons.

The nonoccurrence of A given that A occurs nust have probability = 0.
This is expressed by

P(~A|A) =0
This result clearly follows fromthe axi ons since

P(A|B)+P(~ A|B)=1
P(A| )+ P(- A| A) =1
P(~A|A) =1-P(A|A)=1-1=0

Exanpl e: Let us evaluate P(X&Y|C)+P(X& ~Y|C).

We use axiom (4) in the 1st termwith A=X,B=Yand C=C and in the
2nd termwith A=X,B=~Yand C=C to get

P(X&Y|C)+P(X& ~Y|C)=P(X|C)P(Y | X& C)+ P(X|C)P(~Y|X& C)
=P(X|C)P(Y|X&C)+P(~Y|X&C)]=P(X|C)1] usingaxiom (3)
and finally
P(X&Y|C)+P(X& ~Y|C)=P(X|C)

whi ch says probability that X is true regardl ess of whether Y is
true, is the sumof the probabilities of X and Y for all
possibilities associated with Y(Y and ~Y in this case).
Now |l et us use this result wwth X= ~A,Y= ~B . This gives
P(~A& ~B|C)=P(~A|C)-P(~A&B|C)=1-P(A|C)-P(~ A& B|C)
Expanding the last termusing X=B,Y=A we then have

P(B& ~ A|C) + P(B& A|C) = P(B|C)

or
P(~A&B|C)=P(B|C)-P(B& A|C)
whi ch gi ves
P(~A& ~B|C)=1-P(A|C)-P(B|C)+ P(A& B|C)
Now
P(AvB)=1-P(~(AvB)|C)=1-P(~ A& ~B)|C)
and since

(~(Av B))=(~ A& ~B)

i.e., we can construct a 'truth table" as shown bel ow, which
illustrates the equality directly
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(~(AvB)) (~A&~B)

(this is the "truth table")

o o r P >

B
1
0
1
0

, O O O
, O O O

we finally get
P(Av B)=P(A|C)+P(B|C)-P(A& B|C)

This is a very inportant and useful result.

If we have P(A& B|C)=0, then events A and B are said to be nutually
exclusive given that C is true and the relation then reduces to

P(Av B) = P(A|C) + P(B|C)
This is the rule of addition of probabilities for exclusive events.
Sone other inportant results are:
If A& B=B& A , then P(A|C)P(B|A & C)=P(B|C)P(A |B& C)

If P(A|C)=0, then P(B|A& C)=P(A|B& C)—Eéi:g;

which is Baye’'s theorem It relates the probability of B given Ato
the probability of A given B.

Wen we say that B is independent of A, we will nean
P(B|A& C)=P(B|C)

or the occurrence of A has NO influence on the probability of B
given C. Using axiom (4) we then have the result:

if A and B are independent given C,
then P(A& B|C)=P(A|C)P(B|C)

This is called statistical or stochastic independence. The result
generalizes to a set of events {A , i=12..,n}. All these events are
i ndependent if and only if

P(A& A &..& A, |C)=P(A |C)P(A |C).......... P(A, |C)
for all m=n .
Now | et us think about these ideas in another way that has
fundanmental inportance in nodern approaches to quantum theory. The
fundanmental result in this vieww !l turn out to be the Bayes formul a
and its relationship to nmeasurenents.

Suppose that we have an experinental neasurenent, M, that can yield
either Aor ~A as results, with a probability for result A given by
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P(AIM)=p

In general, we |let any sequence of n independent neasurenents be

| abel l ed as event M" and we define n, as the nunber of tines A
occurs, where O=n,=n.

Now i magi ne we carry out a sequence of n independent neasurenents and
we find that A occurs r tinmes. The probability for a sequence of
results that includes result A r tinmes and ~A (n-r) tines

(i ndependent of their order in the sequence) is given by

prqn—r
wher e
q=P(=A[M)=1-P(A|M)=1-p

The different sequence orderings are nutually exclusive events and
t hus we have

P(n,=rIM")= Y p'q™

all possible
orderings
The sum just counts the nunber of ways to distribute r A’s and
all possible
orderings

(n-r) ~A's, where all the terns contain the common factor p'q"". This
result is given by the Binom al probability distribution as
n!

ri(n-r)!
so t hat

n nl r . n-r
P(n,=r|M )=mpq

These ideas will play a very inportant role in understandi ng basic
concepts in quantum theory.

1. Conmpl ex Nunbers

The equations of quantumtheory will involve conplex nunbers. Let us
review a few el enentary properties of conpl ex nunbers.

Conmpl ex nunbers involve the quantity i where
it=i,i?=-1,i>=-i,i"=1,i°=i,etc

You will notice that | never said that i=+~-1 which is a nonsense

statenent mat hematically since the square root function is not

defined for negative nunbers.

A conpl ex nunber is then defined as z=p+iqg where p = real part of
Zz = Rez and g = inmaginary part of z = Imz.

The conpl ex conjugate of z is defined by Z =p-iq

Compl ex arithmetic is straightforward.
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If z=p+ig and z =r+is then
z-2=(p-r)+i(q-9)
22, = (p+iq,)(r +is) = (pr - as) +i(ar + ps)

In addition, we define
absolutevalueof z=|Z2=+p*+q° =0

or
2= p*+ o = (p+ia)(p-iq) -z =2z
Various functions are defined by power series, i.e.,
ax ~ O n
g7 =) —X
ZO n!
had a2n+1
sinax = E(_l)n N
n=0 (2n+1)|
COSOX = i(_l)n a’ 2"
n=0 (Zn)l

These expansions are valid even if the paraneter o is a conpl ex

nunber.
Conpl ex Exponenti al s

We then have the very inportant relation

) o inan ) 062 ] 3 4 ] 5
e'“x=2 X" =14+ioX —— X2 =i — X X i — X — ...
2 nl 2 3 T4 5
2 4 3 5
= 1- =X+ X = +liox—Ti—x+i—xX =,
2! 4 3 5

= COSoX + i Sihax
This is called the Euler rel ation.

Using the Euler relation we have the inportant results

i oiX _ —iax i X
Snox = B and cosox =
i

+ e—iax

The Euler relation allows us to define i in a better manner.

€™ = cosw +isinm =-1

We al so have the properties
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ea+b — eaeb
ea — ea/ZeaIZ — ea/2 — ,JE
n
(ea) N
Therefore

NeT =2 —cosn/2+isng/2=i

Anot her useful relationship:
ef{n(Q) =Q
Now suppose we | et

a=rcosf , b=rsinod
z=a+ib=rcosO +irsind

We can then wite

z=r(cosf +isin@) =re’
wher e

va?l+bP=r=2 , tang = 2
a

Usi ng these relations we then have
/nz=/nre’ = /nr + /ne’ = /nr +i6
Sone Useful Mathenmatics

» Taylor Series

Functions can be expanded in power series. Let f(x)=2anx“. Then, we
n=0
get by differentiation f(0)=a, , f'(0)=a , %f"(0)=a2 and so on..... or in

gener al %f(”’(0)=an. Ther ef or e,
| _ A smgyyn
f(x)_zoﬁf (0)x

which is called a Maclaurin series for f(x) or a Taylor series for
f(x) about the origin.

A Taylor series, in general, neans a power series in powers of (x-a)
where a = sone constant. The derivation of the coefficients is
identical to the |last derivation except that we use x=a instead of

x=0. Let
f9 =y a(x-a

n=0

Then, we get by differentiationf(a)=a, , f'(a)=a |, %f"(a)=a2 and soon.....
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or in general %f(”)(a)=an . Therefore,

109 = 3 = O (@)(x-a)

e Binom al Series

Now consi der the follow ng function f(x)=(1+x)". If we expand this as
a Taylor series we get

f(x) = E% ™ (0)x"

wher e
f(0O)=1 , f'(0)=n |, %f"(0)=n(n—1) and soon.....
so t hat '
n nin-1) , - n! m w(n) m
f(X)=(1+Xx) =1+nNX+—=X" +....... =) ——X"= X
() =(1+x) I * n;m(n—m)! mZO m
which is the Binomal series. For n = integer, the series termnates

n |
and we have an n™ order polynomial. The expression ( )=L is
m/  m(n-m)!
t he Binom al coefficient.

Exanpl es:
Tayl or Series
X3 X5 X7
SINX=X——+———+.....
3 858 7
2 X4 X6
cosX=1-—+——-—+....
2 4 6
eax=1+a_X+M+@+ .....
il 2! 3
Bi nom al Series
(1+x)“=1+nx+MX2+ -----
(11)””1$nx e
+ X

Conpl ex Exponenti al

iax . (iox)? . (iox)® N (iox)*

€% =1y — L g L
1 2! 3 4
14 fox (ax)? _ i(ax)® N (ax)*
BT 2! 3 4
=(1-%+% ..... )+i(O‘T|X-% ..... )

= COSaX + I Sinax

Page 15



¥ = cosax = isinax

e+iozx + e—iax . e+iozx _ e—iax
COSOX=— , ShNoaX= -
2 2i

I11. Hlbert Space Vectors and Dirac Language

There is an algorithm nanmed Quantum Mechanics, for predicting the
behavi or of physical systens. It correctly predicts all of the
strange behaviors of the electron that we have already described in
the fictitious world of col or and hardness.

There is a standard way of interpreting this algorithm- a way of
confronting the neani ng of superposition - which cones fromNeils
Bohr and Max Born. It is called the Copenhagen Interpretation.

During this course, we will develop a | anguage, which is due to
Dirac, to describe the algorithmand the standard interpretation. The
| anguage of quantum nechanics that we nust use in our descriptionis
mat hematics; in particular, a branch of nmathematics called "vector
spaces". As nentioned earlier, as we attenpt to delve into the
wor ki ngs of any new world or culture, we nust nmake sone attenpt to

| earn the | anguage of the new culture. O herw se, we would have no
hope of ever understanding the inner workings of this new culture.
Sci ence, especially physics, is another culture for alnost all human
beings. In the case of physics, especially quantum physics, the

| anguage of the new culture is mathematics. It is inportant to
understand that mathematics is just another |anguage....another way
of thinking about things and that this |anguage of mathenmatics
happens to be better at explaining the inner workings of quantum
physi cs than other | anguages devel oped from everyday experiences.

Al t hough, | will sonetinmes use words that are new to you, which is
sonet hi ng that always happens when | earning a new | anguage, you are
already famliar with all of the concepts and ideas | will use, i.e.,

you have cone across these ideas before in other mathenmatics courses.

It will take us sone tinme to work out the kinks in your know edge,
but only because you have never seen these ideas used in this context
nor have you tried to use this | anguage to expl ain conpl ex physi cal
phenonena before.

W will start this discussion using the | anguage of vectors in

2- and 3-di nensional space that is famliar to you and then | wll
shift to Dirac | anguage and repeat sone of our earlier discussion so
that you can get used to the new | anguage.

During this discussion we will |learn many of the fundanental ideas of
linear algebra. Let us start with objects called vectors.

A vector has many | evels of conplexity and is a very abstract

mat hemati cal object. A vector is a mathenmatical (geonetrical) object
that is representable by two nunbers in two di nensions, three nunbers
in three di nensions, and so on. One characterization is to specify

its magnitude or length and orientation or direction - imagine that
it is adirected line segnent. As we shall see, quantum nechanics
Wil be formulated in terns of vectors, but they will not be directed

I
i ne segnents.
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The Standard Language of Vectors

As we said, in ordinary space, we can represent a vector by a
directed |ine segnent(an arrow).

A straightforward property of a vector is nultiplication of the

vector by a scalar (a real nunber) C=cA. In this case the magnitude
of the vector changes and the direction stays the sane (it m ght
reverse if a<0).

Now gi ven two vectors as shown bel ow

X
® y

we define the sumand difference of the two vectors or the general
property vector addition by the diagrans shown bel ow

>y
|
%

Clearly, vector addition as defined above, i.e.,

C=A+B , D=A-B=A+(-B)

yields a new vector in each case. This new vector can have both a
different direction and a different nmagnitude than either of the two
vectors that are used to create it.

These two properties allow us to define a |linear conbination of
vectors as

C=cA+fB (11)
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which is also a well-defined vector.

Al though this is a perfectly good way to proceed, it will not allow
us to generalize the notion of a vector beyond ordi nary physi cal
space, which is an arena that will turn out to be nmuch too confining

in our effort to understand quantum nechani cs.
We need to fornulate these sane concepts in another way.

Consi der the vector shown bel ow
y

Ay _________________________

A X
ey 1 Ax

In this figure, we have al so defined two special vectors, nanely,

€, = unit(length = 1) vector in x - direction

R . : o 12

€, = unit(length =1) vector iny - direction (12)
In terns of these unit vectors we can wite

A=Ag +Ag (13)
wher e

A€, = vector of length A inthex - direction (14)

Ag, = vector of length A, inthey - direction

and the sum of these two vectors equals A because of the rule for
addi ng vectors that we defined earlier.

W now defi ne
A, = component of vector A inthe x - direction

. _ (15)
A, = component of vector A inthey - direction
Fromthe diagramit is also clear that
A =Acosa and A =Asina (16)
wher e
A = length of the vector A = (AZ+A (17)

(by Pyt hagorous theoren
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We can then redefine vector addition in terns of conponents and unit
vectors as foll ows:

A=AB +Ag
B=B& +B§,
A+ §=(AK+Bx)éx+(,0\/+By)éy
A-B=(A -B)& +(A -B)g

i.e., we can just add and subtract conponents.

(18)

We now define a very inportant and useful new mathematical object
using unit vectors. It is the scalar or inner product and its synbol
isa. (adot). W define this operation with a set of rules
involving the unit vectors:

A A ~ A

6-6=1-¢-¢ , §:6=0=6-6

1 i=j
or g€ =9, ={ : ;j = Kronecker delta (19)

The inner product satisfies the follow ng rel ati ons:
(a8) (88 ) - & & (20
(0B +18,)- (B8 +n&,) = s -& +omé - &, + 1P, -8 + 718, -&,

Usi ng these defining relati ons we can now determ ne the scal ar
product of any two vectors as follows

A-B=(Ag& +AB) (BE +B#8) (21)
=AB& & +ABE & +ABE & +ABS §
= AB 1) +AB/(0)+AB(0)+ AB/(1)=AB +AB,
A-A=AA +AA =A +A = A =normof A
A= A- A = length of the vector A

We note that

(22)

Now | ooki ng at the di agram bel ow, we can derive another inportant
result.
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—
A
Ay :
10
' >
I A S S B
By : :
0n )\ 5
. 0p E
X
Ax By
W& have
A-B=AB, +AB, = AB(cos(6,)cog6, ) +sin(6,)sin(6,)) (23)
= ABcog(0, - 0) = ABcost
so that
A-B = ABcost
= (length of A)(length of B) cos(angle between A and I§)
= (length of A)(length of Binthedirection of A)
= (length of A)(projection of B onto the direction of A)
Therefore, we have
B=A—-0=0—-A-A=A’ ashefore
B perpendicular(orthogonal) toA— 0 = - = 90° - A-B=0 (24)

2
or viceversaif A-B=0,then Aisorthogonal to B

If two vectors satisfy EQq.(19), then they are said to orthonormal =
ort hogonal (inner product = 0) + nornalized to one (length = 1).

We al so have for any vector
A=Ag +Ag,
A-éx=(A&éX+Ayéy)-éx=Ax=x-component
A&, = (A& + Ag)-§ - A, - y-component -
A=(A-8)8 +(A-8)8
Generalizing to 3 dinensions we have
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A=Ag +AS +Ag = any vector in the vector space (26)

where the set of three orthonormal vectors {QUQN@} are called a basis

for the vector space (any vector can be witten as a |inear
conbi nati on of the basis vectors) and we have

1 =]
é-éj={o i;:Jj i,j=xy,zor 1,2, 3

The nunber of required basis vectors is the nunber of nunmbers needed
to characterize a general vector = the dinension of the space.

The entire collection of vectors we can generate froma basis set is
call ed a vector space.

So inthis room | would need 3 nunbers to characteri ze each vector.
This roomis a small part of a 3-dinensional vector space, which is
call ed the universe at an instant of tine.

Compl etely removing (x,y,z) fromour notation(because it limts us to
a maxi mum of 3 di nensi ons) we have

w

A=) Ag

=1

J 3 3 3 (27)
&A=& Y A& =Y A& &= A = A =k" component

J=1 j=1 J=1
so that

- I 3,y
A= A8 = E(ej.A)ej (28)

D rac Language

We now i ntroduce the standard way of witing(fromD rac) vectors in
Quant um Physi cs.

The ket |A) will be the symbol representing the vector A (the old

not ati on) where the ket-label A contains all the information we know
about the ket vector.

For exanple, we m ght have labels like (if we were tal ki ng about
ordi nary 2-dinensional vectors) |Q)=]r.60,)=(Q.Q,).

Vector addition is witten as |A)+|B)=|C). This addition property is
very inportant.

These ket vectors wll represent real physical systens in the

uni verse. The addition of ket vectors wll be connected wth the

i dea of superposition of physical systens that will be central to our
under st andi ng of quantum physi cs.

This property of two vectors that they can be added together to form
a third vector in the sane space will allow us, later on, to
construct physical systens that are suns of other physical systens
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Wi th strange properties. In particular, it will allow us to construct
magent a el ectrons as superpositions of hard and soft el ectrons!

So this very sinple and basic property of vectors will be connected
to powerful properties of real physical systens.

For the nmonment, however, the Dirac | anguage sinply | ooks |ike a
change of notation.

Let us conti nue.

The equations that we have devel oped so far are rewitten in the
following way in Dirac | anguage:

& —1i)
&8 = (i)[i)) = (ili) = "bracket"
A= fmelA>= f/ﬂlw (29)

The actual choice of a basis set is arbitrary as shown bel ow

where we have

[A) = AD + Af2) = A1)+ A, [2) (30)
Clearly, the vector is the sane for different bases - only the
conmponent s change; any orthonormal basis set is equivalent in quantum
nmechanics, i.e., any basis set can be used to express any vector (or
physi cal systen).

As we shall see, in quantum physics, the A nunbers (the vector
conponents) will represent real physically nmeasurable quantities.

To generalize to an N-di nensional space(this is no |onger any real
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space that you can nove around in), we nust use N nutually
orthonornmal vectors to describe it, say the set [1)[2),[3),......... N =12),|N)
where the orthonornality is expressed by the relations (i|j)=

Property : for scalar products we have (A[|B)+|C))=(AB)+(A|C)

We now use this property in an ordinary 2-di nensional space exarrpl e,
i.e., suppose we have the pair of vectors |x),|y) where (x|x)=1=(yly),

(x|y)=1=(y|x) and where the (xy) |labels indicate the direction of the
vector in real 2-dinensional space - a real physically neasurable
thing. Since the vectors |x),|y) forma orthonormal pair of vectors, we

can use the pair of vectors |x),|y) as basis vectors for the

2-di nensi onal plane (all vectors in the plane can be witten in terns
of then).

Now suppose we have two vectors

[M) = m %)+ m]y)

m, = (M|M)cos6,, = (x|M) = L, cosf,, ,m, = [(M|M)sinf,, =(y|M) =L, siné,
Q) =alx) +ay)

A =/(QIQ) cosf, = (X|Q) = Ly costy , g, = [(QIQ)sinf, = (y|Q) = Lysind,

as shown bel ow

IM>+[0> Q>

e

S
o=

—
=
~

— my, ——— q, —H

Now
IM) +]Q) = (m, +q,)|X)+(m, +q,)|y)

where we have just added conponents.

The scal ar product of these two vectors is given by

(M|Q)=mg, + mgq, (31)
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= invariant (independent of basis choice)

Pr oof :

If we choose a rotated axis pair (rotate by angle ¢ as shown bel ow),

t hen we get

(M'Q) = Ly Locog 0y, ~0' 5 ) = Ly Lo cos((8,, - €) - (6, - €)) = Ly, Ly cos(6,, - 6, ) = (M[Q)
so that the scalar product is independent of choice of basis vectors.

Now suppose we want (M|M)=1 (vector nornalized to 1). Wat does that
nean? If we let Q—M in Eq.(31), then we nust have (M[M)=m{+ny =1

or the sumof the squares of the conponents = 1. This is just the
Pyt hagor ean t heoren{see di agram

[M> m

My,

If (M[M)=m;+m =1, then we can normalize the vector by dividing as
shown bel ow
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M) =;(mxl><>+ m/|y)) (32)

So we only need to know the two nunbers (the two orthogonal
conponents) for each vector and everything el se can be determ ned.

The conponents seemto contain all the possible information about a
vect or.

Now, generalizing to N dinensions (where we would need N nutually
ort honormal basis vectors). Let us designate the basis vectors by

12),12),]3),..cnn.. N =1),|N)
Suppose we have the two vectors
IM)=m|D +m,|2) +....... my|N)
Q) = A1) + Gy 2) + oeenn.y [ N)

t hen(as before),

|M>+|Q>=(ml+q1)|1>+(mz+q2)|2>+ ...... +(mN+qN)|N>

and
(M|Q) = mq, + M0, +....... +myqy

= invariant (independent of basis choice)
Qur discussion up to this point has involved what is called a real
vector space, i.e., the vector conponents are real nunbers. Quantum
mechani cs invol ves a conpl ex vector space, so we wll need a
generalization to create the correct vectors and vector properties
appropriate for quantumtheory.

In particular, the coefficients (conponents) of the basis vectors
will need to be conplex nunbers, i.e., in the expression

[M) =m[x) + m|y)
m and m, will need to be conplex nunbers.

To allow for the possibility that quantum vectors m ght have conpl ex
conponents, we generalize the definition of the scalar product to

(M|Q)=m*, g, +m*, g, (33)
and
(M[M) =m* m +m* m
2 2 (34)
=[m,["+m,
whi ch neans that the length is still a real nunber

An alternative way of |ooking at the inner products goes as foll ows:
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given two ket vectors |A),|B) we define new mathematical objects given
by the synbols (A|,(B| called bra vectors. If the ket vectors |A),|B)

bel ong to a vector space, then the bra vectors (A],(B| al so belong to
a vector space called the dual space and

(A| isthedua vector for the vector |A)

| f we have the ket vector |A)=Al)+AJ2) then its dual or bra vector is

(Al= A1+ A2 (35)
and the bra(-c-)ket or inner product is defined as
(AIB) = ((Al)B) = (|A)B) (36)

The bra vector is called a |linear functional. Wen acting on a ket
vector it produces a nunmber (the inner product as in Eg.(36)). Using
this idea, Eq.(34) above can be witten, explicitly, in this way
(MIM) = (m*, (x| +m* (y])(m]x) + my]y))
= m*, m(x|x) +m*, my(x|y) + m*, m(y|x)+m*, myyly) (property #1)
=m*, m +m* m (using orthonormality)
2 2
=|m,[*+|m)
We al so have that
(VIW) = (W|V) (37)
Il lustration using Color and Hardness Properties

The above formalismis easily able to describe the world of color and
har dness.

Suppose that we choose the ket vector |g) to represent the state of an
el ectron with color = green, the ket vector |m) to represent the state
of an electron with color = nagenta, the ket vector |h) to represent

the state of an electron with hardness = hard, and the ket vector |s
to represent the state of an electron with hardness = soft.

W will assune that

(9g) =1=(m[m) (38)
{glm)=0=(mlg)

i.e., they are an orthonornmal basis set and
(hih)=1=(s]s) (39)
(h[s) = 0 =(s|h)

so that they are an orthonormal basis set al so.
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Since we observed that hard el ectrons can appear to be both green and
magenta el ectrons we mght nake a first guess (this is what
t heoreti cal physicists do) that

|hard) = |h) = ag) + bm) = SUPERPCSI TI ON of both col or states (40)
LI NEAR COVBI NATI ON of both color states

wher e
a=(glh) and b= (mh) (41)

Can this sinple correspondence really work? Is it possibl e that
SUPERPCSI TION is just a linear conbination or just vector addition!

We shall see later that it does work!!

W will find many different mathematical ways to represent these
fundanent al vector objects.

I f we know the basis we are using (we shall see later that it wll be
chosen according to what we are trying to neasure) then we only need
the two nunbers a and b, i.e., the conponents .

Two different ways to represent the superposition are

a
ard) - alg) + im) - | (42)
a
wher e (b) Is a colum vector or 1 x 2 matrix (nore about this later).

That is almost all we will need to know about vectors in order to do
guantum t heory.

So lots of new words, but really just high school ideas of vectors,
conponents, |ength(Pythagorus), perpendicular, etc along with an open
mnd willing to accept new uses for these old ideas and new ways of
expressing them

As we shall see, ket vectors wll represent physical systens in
guant um nechani cs.

V. Operators in a Vector Space

There is one other kind of mathematical object we will need to know
about to do quantumtheory. They are called operators. This one may
not be famliar to you fromH S. but the concept should be, as we
will now see.

In a vector space, an operator is a definite rule for taking every
vector in the space into sone other vector in the space

A

An operator will be represented by the » synbol, i.e., Q, so that the
action of the operator Q is given by the relation

B)-QB) (43)
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Thi nk about this noving fromright to left ---

A

vector |B) acted upon by operator Q is changed into vector |B')

Thi nk of an operator as sone kind of box, where you put a vector in
and get another(either different or the sane) vector out. This is
simlar to the definition of a function for the space of nunbers.

Sonme properties of operators in QW

Q(A) +|B)= QA +QB) (linearity)

Q(dA) = cQA)

(C(QIB)) = (C|B) = number = (CQ/B) (matrix element) (44)
(Q+Q)A) = QA +Q,|A) (linearity)

(QQ) A = Q(Q,|A) (order matters)

These properties inply that all of our operators are what the

mat hemati ci ans call LI NEAR operators. The fact that quantum nechanics
can be understood using only |inear operators is truly amazing
because they are the sinplest kind of operator that nathematicians
can think of.

Al |l observables or "quantities that we can neasure” will be
represented by operators in quantum nechani cs.

Now we introduce a conpletely new property using vectors and
operators.

This new property of operators involves mathematical objects called
ei genval ues and ei genvectors

In sone special cases it turns out that we find the follow ng result:
B(B) = biB) (45)

where b = nunber, that is, we get the exact sane vector back when
using the operator (possibly multiplied by a nunber =1).

In this case, |B) is an eigenvector of B with ei genval ue b.

These ideas will be very inportant in quantum nmechani cs because the
only possible results that can be obtained fromthe neasurenent of a
physi cal quantlty or observable that can be represented by the

oper at or W will be the ei genval ues of W (a postulate we will make
| ater)!

The set of eigenvalues is called the spectrum of the operator.

It will also turn out that the eigenvectors of the operator
representing an observabl e can al ways be used as the basis for the
vect or space
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Aver age Val ues in Quantum Mechani cs
or Another WAy to Represent Operators

Suppose that we have N identically prepared physical systens, each
represented by the sane state vector [y).

Suppose that we nmake neasurenents of an observable represented by the
operator B with eigenval ues/ei genvectors given by

é‘bi> = bj‘bj> ]=1,2,3/4,.......

Suppose the neasurenent results(renenber they nust be the eigenval ues
as we shall see later) are

b, ., n, times k=1,23,4,......
wher e
an=N: total nunber of neasurenents

A

Now from the definition we derived earlier, the average value of B
is

<I§> = average or expectation value of B

=y 30 3= S Prob(h) H
In quantum theory, this will given by (a postulate) the expression
(B)= PLGLCEDY (b ) (47)
Since the set {b)} is a basis we can write
v)= 2 (bdwib) (48)

so that we wll find the inportant result

Prob(b, ) = Kbk|1p>‘2 = absol ute value squared of the component of [y) aong |b,) (49)

Now by definition

(bJw) = (b Jw) (b ) (50)
and fromEq. (37) and the definition of the bra vector we have

(bfw) =(wn) (51)
Therefore

(o) = (b b |w) (52)
and
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(8)- Sv I )iov) - Solo)o ) (52)

Now t he quantity ESQJQJ@&F=Q must be sonme operator in the vector

space.
Pr oof :

Now we can always wite

|a) = 2 d,|b,) = arbitrary vector

since the set {|Q)} is a basis. This gives

Ga)- (S nln e - [ S S kb))
- 3 bbb ) - S a)o. - Tdn)

so that the operation by Q on an arbitrary vector returns a vector
indicating that Q is an operator.

But we al so have

Bla) = gdkélbo@bkdklm

This is the same result as for the operator Q, whi ch says (since the
vector |a) is arbitrary) that we can always wite

B- PLENCY (54)

N

This is another(very inportant) way of representing the operator B,
i.e., any operator can be witten in terns of its eigenval ues and
ei genvect ors.

Therefore, the average value in Eq.(53) becones

(8) = (w S /b)) - (w60 (55)

Therefore, when we do an experinent of this type, i.e., identical
measurenents on many identical systens, the (expected) average of

t hose neasurenents is just this average or expectation val ue <w|ﬂuﬁ.

Projection Operators

Qperators of the form
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P=|b)b,] (56)

Bb)=bb) j=1234....

wher e

are called projection operators. They have sone very interesting and
useful properties.

First, what are the eigenval ues of a projection operator? W have

P = ()b () (b)) = [b )b b )b, | = [b )b | = P

Pla) = 2ax)

or if

so that |a)=eigenvector and A = corresponding eigenvalue, t hen we have

P?|a) = APla) = 2|a) = Pla) = Ala)
(A =A)|a)=0
A -A=0—-1=0 or 1— eigenvalues

Second, consider the followi ng operator f=2|bk><q|. Ve have

1) = PDLYCAREDNCAIENSIE

or

IA=Zlbk><bK| (57)

is the identity operator. The identity operator is defined as that
operat or whi ch does not change anyt hi ng!

Qur earlier result (Eg.(54)) now nakes sense since
B- B - BY b~ 3 Bh)(b] - 3 hlaib

Oper at or Exanpl es:

Suppose we define an operator é=|g><g|=|green><green|. W then have these
properties

Glg) =|g)(glg) =|g)
Glm) = |g)(g|m) =0

or the states representing the green and magenta el ectrons are the
ei genvectors wth eigenvalues 1 and 0, respectively.

We find that
(0|Glg) = |<g|g>|2 = 1= expectation value of G in the green state

and we al so have
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(m|G|m) = [(g|m)|" = 0 = expectation value of G in the magenta state

These results make sense if we interpret G=|g)g| as the operator
corresponding to a neasurenent of the green property of electrons,
i.e., an observer | ooking at the output of a green aperture of a

col or box.

The first result then says if we neasure the probability that the
color of a green electron is green we get the value 1 as expected and
the second result then says if we neasure the probability that the
color of a green electron is nagenta we get the value 0 as expected.

Pushing this strange idea even further, if we assune that
|hmd>=uw=——4g>+4%4n0 = SUPERPOSI TI ON of green and magenta
t hen we have

(h|G|h) = expectation value of G in the hard state

=( o+ 6 lg o m)

\v2 ) \N2
=§@©m+;mdm+ (mE{g) + (miGimi
- S(0l6lg)- 5

Anot her way of saying this is (using Eq.(47))
(h|G|h) = expectation value of G in the hard state
= E(eigenvalue g )(probability of g in/h))
=(D|dgawdue=1”ﬂ2+(®Kdgawdue=0“ﬂ2

- @glh)f" + @)mih)f

1 1
= (1)§+ (0)5 =5

whi ch again nakes sense i.e., if we have a beam of hard el ectrons,

then we will neasure an electron to be green 1/2 of the tinme as we
observed earlier!

Clearly, this formalismis both neat and very powerful and certainly
seens to have the potential to describe our earlier observations.

More Useful Mathematical |deas
Matrices
We have been representing an operator by the way it acts on vectors.

An operator can also be represented by an array of nunbers. In
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mat hemati cs such an array is called a matrix.,i.e., a matrix is a
mat hemat i cal obj ect which takes the form

0l

?): 2x2 matri x representing operator o) (58)
14

where the nunbers
a,B,y,0 arecaled matrix elements of the operator o)

and their nunerical values depend on which set of basis vectors we
are using and the correspondi ng operator O .

Let us assume the two basis vectors are |abelled by |1),[2).

We t hen define A
= 011 = 1|O|1> = Orowlabel,columnlabel

or
(% Op) (WO 1G2))
(0 o) l20n (209) (59)

A vector in the space is then represented by a 2-el enment col um
matri x (vector) of the form

-y + a2 - W)+ @2 = )] - (2] (60

This inplies that the basis vectors thenselves are represented by the
particul ar colum matrices

2= () (o) = 2-[2a) - (o

Now consi der the col or basis. W have

=3 0 2-im-( 33

1
rard) - ) = 516} +—|m) - | (62)

Y,

and

W al so have
1 1
|50ft>A _T|g> \/*|m \/’(_1)

The operator G, was defined to be
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G=1g)(g| (63)

and it represented neasuring the "green" property of electrons.

The matri x representing G can now be witten down:

or
¢ 5 o

Glg) =(|g)al)g) =|g)

or

1 0\/1 1 _ o
( )( ):( )—»rn&nxrndﬂphc&um
0 0/\0 0

W& then have

where matrix nmultiplication is defined by these relations: if

I P L N

A= T o) e a )
> [AB]; = Z a by (65)
So we have two equival ent ways of doing cal culations, i.e., using

operator algebra or matri x al gebra
Anot her Exanple in a Finite D nensional Vector Space

Let us consider the 2-di mensional vector space spanned by the
ort honormal basis set

(3 ()

We can define two projection operators as

~

R=1 , R=2(2

The matrix representation of these two proLectiqp operator is easily
found using (11)=(2]2)=1 and(1]2)=(2|) =0 and Q, =(k|Qi). We have
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(<1|1><1|1> <1|1><1|2>) =(1 0)
2y (2n2) o o

S\ (WRL WR2))
(%) \@RjD) (22 (

Now consi der an arbitrary vector in this space

12)(2|) maQﬁd=€ ﬂ
212)(2|) (2[2)(2[2)) \0 1

)

a) = =a|l) +a,2

- (o )=al +a2

We then have (using both Dirac and matrix | anguage)

Rla) = 11(l/a) = aDlY) +a,|L(12) = a1)
or

) = (o olla)-()-=(d

and the projection operator perforns as adverti sed.

W note that (at least in this special case)

(F3l)+( 2)=(é 8) +(8 2) =(C1) 2) = | = identity operator
or

(B + Ba) = ({1 + [2)2Dla) = S i)ifa) = ) = la)

>

where we have nmade use of the expansion forrmula for an arbitrary
state in an orthonornmal basis.

Comut at or

We define the commut ator between two operators as
[A, é]= AB - BA (66)

For ordinary nunbers the commutator is zero, but for operators it is
not al ways zero.

If two operators have a zero conmutator, then we say that they

comut e.
| f we have
~ (1 0 ~ (0 1
A= , B=
o o)+ 8=(1 o

t hen
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A~ a1 A~ oA~ (1 0V/0 1 0 In/1 O
[Ad-A8-8=(0 )y o2 olo -4
0O -1/{\1 O 1 0/\0 -
0o - 0 1 10
=( )—( )=—2( )¢O—emmwcmnmme
-1 0 10 0 1

Let us devise a general procedure for finding the eigenval ues and
ei genvectors of an operator. W will use the natrices that represent
operators. In particular, we consider the matrices (operators)

Ao o) 8o o (o

We consi der the operator A first. The ei genval ue/ ei genvect or probl em
can be witten in the follow ng way:

Aa) = ala)

1 0y\/a a

0 - )(b)‘“(b)
The last matrix equation corresponds to two sinple al gebraic
equati ons

or

a=qaa
b=-ab

The solutions to these equations are:

a=0 —»a=1

—-pb=-b—=b=0
and
bz0—a=-1

—a=-a —a=0

This says that the eigenval ues of A are a==1 and the correspondi ng
ei genvectors (normalized) to 1 are

anf) e

So, for diagonal matrices (where the only non-zero matri x el enents
lie along the diagonal) the eigenval ue/ei genvector problemis
trivial. The eigenvalues are just the diagonal matrix el enents and

t he eigenvectors are just colum vectors with a single entry = 1 and
all other entries = 0. This generalizes to any nunber of dinmensions.

Let us use this sinple case to illustrate the general procedure for
non- di agonal matrices. W had

o J(5)-<(0
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This can be witten as

1-a 0 a
=0
o adlly
This set of equations is called honogeneous (zeroes on the right-hand
side). Atrivial solution always exists - it is a=b=0. This

solution is of no interest to physicists. We will have a non-trivi al
solution if and only if

-0

] 1-o 0 1-a 0
determi nant( ) = det( )
0 -1-«a

1-«a 0
0 -l1-«o

0 -l1-«o

wher e
a

e
c

=ad - bc
) —
In the above case we get

1- o 0 .
‘ =0=(1-a)(-1- a) = a = 1= eigenvalues

0 -l-«a

Proof: Suppose that we have a pair of |inear equations in two
unknowns
aa, +ba, =q

co, +da, =0,

W can wite these equations in matrix notation as
a b\/a, o}
(C d)(az) _(Q2)

Aa =Q

oo el ol

The inverse of a matrix A™ (or an operator) is defined by

or

wher e

1
A4A=I=(

o0 ...
0 1)=|daﬂuy (67)

If the inverse exists, then we can wite
A'Aa=1=a=A"Q

whi ch represents a solution for the unknowns o, and a,.

a~(c o

For a 2x2 matri x
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the inverse is given by

-1 l d -
Ar=—"—— wher e det A=ad -bc

detA\-c a
si nce
A-LA 1 /d -=-by/ta b 10 (68)
_detA(—c a)(c d)_(o 1)
The solution of the original equation is then given by
d -b
) ~sal e @lla) (59
a,) detA\-c a/\g,
Exanpl e:
Suppose we have
X+2y=5
2x-3y=4
or
1 2\/x 5
2 )[4
W have
1 2 o 1/-3 -2
A=( ), detA=-7 , A =__( )
2 -3 7\-2 1
Check:

o 1/-3 -2\/1 2 1/-7 O 10
AA=-= =-= =
Iy | A R (A F by
We therefore have the sol ution

b2l 2l --3(5) -

x=1,y=2

as it shoul d.

or

Now |l et us return to the case of the eigenval ue/ ei genvector equation
where we have

Aa) = o) = ad|ar)
or

(A-al)la)=0
I f we define

R=A—al

t hen we have the equation

~

Ra)=0

or
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[ %5 )
el (o
Thus, we have a sol ution

ot

Ay A, -a
The only possibility that this gives a nonzero(or nontrivial) result
i s when
det(Aﬂ_a A, )=0
Ay A, -a

whi ch conpl etes the proof.

A nore general procedure(matrix not diagonal) for finding eigenval ues
goes like the follow ng:

é=(911 912)
ng gZZ
R A A
G|)L>=(gll 912)( 1)=)L( l)=l|)\.>
01 9n/\A, A,
o o))l G-l AIG -7 a0
On O )‘2 )‘2 On O )‘2 0 A Az O O - A )‘2
Once again, this last set of equation is pair of honogeneous |i near

equations. Again, there is a always the trivial solution (Al=kz=(n. A
non-trivial solution exists only if

911_)" G

determi nant(
921 922 -A

) =(911_)‘)(922 _)“)_glzgm =0 ( 70)

which is a quadratic equation for the eigenval ues.

Let us apply this procedure to the other two operators. First we work

with B.
~ (0 1
B= —_—>
(1 0) 1 -«

To find the eigenvectors we then proceed as foll ows:

-a 1 ) .
=0=a“-1— a =+1=egenvaues

oa=+1
s} 3
—b=a
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To nornmalize the ei genvector we nust have

g(+l+l) =1=a*+b’=2a°—a=—=b

J

1
V2

so that

e (o)~ 5

and

1/1
|_1>B=?( )
\J2\-1

Second, we work with C.

& 1 2 1-o 2
_(2 1) 2 l-a

To find the eigenvectors we then proceed as foll ows:

=0=(1-a)l-a)-4—a’-2a-3=0—>a=3-1 = eigenval ues

a=+3

— Cl+3). =3+3), — (; i)@ ) 3(2)

—a+2b=3a
—2a+b=3b

—b=a , a®+b’=1

1
—a=—=D0b
N2
so that
1 /1
3 =
|+ >C ’\/E (1)
and

~

A strange thing has happened. Both operators B and C have the sane
ei genvectors (different eigenval ues).

It turns out that the follow ng inportant property is true:

if two operators commute, then the
share a conmmon set of eigenvectors

Special Matrices (operators)
Two types of operators will dom nate our discussion of quantum
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nmechani cs.
Hermitian : A=A =AT or A=A
Unitary A=A = AT or (A, = A
More Mat hematical Details

Definition : A set of vectors is said to be linearly independent if a
linear relation of the form

alk-[0)

implies that ¢ =0 for all k; otherwi se the set of vectors is linearly
dependent.

If a set of vectors is linearly dependent, then we can express a
menber of the set as a |linear conbination of the other nmenbers of the
set .

Exanpl es:

(1) Consider the set of vectors(3-tuples in this case)
(1) (0) (0
A PN
0 0 1
This set is linearly independent since
(0Y (0) (&) (0)

s gl

inplies that the only solution is
a=a=3=0

(2) Consider the set of vectors(3-tuples in this case)

(1 (1) (0)

g

This set is linearly independent since

(&) (&) | EREA (0)

p A EIRRIR R
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inplies that the solution is
q+a,=a-a8=a=0 o a=a=a=0
(3) Consider the set of vectors(3-tuples in this case)

(A (1) (2)

off e

This set is linearly dependent since

(a) (&) (2a&) [&+a +2a) (0)
alll>+a2|2>+a3|3>=ta1J L—%J+LOJ:L a-a J=|o>=LoJ
a) o) \a 3, +a, 0

inplies that the solution is
a+y+2a=a-a,=a+a=0 o a=-a,a=3
and we have (for exanple)
1) =-[2)+[3)

W say that an infinite set of vectors is linearly independent if
every finite subset is linearly independent.

Definition : The maxi num nunber of l|inearly independent vectors in a
space V is called the dinension of the space dim(V).

Definition : A set of vectors ﬂk},k=ﬁL23, ...... Jﬁ spans the space if

every vector |Q) in the space can be witten as a |linear conbination
of vectors in the set

qu|k>=|q>

This |inear conbination, which is given by the coefficients
g..k=12,..... ,nN, 1's unique.

Definition : A set of vectors is a basis for the space if it is a
linearly independent set and spans the space, that is, if dm(V)=m, a
set of m linearly independent vectors is called a basis on V.

The set of vectors

(1 (0) (0)

o4

is the maximal set of linearly independent vectors since any other
vector |g) in the space can always be witten as a |linear conbination
of them as
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(a\ (0) [0} [&)
|g>=aill>+a2|2>+a3|3>=L0J+La2J+L0J =La2J
o) o) la) l\a

Therefore the dimension of this vector space is 3. This set of
vectors is also a basis. The basis is not unique since the set of
I inearly independent vectors

(1) (1) (O
1) = 1
g
al so spans the space, i.e
(3) (C+C+2C)
|9>=q|1>+cz|2>+c3|3>=LaQJ=L Q-G J
9,

(o
i mplies that

Q=a+8-28, , C=a-28 , GG=§&

and, thus, this set is also a basis. Cearly, a basis spans the whol e
of V.

Exanple: In the space of 3-tuples, a basis is represented by the
t hree vectors
(1) (O) (0

A of o

so that an arbitrary vector in the space

(&)
g

(a\ (0 [0} [a)
|g>=a1|1>+a2|2>+a3|3>=L0J+La2J+L0J =La2J
0 0 a, a,

so that a,a,,anda, are the conponents.

can be witten

Gram Schm dt Ot hogonal i zati on Process

An orthonormal basis set for an n-di nensi onal vector space can al ways
be constructed fromany set of n linearly independent vectors using
the Gram Schm dt orthogonal i zati on net hod.

Suppose that we have a set of n linearly independent vectors
la),i=12,...,n that are not a nutually orthonornal set. W can

construct a nutually orthonormal set |B),i=12...,n using the follow ng
st eps:
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(1) Tet [)=]a)
(2) let |B,)=|a,)+a|B,) where we choose a such that (B,|B,)=0

(3) this gives

(B|B2) = 0=(Bi|ex,) + a(B.] By)
ﬁ1|a2>
(B.|By)

Now proceed by induction.

T

a1=_

Suppose we have constructed k nmutual ly orthogonal vectors
B), =12,k If we |et

|ﬁk+1> = |O!k> + E aj‘ﬂj>
f=

1

t hen we have <ﬁdﬁh4>=0 for j=12,..,k . These steps are repeated until

we have n mutually orthogonal vectors. W then nornmalize themto 1
and create an orthonornmal set.

For exanpl e, suppose we have the set

(1 (0 (1)

ol eef] e

These vectors are not orthonornnal.

(1) et
(1)
|/31>=|O‘1>=L1J , </31|ﬁ1>=2
0
(2) let
|B2) =a) + @ By)
wth
_ _</51|a2> _ _l
AT
and t hus
1 [ 3
|ﬁ2>=|a2>‘§|a1>=§L;J , </32|/52>=§ . (BulB:)=0
(3) Iet



|/53> = |a3> + a1|ﬁ1> + az|/32>

W th
=_<ﬁ1|a3>=__ q __</52|O‘3>=_E
0B T2 U TR B
and t hus
2{1\ 4
|/33>=§L—1J  (BlB)=5 o (BlB)=0 . (BB =
1
We nornmalize the vectors by dividing by their respective norns,
18 8)
Iy
The orthonormal set is then
1 -1 1
|>=iff |>PL( . ?L(f
V1 \/ELOJ v V2 \EL J V3 \§L1

Exanpl es - Functions of Operators

Suppose that we have the ei genvector/ei genval ue equations for a self-
adj oi nt operator

Ak =alk) , k=12..,N

We then assune thqt
f(Ak) = f(a )k , k=12..,N

for the eigenvectors.

We can show that this works for polynom als and power series as

fol |l ows:
N
=2|k><klw>
v)= RS 0K} = Ak} = S aofkly) - 3 alokl)v)
— A= 2%kﬂe$meMWmdmwmmx
=1

Now define the projection operator

~

R, =|k)(k| = RP

A- S alkid- TaR

or any operator is represented by a sumover its eigenval ues and

_U>

= Rdy
W then have
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correspondi ng projection operators.

We then have

j?\))
I
o
=
)
O
Il
0=z
o
o
f‘U >
Il
Nk
o
)
;Qn
Il
2,

~ N ~
~ =S dh
=1

Therefore, for
N

f()= Y g

n=1

. N " N N " N /N ~ N ~
(B-Sak -TaaR -3 Sad|d -3 @R

n=1

we have

This says that, in general, we have

f(Ay) = f(A)§l|k><klw> - 2 (A Kl ) = 2 f(aK(Kly) = (2 f(a) k><k|)|w>

1

“ N
— f(A) = 2 f(a,)|K)(k| — spectral resolution of afunction of an operator
=1

~ (4 3
A=
5 )

has ei genvalues 7,1 with eigenvectors

Nunerical exanpl e:

This gives

and therefore

e s TN 1(1 -1 (25 24\ (4 3[4 3
TS E P R
2\1 17 2\-1 1) (24 25) (3 4)(3 4
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Clearly we then have

0g&7)= 124D () (1] =toan L (] = toaci7,
gl =51 XD () %) =1 %D ()~ 0-togayy,

as expect ed.
The Dirac 6-Function
Hi story

In the devel opment of quantum nechanics by P. Dirac , the follow ng
sequence of ideas occurred (as we shall describe later).

(1) Observable = measurable quantity <--> Hermtian operator
(2) Physical states are |linear conbinations of eigenvectors
[requires conpl ete orthonormal basis]

(3) Possible nmeasurenents are represent by the eigenval ues
[ must be real nunbers]

A

O|A)=A|A) where |A)= eigenvector and A =eigenvalue

(4) Some observabl es have a discrete spectrum (finite nunber or
denunerably infinite nunber)

(M'|Ay=96,, for different eigenvalues this is
a wel |l -defined statenent

(5) O her observables have a continuous spectrum (non-
denunerably infinite nunber of eigenval ues).

~

For exanple , the position operator X, which we will talk
about later, is such that

X|x)=Xx) where |x)= eigenvector and x = eigenvalue
We now ask the question, what is (X|x)? Dirac assuned that
(X[x)=0,,=06(x=X)
wher e
}6(x—>()dx'=1

O0(X-X)=0 if xX'=x

}f()()é(x— X)dx = f(x)

This gives the correct physical theory in the sense that all
predi ctions agree with experinment (1929).
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Eventual Iy (1960) the nathematicians, who initially vehenently

di sputed Dirac’s assunption of this new "function”, caught up to the
physi ci sts and proved all of its properties in the Theory of

Di stributions.

Here is how Dirac(in his own words) introduced this function.

Qur work in Section 10 led us to consider quantities involving a
certain kind of infinity. To get a precise notation for dealing with
these infinities, we introduce a quantity 4(x) dependi ng on a paraneter
x satisfying the conditions

fo(x)dx =1

—0

0(x)=0 for x=0

To get a picture of §(x), take a function of the real variable x which
vani shes everywhere except inside a small domain, of |length ¢ say,
surrounding the origin x = 0, and which is so large inside this
domain that its integral over the domain is unity. The exact shape of
the function inside this domain does not natter, provided there are
no unnecessary wld variations (for exanple provided the function is

always of order ¢%. Then in the limt ¢—=0 this function will go
over into §(x).

8(x) is not a function of x according to the usual mathenati cal
definition of a function, which requires a function to have a
definite value for each point in its domain, but is sonething nore
general, which we may call an “inproper function” to show up the
difference froma function defined by the usual definition. Thus §(x)
is not a quantity which can be generally used in nathemati cal

anal ysis like an ordinary function, but its use nust be confined to
certain sinple types of expression for which it is obvious that no

i nconsi stency can ari se.

Do such functions naturally appear in theoretical physics? These
functions are infinitely discontinuous. They are singular functions.

We can get a physical feel for their properties by considering the
concept of an inpul se.

A standard inmpul se is described by a function of the form
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Force

tl t2

wher e

w t,
Impulse = fF(t)dt =fF(t)dt = shaded area

151

t, d t,
- [y ot =My =my(v(t,) - v(t)) = A(MyY) = Ap

The actual transfer(gradual) of nomentumw th respect to tine |ooks
like

P

t
t1 2

An idealized inpulse, on the other hand, transfers Ap
i nst ant aneousl vy.

P

t t
t1 0 2

If we regard this as a regular function, then we would need to have
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Force
S
/ area= Ap
t
t 1 t t 2
In the real world we have
Force | ~~TT7Th T
F
t
At
t 1 t 2

where in the limt At—=0F—

to

fF(t)dt=Ap
to
For the ideal inpulse we wite the forcing function as

F(t) = Apo(t -t,)
wher e

to
[(t-t)dt =1
a

where, in general, we define

6(t)=0 for t=0

t 1 t-<O0<t+
fa(t)dt = )
J 0 otherwise

Exanpl es from Physics
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The standard idealizations of point masses and point charges are
descri babl e by Dirac delta-functions.

For mass in physical equations we define p,(')=massperunitvolume. W
assunme that this is a continuous function of the position vector.

Simlarly, for charge we define p,(r)=chargeper unit volume.

For a point mass |ocated at (X,Y,2%) we wite
Pr(F) = MB(X = %,)3(y - ¥o)3(2- 2,) and

dop (=™ it (%Y%) NV
J;pm 0 otherwise

and simlarly for point charges.
Definition of o(t)
There are two ways to define delta functions:

[1] Use generalized function theory. This corresponds to defining the
delta function by its behavior inside integrals.

It is inportant to realize the delta function is neaningl ess outside
of an integral. Wien we state properties, we will always be

i ndi cati ng behavior that corresponds to using the delta function

i nside an integral.

[2] Define the delta function as the limt of an infinite sequence of
continuous functions (can be very tricky).

5(t) = lim, (1)

where 9,(t) is finite for all t

Exanpl es:

(1)
8,(t) = 2n 2n

0 otherwise
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8 1 (®

n
~1 1
2n 2n
54
3 Ve 5, (1)
, / 5,0
L 4
-1 -4 1 1 1
2 4 6 6 4 2

For any n

}dtdn(t) -1

In the limt n—o, §,()=0 for all t, except t=0.

Let us look at this one a different way. The sinplest such object is
a rectangul ar spi ke,

1/ -X|=el2
DS(X—X')={ e |x-X|=se

0 otherwise

Note that the area under the spike is = 1 independent of e. W then
have

X+el2

ff(x)D(x X)dx = f f(x)—dx

x-¢l2

We now substitute a Tayl or expansion for f(x) about the point X=x.

f(x)= f(x)+(x'—x)f'(x)+%(>( ZX)2E(X) 4+

to get
X+el2 X+¢e/2 X+¢el2
ff(x')D(x X)dx——[f(x) [+ 1100 [(x -x)ax +—f () [(X-x)2ax +..]
x-¢e/2 x-¢e/2 x-¢e/2
whi ch gi ves

3

L
00D, (x-x )k e+ PO+ 2P (0 = () + S ()%
J ] 2 4 8
Taking the limt as ¢—0, we get f(x). This inplies that
IingDs()C—x)=6(x'—x)

This object is not a well-defined mathematical function, which nust
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have a definite value at every point where it is defined. Dirac
called it an "inproper” function. This neans that it only makes sense
when it appears within an integral and then it has a well-defined
effect. It is now known to be a "distribution".

O her Sequences

n
1 o (t)=—2=
[1] NQ) 17

i A2
[3] 4,01)= s:}r;ﬂzlt Sinc Squared function
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Using Integrals to define the Delta Function

t5

We use the definition fdté(t—to)f(t)=f(t0), which is called the sifting
t

or filter integral. It filters out a single value!!

Exanpl e: The following limt sequence can only be understood via the

sinnt . .
, Sinc function

integral definition. Consider the Sinc sequence J.(t)=

As n—oo, ., (t) does not —O0 for all t=0. It does not becone a
function with an infinitely narrow and infinitely tall peak.

As n—x, §,(t) oscillates infinitely fast except at t=0. \Wen
mul tiplied by a continuous function in an integral, the contribution
to the integral is zero everywhere except in the region near t=0.
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/'/\

continuous function

fast oscillations

that is,
sinnt

M=) (@ n—wx)

0+
dt
/

and therefore

lim
n—o

. sinnt
lim

n—so

= 5(t)

Conpl i cated Argunents
(1) Consider

-0+

}dt' S(-t)F() = - [t 5(t)F () = —}:dt' S(t)F(~t) = }dt' S(t)F(=t) = £(0)

~0-

yvhi ch inplies that d(-t)=4d(t) in the sense of using integrals,

i.e.,
f(0) =f6(-t)f(t)dt =f6(t) f(t)dt
(2) Consider
fdt'é(at')f(t')=@ fdt"é(t")f(%)=éf(0)
whi ch inplies that 6(at)=é6(t) in the sense of using integrals,
i.e.,
1 1
— f(0) = [o(at) f(t)dt = —[S(t) f(t)dt
o O = o)t = 2 o)
(3) Consi der

}dt' ot )f(t) = F(0)(0)=0

If f(0)=0, then this inplies that
to(t) =0
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(4) Consider
}f(x)é(x2 - b?)dx =}f(x)é5(x2 - b?)dx +JL'f(x)6(x2 - b?)dx

Now near x=-b, we can wite
x* —b* = -2b(x + b)
and near x=b, we can wite
x* - b? = 2b(x - b)

t herefore we have
}1‘(x)5(x2 - b?)dx =}’ f(x)0(-2b(x + b))dx +} f(x)6(2b(x - b))dx

or
, [3(X - b) + 8(x + b)]
(x2-Db?) = 21D

(5) Now consider a function g(x) which has a single zero at x=X, .
This inplies that near x, we have

9(x) = (X = %)g (%)

In this case we can wite

O(x - xo) f(X%,)
f(X)8 d i
f (x)0(g(x))dx = f (X) 704 dx = ()

and generalizing, if g(x) has N zeroes at x=x, i=123...,N, then near
each zero we can wite

g(x) = (x=%)d (X)
and we have

6(9(x)) =
Exanpl es : :

_Xé(x a)+<5(x+a)Cl e*+e’ cosh(a)
2a 2a a

}e‘xé(x a)dxf

—0

}'e‘xzé(sinx)dx=}e EMd - E fe "5(X - nr)dx = Ee(””)

|cosnz| -

N=-% _g
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I ntegrals and Derivatives of o4(t)

We first define a new function as an integral of the delta function,
nanely, the Heaviside Unit Step Function. Let

HO) = oo = [0 X =P
X) = =
L {1 x>0
H(x)
1
____________________________ X

x=0
H() is not well-defined. However, since §(t)=46(-t)(an even function),
by convention we define FKO)=;.

Derivative of the delta function can be defined in terns of the [imt
sequences. Consi der

3.
_i;;e4ﬁ2]=5%0

It is called a doublet function because it |ooks like (n=3)

=lim

n—sow

e

do®) ;.. do,(t) . d[n
dt n—= dt n— it | /77

where the peaks are infinitely high, infinitely narrow and infinitely
cl ose together in the limt.

W& then have

df () df ()

fdtf(t)é ) =fF s - fdt S(t) = fdt 5(t) = - f'(0)

where we have used integration by parts. Thus, the doublet is the
sifting function for the negative of the derivative.
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W will use this formalismto describe the theory/experinments in
guant um nechani cs. These ideas about vectors/operators will be

sufficient for us to develop a quantumtheory. W will extend these
mat hemat i cal ideas as needed.
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