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Subjective probability is based on the intuitive idea that probability quantifies the degree of belief
that an event will occur. A probability theory based on this idea represents the most general
framework for handling uncertainty. A brief introduction to subjective probability and Bayesian
inference is given, with comments on typical misconceptions which tend to discredit it and with
comparisons to other approaches. ©1999 American Association of Physics Teachers.
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I. INTRODUCTION

Physics students encounter concepts of probability
statistics several times during their studies, usually in la
ratory classes when the treatment of measurement erro
introduced and in statistical physics and quantum mecha
courses. Some universities also provide specialized cou
on probability and statistics. However, there is a general c
sensus that the standard understanding of statistics is in
ficient and confused.1 In my opinion, the main reason for thi
unsatisfactory situation is that the fundamental issue c
cerning the concept of probability, which should precede a
exposition of probability, is not treated with due care.

The purpose of this article is to introduce probabilis
reasoning from the point of view of subjective probabilit
on which Bayesian statistics is based. The choice of nam
due to the key role played by Bayes’ theorem in updat
probability in the light of new information.

II. SUBJECTIVE PROBABILITY

We often find ourselves in a state of uncertainty ab
eventswhich might occur. For example, a tossed coin wou
result in heads or tails~two possible events!. Or, given N
molecules at equilibrium in a box, we might be interested
the number of molecules at a given instant which are pre
in a subvolume of the box (N11 events!.

In general, we know that not all events have the sa
chance of occurring. Consider two eventsE1 andE2 . Stating
that E1 is more probable thanE2 (P(E1).P(E2)) means
thatweconsiderE1 to be more likely to occur thanE2 . This
statement is no more than the concept of probability that
human mind has developed naturally to classify the pla
bility of events under conditions of uncertainty.2 In other
words, probability is related to the ‘‘degree of belief in th
occurrence of an event.’’3 The usual definition of subjective
probability one finds in introductory books is ‘‘the degree of
belief that an event will occur.’’ 4

This definition of the concept of probability is not boun
to a single evaluation rule, and there are many ways to ob
P(E). The assessment could be based on symmetry con
erations, past frequencies, Monte Carlo simulations, com
cated theoretical formulas, or Bayesian inference. What m
ters is that the meaning is the same in all applications, an
independent of the method of evaluation. For example, if
state that the probability of aZ° boson decaying to ane1e2

pair is 3.3%, and that of observing 5 heads after 5 fair c
1260 Am. J. Phys.67 ~12!, December 1999
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tosses is 3.1%, it means that we are slightly more confid
that aZ° will decay intoe1e2 than five tossed coins give a
heads.

We also note that probability assessments depend on
~the ‘‘subject’’! does the evaluation and, more precisely,
the status of the information that the subject holds at
moment of the assessment. Therefore what matters is alw
conditional probability, conditioned by the status of inform
tion I , that is, P(EuI ) is to be read ‘‘the probability ofE
given I. ’’ As a consequence, several persons might have
multaneously different degrees of belief about the sa
event, as is well known to poker players.

Subjective probability tends to disturb scientists, who p
sue the ideal of objectivity. But, rigorously speaking, an o
jective knowledge of the physical world is impossible,
‘‘objective’’ stands for something which has the same lo
cal strength as a mathematical theorem.5 Nevertheless, if ra-
tional people share the same information, the ideal of ob
tivity is recovered through intersubjectivity.

Subjective probability does not imply that we may belie
whatever we like, for example, flying horses or speak
dogs. I canimaginea flying horse as a combination of con
cepts that I have from my experience, but nevertheless,
not believeflying horses to exist.6 There is a crucial ingredi-
ent of the subjective approach which forces people to m
probability assessments that correspond effectively to t
beliefs. This ingredient is the so-calledcoherent bet.3 If we
consider an event to be 50% probable, then we should
ready to place an even bet on the occurrence of the even
on its opposite. However, if someone is ready to place
bet in one direction but not in the other direction, it mea
that this person thinks that the preferred direction is m
probable than the other, and then the 50% probability ass
ment isincoherent, that is, this person is making a stateme
which does not correspond to his or her belief.

Even if an event and its opposite (Ē) are not equiprobable
a bet can still be arranged if the odds are fixed proportion

to the beliefs on the two events: odds ratio(E:Ē)

5P(E):P(Ē). Therefore, if someone considers a 2:1 bet
favor of E to be fair, it means that that person judg
P(E)52/3. Coherence prevents people from arbitrary pro
ability assessments.7

A coherent bet has to be consideredvirtual. For example,
a person might judge an event to be 99.9999% probable,
nevertheless refuse to bet $999999 against $1, if $99999
the order of magnitude of the person’s resources. Never
1260© 1999 American Association of Physics Teachers
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less, the person might be convinced that this bet would
fair if he had an infinite budget. This remark teaches us t
probability assessments should be kept separate from d
sion issues. The latter can be more complicated, becaus
cisions depend not only on the probability of the event,
also on the subjective importance of a given amount
money.

The first consequence of coherence is that probability
sessments can be exchanged among rational people, wit
guarantee that everybody is talking about the same th
although the evaluations might differ due to a different sta
of information. The second important consequence3 is that it
is possible to derive from the requirement of coherence
basic rules or axioms of probability.8 We will not give the
derivation here, but simply summarize the well known rul

0<P~E!<1, ~1!

P~V!51, ~2!

P~E1øE2!5P~E1!1P~E2! if E1ùE25B, ~3!

where V and B stand for the certain and the impossib
event, respectively,ù represents thelogical product ~also
known as ‘‘AND’’ !, andø the logical sum~‘‘OR’’ !.

Another important relation which can be derived from c
herence is the relation between joint probability and con
tional probability:

P~AùB!5P~AuB!P~B!5P~BuA!P~A!, ~4!

where P(AuB) is the probability of the eventA under the
hypothesis thatB is true. In the axiomatic approach Eq.~4!
arises from the ‘‘definition’’ of conditional probability,9 that
is,

P~AuB!5
P~AùB!

P~B!
~P~B!Þ0!. ~5!

Because the basic rules of probability, Eqs.~1!–~4!, de-
rived from coherence are the same as those introduced in
axiomatic approach, all other probability rules, as well as
probability calculus, are the same. But the subjective
proach does more. It guarantees that if the numbers we u
the beginning of a calculation are coherent degrees of bel
the result also has to be interpreted as a degree of be
necessarily following from the initial ones. For example,
we believe that a coin has a 60% chance to give heads,
we implicitly attribute a 23% chance to 5 independent tos
of that coin to produce exactly 3 tails.10

III. INTERPLAY OF SUBJECTIVE PROBABILITY
WITH COMBINATORIAL AND FREQUENCY
BASED EVALUATIONS

It is not difficult to realize that the usual definitions o
probability in terms of the ratio of favorable to possib
cases, or of successes to trials, cannot define the conce
probability, because they are based on the primitive conc
of equiprobability~see, for example, Ref. 11!. Nevertheless,
in the subjective approach these ‘‘definitions’’ can be eas
recovered as useful evaluation rules.12

The use of combinatorial evaluation is rather obvious, a
the common urn and dice problems yield ‘‘objective’’ a
swers, in the sense that all reasonable people will ag
GivenNW1NB indistinguishable white and black balls in a
urn, there is no reason to consider a particular ball to be m
1261 Am. J. Phys., Vol. 67, No. 12, December 1999
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likely to be extracted~otherwise, we should bet more mone
on that ball than on the others!. Then, as a straightforward
application of Eqs.~2!–~3!, we find P(white)5NW /(NW

1NB) andP(black)5NB /(NW1NB). Sometimes urn prob-
lems are considered to provide a reference~or calibration!
probability. If I assign 80% probability to the eventE, it
means that I am as confident that this event will result a
am confident of extracting a white ball from an urn whic
contains 100 balls, 80 of which are white. Everybody und
stands how much I am confident inE, independently of what
E might be.

More generally, combinatorics~for countable events! and
measure theory~when events form a continuum class! are
just mathematical tools of probability theory, if the elemen
of the relevant space are judged to be equiprobable. T
point of view is the exact opposite and, in my opinion, mo
physical than that stated in many books on mathematica
statistical physics~for example, ‘‘probability theory...is cer
tainly a branch of analysis and in a narrow sense a branc
measure theory. Its most rudimentary parts are rooted
combinatorics.’’13!

The frequency based definition of probability needs
more extensive discussion. Empirical frequencies can
used to evaluate probability by stating that we believe t
what has happened more often in the past will happen m
probably in the future.5 This simple evaluation rule is appli
cable if there are no other relevant pieces of information
take into account. Past frequencies can also be used
more formal way, together with other information, by appl
ing Bayesian inference, which will be introduced below.
general, the value of a probability will not be exactly equ
to the relative frequency. Only when the number of p
experiments is very large will the results of Bayesian a
empirical frequency evaluations converge to the same va
An example will be given in Sec. IV which shows quantit
tive disagreement between the two methods for a finite nu
ber of measurements.

Let us see more carefully how frequentists make use
their probability definition. It is clear that the use of pa
frequencies to evaluate probability relies on a belief that
measurements were done under the same conditions~of
equiprobability! and that the relative frequency has a
proached a limit. Thus, it is not correct to say that the f
quentist approach is free of subjective ingredients. Moreo
can frequentists assess that, for example, the probabilit
extracting a white ball from an urn which contains 70 wh
balls and 30 black balls is 70%? Apparently they cann
unless they have done an experiment to ‘‘measure’’ the pr
ability from a long series of experiments. Nevertheless, th
do, using the following type of reasoning:14

~1! We first say that ‘‘we see no reason why one ball sho
be preferred to another.’’14 ~The expression ‘‘equally
probable’’ is avoided, but the meaning is exactly t
same.!

~2! ‘‘We naturally expect that, in the long run, each ball w
be drawn approximately equally often.’’14 It follows that
the frequency of each ball is expected to be appro
mately similar and the frequency of white balls is pr
portional to their number in the box.

~3! Finally, we ‘‘expect’’ a relative frequency approximatel
equal to the proportion of white balls in the box. Ther
fore, the probability is equal to the proportion of whi
balls.
1261Giulio D’Agostini
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Fig. 1. Six boxes each having a differ
ent composition of black and white
balls. One box is chosen at random
then its content is inferred by extract
ing at random a ball from the box and
reintroducing it inside. What is the
probability of each box conditioned by
all the past observations? What is th
probability of the color of the next
ball?
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In some texts~see, for example, Ref. 15!, ‘‘ a priori prob-
abilities’’ are introduced by anad hocpostulate; ‘‘... once
the basic postulate has been adopted, the theory of prob
ity allows the theoretical calculation of the probability of th
outcome for an experiment.’’15 But it is clear that in this
context ‘‘postulate’’ is nothing but ‘‘belief,’’ but it sounds
nobler.

In the subjective approach the terms of the problem
better defined and have a closer correspondence to intu
concepts. In particular, a clear distinction is made betw
the following three ingredients which enter statistical cons
erations: past frequency, probability, and future freque
~‘‘future’’ refers to unknown results, not necessarily occu
ring later in time4!. We now analyze the same example fro
the subjectivist perspective.

~1! Given our state of knowledge, we have no reason
believe that one ball will be extracted more often th
the others~otherwise, we should be ready to bet mo
money on that particular ball!. Therefore, we judge them
all equally probable and, applying the basic rules
probability, we assign 70% probability to white. Th
70% probability has a precise and intuitive meaning
itself, as a degree of belief of the result of any extracti
There is no need to think about a statistical ensemble
many such experiments. This reasoning might sou
similar to the first point of the frequentist’s perspectiv
But in the frequentist approach the reasoning is v
convoluted, because they do not speak about the p
ability of individual events, but only of ‘‘random mas
phenomena,’’16 as illustrated in Ref. 14.

~2! Nevertheless, we can always think ofN experiments
with the same urn, reintroducing the ball after each
traction, or, more generally, ofN independent events
each of which is believed to occur with 70% probabilit
The relative frequency of the white balls,f W , is an un-
certain number withN11 possibilities, to each of which
we attribute a degree of belief,P( f W), a consequence o
the degree of belief of the individual event (p570%)
and of the believed independence of theN events:

P~fW!5S N
Nfw

D pNfw ~12p!N(12fw). ~6!

~3! The expected value and standard deviation of the
quency are E( f W)5p and s( f W)5Ap(12p)/AN.
These two quantities are related to the concepts
~probabilistic! prevision17 and of ~standard! uncertainty
of the prevision, respectively. When we consider a v
large N, we judge that it is very unlikely to obtain
value of the relative frequency that differs more th
70%, as is born out by Eq.~6!. This result is precisely
1262 Am. J. Phys., Vol. 67, No. 12, December 1999
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what is expected from the law of large numbers, e
pressed by Bernoulli’s theorem,18 a consequence of Eq
~6!.

Let us summarize the subjectivist point of view about p
frequency, probability, and future frequency.19 Past fre-
quency is experimental data, something that happened
certainty and to which the category of probability no long
applies. Probability ishow much we believethat something
will happen, taking into account all available informatio
about the event of interest, including, if they are availab
past frequencies which are relevant. Because probab
quantifies the degree of belief at a given instant, it is n
measurable. Whatever will happen later cannot modify
probability which was assessed before. It can only influe
future assessments of the probability of other events. Fu
frequency is an uncertain number~or ‘‘random variable’’!,
which can assume a set of values, to each of which we as
a degree of belief.

IV. BAYESIAN INFERENCE

Let us consider again the case of an urn containing 7
white balls. Imagine that we have madeN0 extractions out of
N total, and have observed the relative frequency of wh
balls to be f W0

. It is clear that, given perfect knowledg
about the composition of the urn, all probabilistic consid
ations about the remainingN2N0 extractions will be the
analog of those initially done for theN extractions.20 The
situation changes if we are uncertain about the composi
of the urn. Most likely, after the firstN0 extractions our
beliefs about the result of the remaining extractions w
change. Learning from data is the task ofinference. This
subject is the most interesting part of probability theory
physics applications, as we will see in the following.

Before attacking the problem formally, it is interesting
consider what we would intuitively expect. If we have o
served only white balls in the firstN0 extractions, we would
tend to believe that the remaining extractions will result
white balls much more than the initial 70%. But it is als
clear that this change of belief would depend on how ma
extractions have been made, and how confident we wer
our initial 70% evaluation. For example, if we had ma
only a couple of extractions, or if our prior belief was bas
on the information that the urn contains with certainty a p
centage of white balls between 68% and 72%, our new be
would not differ much from the old one.

Now that we have sketched the ingredients which ente
inferential procedure based on probability calculus, we illu
trate it using an example. Imagine six indistinguishab
boxes with different numbers of black and white balls. T
1262Giulio D’Agostini
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boxes are labeledH0 ,H1 ,...,H5 according to the number o
white balls~see Fig. 1!. Let us choose randomly one of th
boxes. We are in a state of uncertainty concerning sev
events, the most important of which correspond to the f
lowing questions:

~a! Which box have we chosen,H0 ,H1 ,...,H5?
~b! If we extract randomly a ball from the chosen box, w

we observe a white (EW[E1) or black (EB[E2) ball?

What is certain is that, given the status of information, t
result must be one of the possibilities for each question:

ø j 50
5 H j5V, ~7!

ø i 51
2 Ei5V. ~8!

In general, we are uncertain about all the combinations ofEi

andH j : EWùH0 ,EWùH1 ,...,EBùH5 . The 12constituents
that we have to consider are not equiprobable. For exam
EWùH0 and EBùH5 are impossible. BecauseEi and H j
form complete classes of hypotheses, each event can be
ten as a logical sum of constituents:Ei5ø j (EiùH j ), H j

5ø i(EiùH j ). If we remember that the constituents are
construction mutually exclusive, we have thatP(Ei)
5( j P(EiùH j ) and a similar sum rule forP(H j ). If we
apply Eq.~4! to each constituent, we can express the pro
ability of the events of interest as

P~Ei !5(
j

P~Ei uH j !P~H j !, ~9!

P~H j !5(
i

P~H j uEi !P~Ei !. ~10!

At this point it is important to model our process of know
edge. TheEi play the role of observableeffects: that is, what
we can experience with our senses. TheH j play the role of
physical hypotheses: they are not directly observable, and
fact the rule of the game is that we can never look direc
inside a box. In our scheme theH j are the possiblecausesof
the effects. So the inference consists in guessing the c
from the effects.21

The experiment consists in extracting balls at rand
from a given, but unknown box, and reintroducing it afte
ward. Our problem will be that of assessing the probabi
that the box is a particular one of the six boxes shown in F
1. After we see the color of the ball, the first intuitive co
clusion about the box content would be that the box t
contains more balls of the same color which has just b
extracted is the most believable. This consideration is at
basis of themaximum likelihood principle, which is consid-
ered by many people the only~or best! paradigm for making
inferences. However, it is natural to think that the belie
about the different causes are constantly updated, and th
fore we need a method for making inferences which go
beyond the maximum likelihood principle and which tak
into account all available information besides the last exp
mental observation.

From the previous remark, we can say that the aim o
measurement is to update our beliefs about each cause, g
all available information. For example, after the first extra
tion, indicated byE(1), which could result in either a white
(EW) or black (EB) event, we will haveP(H j uE(1),I ); after
the first two extractions we haveP(H j uE(1),E(2),I ), and so
1263 Am. J. Phys., Vol. 67, No. 12, December 1999
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on. (I stands for the all the prior information about the pr
cess and will not be written explicitly in the following.!

Out of the many probabilities we are considering, the ea
est ones to evaluate are the probabilities of observing
different effects given each cause:P(Ei uH j ). These prob-
abilities are the analog to the response of an apparatus w
an experiment is performed. They are technically calledlike-
lihoods, because they say how likely the causes produce
effects. As for all the probabilities, they can be evaluated
several ways. Usually, in real measurements they are ev
ated making use of past frequencies23 and some assumption
~beliefs!, such as when we state that the errors are Gaus
distributed. In our example they can be evaluated by sym
try arguments, and we obtain

P~EWuH j !5 j /5, P~EBuH j !5~52 j !/5. ~11!

At this point, let us rewrite Eq.~4! as

P~H j uEi !

P~H j !
5

P~Ei uH j !

P~Ei !
. ~12!

The meaning of Eq.~12! is that the probability ofH j is
altered by the conditionEi in the same ratio by which the
probability ofEi is altered by the conditionH j . Therefore, if
we know how to calculate the right-hand side of Eq.~12!, we
also know how to updateP(H j ). This ratio is the essence o
Bayesian inference. ClearlyP(Ei)51/2 by symmetry, and,
hence the updating ratios are

P~H j uEW!

P~H j !
52 j /5,

P~H j uEB!

P~H j !
52~52 j !/5. ~13!

If a white ball is observed, all hypotheses with labelsj <2
becomelesscredible, while those withj >3 become more
credible. The reverse happens if we observe a black b
However, the absolute level of credibility depends also
the initial probability.

To make this example generally valid, it is preferable
evaluateP(Ei) in a way that will be applicable when th
symmetry between black and white is broken, as happ
after the observations. We can use Eq.~9! and obtain, using
the equiprobability of the box composition:

P~Ei !5(
j 50

5

P~H j !P~Ei uH j !

5
1

6
3S 01112131415

5 D5
1

2
. ~14!

This formula makes explicit our intuitive equal beliefs abo
black and white balls. They depend on the information ab
the six boxes.

We can now put all the ingredients together. From E
~12!, using Eqs.~9! and ~4!, we find

P~H j uEi !5
P~Ei uH j !P~H j !

( j P~Ei uH j !P~H j !
. ~15!

The latter formula represents the standard way of writ
Bayes’ theorem. We see that the denominator in Eq.~15! is
just a normalization factor such that( j P(H j uEi)51. Ne-
glecting the normalization factor and rewritingP(H j ) as
P0(H j ) to indicate that this probability is the probability be
fore the observations, we obtain:

P~H j uEi !}P~Ei uH j ! P0~H j !, ~16!
1263Giulio D’Agostini



f having
ive

1264 Am. J. P
Table I. Results of a simulated experiment in which a box is selected at random~it happens to beH1) and balls
are extracted and then reintroduced. The analysis program guesses the box content and the probability o
a white ball in a future extraction,P(EWuI k). This probability is also compared to the observed relat
frequency of the white balls,f (EW).

Trial
k

E(k)

~score!

Probability of the hypothesesP(H j uI k)

H0 H1 H2 H3 H4 H5 P(EWuI k) f (Ew)

0 ¯ 0.167 0.167 0.167 0.167 0.167 0.167 0.50 -
1 EW

~1,0!
0 0.067 0.133 0.200 0.267 0.333 0.73 1

2 EB

~1,1!
0 0.200 0.300 0.300 0.200 0 0.50 0.50

3 EB

~1,2!
0 0.320 0.360 0.240 0.080 0 0.42 0.33

4 EB

~1,3!
0 0.438 0.370 0.164 0.027 0 0.35 0.25

5 EW

~2,3!
0 0.246 0.415 0.277 0.062 0 0.43 0.40

10 ~3,7! 0 0.438 0.468 0.092 0.002 0 0.33 0.30
20 ~6,14! 0 0.458 0.522 0.020 '1025 0 0.31 0.30
30 ~7,23! 0 0.854 0.146 '1024 '10210 0 0.229 0.233
40 ~9,31! 0 0.936 0.064 '1025 '10213 0 0.213 0.225
50 ~9,41! 0 0.9962 0.004 '1028 '10219 0 0.2008 0.180
60 ~11,49! 0 0.9985 0.002 '10210 '10223 0 0.2003 0.183
70 ~11,59! 0 0.9999 '1024 '10213 '10229 0 0.20002 0.157
80 ~12,68! 0 1.0000 '1025 '10215 '10234 0 0.200003 0.176
90 ~15,75! 0 1.0000 '1025 '10216 '10236 0 0.200003 0.188

100 ~18,82! 0 1.0000 '1025 '10216 '10239 0 0.200003 0.180
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posterior} likelihood3prior. ~17!

Bayes’ theorem is simply a compact representation
what has been done in the previous steps. This point is
important one and is often misunderstood by those who
Bayesian inference as a kind of credo or some strange m
ematical formalism. Bayes’ theorem is a formal tool for u
dating beliefs using logic instead of only intuition. Indee
we can show that in many simple problems intuition is qua
tatively in agreement with the formal result of Bayesi
inference.11 But in more complex problems, intuition migh
not be enough, and formal guidance becomes crucial.

Table I shows the results of a simulated experiment wh
the boxH1 was extracted~this information was not available
to the analysis program!. The second column gives the resu
of the first five extractions, together with the accumula
score in the form (NW ,NB). After the fifth extraction, only
the score is given. All other columns are self-explanatory
will be illustrated below. The probabilitiesP(H j uI k) are
calculated24 by iterating Bayes’ theorem: the priors of th
present inference are equal to the finals of the previous

P~H j uI k!5
P~E(k)uH j !P~H j uI k21!

( l P~E(k)uHl !P~Hl uI k21!
, ~18!

whereE(k) refers to thekth extraction, theP(E(k)uH j ) are
given by Eq.~11!, and theP(H j uI k21) are given by the en-
tries in the previous row of Table I.

Table I shows how the beliefs about the box composit
change with the observations. Note how the hypothe
which are incompatible with at least one observation
‘‘falsified’’ forever. But, after some observations, all th
other unfalsified hypotheses are not equally likely. This
sult shows that probabilistic inference is much more natu
hys., Vol. 67, No. 12, December 1999
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and powerful than Popper’s simpler scheme of falsification25

After approximately 50 trials, we are practically sure to ha
obtainedH1 , but are never certain. Similarly, we cannot te
that H2 , H3 , and H4 are ruled out. They are simply ex
tremely unlikely.

Table I also shows, as indicated byP(EWuI k), the belief of
obtaining a white ball in the next extraction~it should be,
more precisely, indicated byP(EW(k11)uI k)). They are
evaluated applying Eq.~14! using P(H j )5P(H j uI k). After
some initial fluctuation,P(EWuI k) converges to 20%, consis
tent with the fact that we assign the highest belief toH1 ,
which has a 20% content of white balls. It is interesting
note thatP(EWuI k) is always greater than 20%. This result
consistent with the fact thatH0 is ruled out at the first ex-
traction, and hence only boxes with at least 20% white b
are considered.

For comparison, Table I also gives the observed rela
frequency of white balls,f (EW). This frequency could be
used as an alternative way of assessing probability. We
that the convergence to 20% is much slower than that ca
lated by Bayesian inference. Moreover, there are fluctuati
below 20%, inconsistent with the fact that a white ball pe
centage below 20% has been proved impossible. The re
why the Bayesian method works better than the freque
method is that the latter does not take into account all of
available information. This problem is a general one w
frequentist methods, which are based on hidden assump
of which the user is often unaware. The effect is that pra
tioners using frequentist methods often solve problems
ferent than what they had in mind. For example, in this c
the frequency solution corresponds to a problem with a v
1264Giulio D’Agostini
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large number of boxes with a white ball percentage rang
almost continuously from 0 to 100. Clearly a different pro
lem.

Coming back to the probability of the different boxes, t
difference between the Bayesian and frequentist solutio
not only matter of quantity, but of quality. In the latter a
proach the concept of probability of hypotheses, a conc
very natural to physicists,26 is not defined, and therefore n
direct comparison between Bayesian and frequentist res
is possible. Nevertheless, frequentist methods deal with
potheses using the well known procedure of hypothesis te
in which a null hypothesis is accepted, or rejected with
certain level of significance.27 Unfortunately, this procedure
is a major source of confusion among practitioners a
causes severely misleading scientific conclusions.29

As a final remark concerning the six box problem, imag
changing the method of preparation of the boxes. For
ample, we could have a large bag containing in equal p
portion black and white balls. We select at random five ba
and without looking at them we introduce them in the bo
Then the game goes on as before. Clearly the initial bel
about the box compositions are now different, as they can
calculated from the binomial distribution:

P0~H j !5S 5
j D 1

25 . ~19!

Balanced compositions are more likely than those contain
balls of the same color. Therefore, even after the first ext
tion, the most favored box composition will not be that ha
ing all balls of the extracted color. This influence of th
conclusions from the prior knowledge is absolutely reas
able and is mostly important when the number of extracti
is low. It becomes negligible and then disappears asymp
cally when the amount of experimental data is very lar
Bayesian inference balances in an automatic way the co
butions of experimental evidence and prior knowledge.

V. MEASUREMENT UNCERTAINTY

Let us move to the application of Bayesian inference
measurement uncertainty. Conceptually, it is the same a
the six box example, except that in most cases true va
and, as an approximation, effects may assume continu
real values~strictly speaking, effects are by nature discret!.
Let us callm the true value andX the observation. Becaus
we are dealing with continuous quantities, we must use pr
ability density functions. The functionf (muI ) describes the
uncertainty aboutm given the status of informationI ;
f (x,muI ) describes the simultaneous uncertainty about
possible outcome of the experiment and the true va
f (xum,I ) is related to the performance of the experiment,
it describes the uncertainty about the outcome of the exp
ment under the hypothesis thatm has a particular value; an
finally f (mux,I ) is the result of a measurement, and descri
the uncertainty aboutm updated by the observationX5x.

We could follow the same logical steps sketched for
six box example and arrive at an analogous formulation
Bayes’ theorem, namely

f ~mux,I !} f ~xum,I ! f ~muI !. ~20!

Using the symbolf 0(m) for the prior probability density and
assumingI to be implicit, we have the more compact fo
mula
1265 Am. J. Phys., Vol. 67, No. 12, December 1999
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f ~mux!} f ~xum! f 0~m!. ~21!

Obviously, in this case the normalization denominator
given by the integral* f (xum) f 0(m)dm, integrated over all
possible values ofm.

As an example, consider a detector characterized
Gaussian response, that is,

f ~xum!5
1

A2ps
e2(x2m)2/2s2

. ~22!

In practice~at least in routine measurements! the width of the
response around the true values is much narrower than ou
uncertainty aboutm. For example, if the temperature in
room is measured, we would choose a thermometer wh
has as of the order of a degree or better; otherwise, we
not obtain a better estimate of the temperature than what
be inferred from our physiological feeling. Without goin
into mathematical proofs, it is plausible that if the width
the prior probability density is much larger thans, the prior
probability density acts as a constant:31

f ~mux!5
~2ps2!21/2e2(x2m)2/2 s2

k

*2`
1`~2ps2!21/2e2(x2m)2/2 s2

kdm
, ~23!

wherek is a constant. Because the integrand is symmetri
x andm, we obtain:

f ~mux!5
1

A2ps
e2(m2x)2/2s2

. ~24!

Note the inverted positions ofm and x in the exponent, to
remind us thatm is now the random variable~uncertain num-
ber!, andx a parameter of the distribution. The probability
m is concentrated around the observed value, described
Gaussian probability distribution with a standard deviati
s. The functionf (mux) contains the complete status of u
certainty, from which an infinite number of probabilist
statements aboutm can be calculated. For example, if w
believe that the detector response is Gaussian and thatx has
been observed, then wemustattribute a 68% probability tom
to be in the intervalx2s<m<x1s, 95% to be withinx
22 s<m<x12s, and so on.33

Although it was not explicitly written in Eq.~24!, we un-
derstand that this result depends on all available knowle
concerning the experiment, including calibration constan
influence parameters~temperature, pressure, etc.!, noise, and
so on. In physics jargon, we say, ‘‘it depends on system
effects.’’ Let us call all these physical quantities on whi
the result can dependinfluence parametersand indicate them
by hi . For simplicity, let us assume that each influence
rameter can assume continuous values. Generally, we
also in a state of uncertainty about the exact value of th
parameters. Because the uncertainty about one of these q
tities could depend on knowledge about the others, we m
consider the general case of a joint probability density fu
tion f (h)[ f (h1 ,h2 ,...,hn). Therefore, the Bayes formula i
written, more precisely, as

f ~mux,h!} f ~xum,h! f 0~m!. ~25!

Probability theory tells us how to get rid of the uncerta
influence parameters. We have to make a weighted ave
over the possibilities forh, with the weight given by how
much we believe in each possibility. Specifically,
1265Giulio D’Agostini
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f ~mux!5E f ~mux,h! f ~h!dh. ~26!

We now have a method of handling uncertainty due to s
tematic errors which is very intuitive and does not introdu
ad hocingredients into the theory. There is no well defin
and consistent solution using other approaches.34

As an example, consider a single calibration constant
lated to a scale offsetZ. If the calibration had been done
then we believeZ to be around zero, with a standard unce
tainty of sz . Let us model this uncertainty by a Gaussian

f 0~z!5
1

A2p sz

e2z2/2sz
2
. ~27!

The z dependent likelihood is now

f ~xum,z!5
1

A2ps
e2(x2(m1z))2/2s2

. ~28!

Taking again a constant for the prior probability density
m, we have the following inference onm conditioned by the
observed valuex and the unknown valuez:

f ~mux,z!5
1

A2p s
e2(m2(x2z))2/2s2

. ~29!

Applying Eq. ~26! we have

f ~mux!5E
2`

1` 1

A2 p s
e2(m2(x2z))2/2 s2

3
1

A2psz

e2z2/2sz
2
dz, ~30!

from which we obtain

f ~mux!5
1

A2p As21sz
2

e2(m2x)2/2(s21sz
2). ~31!

The probability density function which describesm is still
centered around the observed valuex, but with a standard
deviation which is the quadratic combination ofs and sz .
This result is one of the suggested ‘‘prescriptions’’ for co
bining statistical and systematic ‘‘errors’’ used b
researchers.36 In the Bayesian inference it is just a theore
with all assumptions clearly stated. Another interesting pr
erty of Bayesian inference is that, when it is applied to
multidimensional problem, that is, inferring simultaneous
many true quantities from the same set of data with the s
instruments, we obtain a joint distributio
f (m1 ,m2 ,...,mmudata) which also contains the detailed i
formation about correlations. For further examples, as w
as for approximation methods to be used in everyday ap
cations, see Ref. 11.

As a final remark on measurement uncertainty, let us c
sider again the Bayesian inferential framework sketched
Eq. ~17!, which is often summarized by the mottolearning
by experience. According to my experience in teaching, th
Bayesian spirit not only shows the correct way of maki
inferences, but also gives guidance in the teaching of la
ratory courses. Equation~17! means that scientific conclu
sions depend both on likelihood and prior information. T
1266 Am. J. Phys., Vol. 67, No. 12, December 1999
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likelihood describes the status of knowledge concerning
strumentation, environment conditions, and influence fact
experimenter’s contribution, etc. Good prior informatio
means a good knowledge of the studied phenomenology.
importance of these two contributions is well known to go
experimenters. The balance of the two contributions allo
researchers to accept a result, compare it critically with o
ers, repeat measurements if needed, calibrate the instrum
and finally produce useful results for the scientific comm
nity. My recommendation39 is to teach the theory of mea
surement uncertainty only after students have experience
themselves these aspects of experimentation, and h
learned in parallel the language of probability, the only la
guage on which a consistent theory of uncertainty can
based.

VI. SUMMARY

Subjective probability is based on the idea that probabi
is related to the status of uncertainty and not~only! to the
outcome of repeated experiments. This point of view, wh
corresponds to the original meaning of ‘‘probable,’’ was t
one to which Bayes, Bernoulli, Gauss,40 Hume, Laplace, and
others, subscribed.42 This point of view is well expressed b
the following words of Poincare´, ‘‘If we were not ignorant,
there would be no probability, there could only be certain
But our ignorance cannot be absolute, for then there wo
be no longer any probability at all. Thus the problems
probability may be classed according to the greater or
depth of our ignorance.’’22

The concept of probability is kept separate from the eva
ation rules, and, as a consequence, this approach become
most general one, applicable also to those problems in wh
it is impossible to make an inventory of possible and fav
able equiprobable cases, or to repeat the experiment u
the same conditions~those problems are the most interesti
ones in real life and research applications!. The other ap-
proaches are recovered, as particular evaluation rules, if
limiting conditions on which they are based hold.

As far as physics applications are concerned, the imp
tance of the subjectivist approach stems from the fact tha
is the only approach which allows us to speak in the m
general way about the probability of hypotheses and t
values, concepts which correspond to the natural reaso
of physicists. As a consequence, it is possible to build
consistent inferential framework in which the language
mains that of probability. This framework is called Bayesi
statistics, because of the crucial role of Bayes’ theorem
updating probabilities in the light of new experimental fac
using the rules of logic. Subjective ingredients of the infe
ence, unavoidable because researchers do not share the
status of information, are not hidden with the hope of obta
ing objective inferences, but are optimally incorporated
the inferential framework. Hence, the prior dependence
the inference should not be seen as a weak point of
theory. On the contrary, it obliges practitioners to consid
and state clearly the hypotheses which enter the infere
and to take personal responsibility for the result. In any ca
prior information and evidence provided by the data a
properly balanced by Bayes’ theorem, and the result is
qualitative agreement with what we would expect rationa
Priors dominate if the data are missing or of poor quality
if the hypothesis favored by the data alone is difficult
believe. They become uninfluential for routine high accura
1266Giulio D’Agostini
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measurements, or when the evidence provided by the da
favor of a new hypothesis is so strong that physicists
obliged to remove deeply rooted ideas.

The adjectives ‘‘subjective’’ and ‘‘Bayesian’’ are not re
ally necessary, and sometimes give the impression that
have some esoteric meaning. As has been mentioned se
times, the intent is to have a theory of uncertainty in whi
‘‘probability’’ has the same meaning for everybody, pr
cisely that meaning which the human mind has natura
developed. Therefore, I would rather call these metho
probabilistic. The appellatives ‘‘subjective’’ and ‘‘Baye-
sian’’ should be considered temporary, in contraposition
the conventional methods which are at present better kno

The state of the art on Bayesian statistics can be foun
Refs. 44 and 45; Ref. 43 provides a general introduction
Bayesian reasoning from an historical and philosophical p
spective. References 3 and 46 are considered milesto
Many other references can be found in Ref. 11. Applicatio
in statistical physics can be found in Refs. 47, 48, 49, and
Finally, as a starting point for Web navigation, Ref. 51
recommended.

a!Electronic mail: giulio.dagostini@roma1.infn.it
1G. D’Agostini, ‘‘Bayesian reasoning vs conventional statistics in high e
ergy physics,’’ in Proceedings of the XVIII International Worksho
on Maximum Entropy and Bayesian Methods, Garching, Germany,
July 1998, edited by V. Dose, W. von der Linden, R. Fischer, a
R. Preuss ~Kluwer Academic, Dordrecht, 1999!; LANL preprint
physics/9811046. A copy can be found at the author’s UR
http://www-zeus.roma1.infn.it/ ;agostini/ .

2‘‘Probable’’ comes from Latin and was used exactly with its contempora
meaning much before a formal theory of probability was developed.

3B. de Finetti,Theory of Probability~Wiley, New York, 1974!.
4Note how ‘‘will’’ does not necessarily imply time ordering, but a cond
tion of uncertainty concerning something that might have already h
pened.

5D. Hume, Enquiry Concerning Human Understanding, 1748; electro
version athttp://www.utm.edu/research/hume/wri/1enq/ .

6It is of crucial importance to have neatly separated in one’s mind ‘‘belie
from ‘‘imagination,’’ ‘‘subjective’’ from ‘‘arbitrary.’’ A clear analysis of
the first two concepts was done by D. Hume~Ref. 5!. The concept of
coherencemakes subjective degrees of belief not arbitrary.

7The coherence rule is often described in the following way. Imagine t
you assess the value of the probability, and hence the odds, and
another rational person chooses the direction of the bet. This situatio
similar to the case where two persons wish to equally divide some go
one makes the partition, and the other one has the choice.

8In the axiomatic approach one does not attempt to define what probab
is and how to assess it. Probability is just a real number satisfying
axioms. Using the axioms and the rules of logic, the probability of lo
cally connected events can be evaluated. But the problem remains
probability is never well defined, which is a source of confusion me
tioned in the Introduction.

9It is obvious that, in an approach in which probability is always con
tional probability, Eq.~5! cannot ‘‘define’’ conditional probability. The
interpretation of Eqs.~4! and~5! in the subjective approach is that we ar
free to assess two of the three probabilities, but the third one is constra
by coherence. If the three assignments do not satisfy Eq.~5!, it is possible
to imagine a combination of bets in which one wins or loses with certain
depending on the direction of the bets. Section 8.2 of Ref. 11 describe
example showing that the point of view on conditional probability d
scribed here is the same as that intuitively used by researchers.

10One could argue that this number can also be obtained in any othe
proach, and this argument is formally true. The question is how to inter
it. Clearly 23% is neither a ratio of the number of favorable cases over
number of equiprobable cases, nor an evaluation from a long experim
on the relative frequency of favorable results. Only in the subjective
proach is the result of each step of a probability calculation consistent w
the definition.

11G. D’Agostini, ‘‘Bayesian reasoning in high energy physics: Principl
and applications,’’ CERN Report No. 99-03, July, 1999; electronic vers
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at http://wwwas.cern.ch/library/cern –publications/
yellow –reports.html and at author’s URL~see Ref. 1!.

12The concept of probability, well separated from the evaluation rules
magnificently expressed in Chap. 6 of Hume’s essay~Ref. 5!.

13M. Kac, Probability and Related Topics in Physical Sciences~Inter-
science, New York, 1959!.

14G. Polya, Mathematics and Plausible Reasoning~Princeton University
Press, Princeton, 1968!, Vol. II.

15F. Reif, Fundamental of Statistical and Thermal Physics~McGraw–Hill,
New York, 1965!.

16R. von Mises,Probability, Statistics, and Truth, 1928, 2nd ed.~George
Allen and Unwin, New York, 1957!.

17The term prevision rather than expected value is the preferred term
subjectivists. Prevision is a more general concept than the well kn
expected value, and can be applied to uncertain numbers as well
events. When applied to events, prevision reduces to probability.

18The law of large numbers is certainly the most known and the most m
used law of probability. Bernoulli’s theorem talks about probabilities
relative frequencies, and not about a ‘‘limit of relative frequency to pro
ability,’’ an expression which could give the idea of a limit in the usu
mathematical sense. The theorem does not say that if at a certain mo
a number in a lottery has appeared less frequently than what is expe
from probability, then it will come out a bit more often in the future
order to obey the law of large numbers. It does not even justify the
quency based ‘‘definition’’ of probability. As pointed out by de Fine
~Ref. 3! ‘‘For those who seek to connect the notion of probability with th
of frequency, results which relate probability and frequency in some w
~and especially those results like the ‘‘law of large numbers’’! play a
pivotal role, providing support for the approach and for the identificat
of the concepts. Logically speaking, however, one cannot escape from
dilemma posed by the fact that the same thing cannot both be assume
as a definition and then proved as a theorem; nor can one avoid the
tradiction that arises from a definition which would assume as cer
something that the theorem only states to be very probable.’’

19I find that students gain much in awareness of statistical matters if a c
distinction is made betweendescriptivestatistics,probability theory, and
inferential statistics. For example, an experimental histogram of a m
sured quantity should never be called a ‘‘probability distribution,’’ b
should be called its correct name of ‘‘frequency distribution.’’

20Indicating by the subscript 1 the quantities referring to the remaining
tractions, we have the obvious result,E@ f W1

#5p and s( f W1
)

5Ap(12p)/AN1. Note, however, that the prevision of the relative fr
quency of the entire ensemble is in general different from that calculat
priori. Calling n1 the uncertain number of favorable results in the nextN1

trials, we have the uncertain frequencyf W5( f W0
N01n1)/N, and hence

E@ f WuN0#5( f W0
N01pN1)/N, s( f WuN0)5Ap(12p) AN1 /N. It is easy

to understand that, asN0 approachesN, we are practically sure about th
overall relative frequency, because it belongs now to past.

21The importance of this reasoning is well expressed by Poincare´: ‘‘... these
problems are classified asprobability of causes, and are the most interest
ing of all from their scientific applications’’~Ref. 22!.

22H. Poincare´, Science and Hypothesis, 1905~Dover, New York, 1952!.
23One can make frequency distributions of experimentalobservables~such

as the readings of a scale! under apparently identical conditions of th
quantity to be measured and of the measurement conditions, and use
to evaluate the likelihood. Instead, it is never possible to make a freque
distribution oftrue values, because they refer to an idealized concept. T
only way to assess probabilities of true values is using aprobability in-
versionfollowing the reasoning we are developing. I find it crucially im
portant that students be taught from the beginning about the distinc
between the values of the reading~what is accessible to our senses! and
that of the physics quantity~an abstract concept!. Similarly, speaking
about ‘‘data uncertainty’’ makes no sense~apart from pathological cases!.
Once the experiment is performed, data are certain by definition. Wh
uncertain are true values. The opposite reasoning is a product of freq
tist teaching, according to which the true value is a constant of unkno
value, and the category of probable is assigned only to data.

24This time consuming procedure is not really needed, although introdu
for teaching purposes, and one can use only the scores. Because the
lihoods in our example do not depend on thekth extraction, if at a certain
moment we have observedNW white andNB black balls~with NW1NB

5k), the iterative application of Bayes’ theorem givesP(H j uI k)
}P(EWuH j )

NWP(EBuH j )
NBP0(H j )}P(EWuH j )

NW@12P(EWuH j )#k2NW

3P0(H j )}P(NWuBP(EWuH j ),k
)P0(H j ), where P(NWuBP(EWuH j ),k

) repre-
1267Giulio D’Agostini
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sents the binomial~B! probability function of parametersP(EWuH j ) and
k. This result corresponds to the intuitive idea that, in this problem,
inference should not depend on the order of the results. The fact that
two numbers (NW andNB) are sufficient to summarize the relevant info
mation for the inference is related to the statistical concept ofsufficiency.
Instead, the idea that thek!/(NW!NB!) possible sequences are consider
a priori equiprobable, though the individual eventsEW

( i ) ~not to be con-
fused withEW

( i )uH j ) are not independent~because the probability of eac
event depends on the score of the previousi 21 events, as is clear from
Eqs.~14! and~18! and as can be easily understood from Table I!, is related
to the concept ofexchangeability~Ref. 3! which we will not consider here.

25K. R. Popper,The Logic of Scientific Discovery~Hutchinson, New York,
1959!.

26Poincare´’s opinion about the probability of hypotheses is very enlightin
He calls the problem of assessing the ‘‘probability of the causes’’~that is,
of hypotheses! ‘‘the essential problem of the experimental method’’~Ref.
22!.

27The standard hypothesis test is based on the following reasoning:
formulates a basic hypothesis~‘‘null hypothesis’’! H0 and defines an ob-
servableu for which one is able to calculate a probability distributio
under the condition thatH0 is true. Then one definesa priori an interval in
which u has a high probability to occur and, as a consequence, a com
mentary region in which the probability is low. This latter probability
indicated bya and typical values considered are 1% and 5%. Fina
conclusions are drawn depending on where the experimental valueu
occurs. If it falls inside the high probability region, thenH0 is accepted. If
it falls in the low probability region then ‘‘H0 is rejected with significance
a’’ ~see, for example, Ref. 28!.

28R. J. Barlow,Statistics~Wiley, New York, 1989!.
29Because this point is rather delicate and touches concepts well rooted

those who are accustomed with standard statistical methods, it would
a long and careful discussion. I refer the reader to Ref. 11, and refere
therein. For a short account see also Refs. 1 and 30. The source of c
sion is due to the fact that the statement, ‘‘the null hypothesisH0 is
rejected with a 1% significance,’’ is interpreted often~from my experience
I would say almost always! as if H0 had only a 1% chance of being
correct. This mistake is made not only by students, but also by work
scientists.

30J. O. Berger and D. A. Berry, ‘‘Statistical analysis and the illusion
objectivity,’’ Am. Sci. 76, 159–165~1988!.

31Obviously, prior knowledge is not always so vague as to be not influen
If one thinks of two sequential independent measurements of the s
quantity performed with instruments of~generally speaking! similar qual-
ity, the global inference is obtained by iterating Bayes’ theorem, as
seen in the six box example. The prior of the second inference, that is
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